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PREFACE TO THE SECOND EDITION. 

* 

^ w The main points of this edition are : 

f * 1. The insertion of geometrical and graphical proofs and 
k^representations of the formulae 

*V 2. Velocity treated as the limiting value of -rr . 

^ ... At; 

"^ 3. Acceleration treated as the limiting value of -— . 

4. The treatment of Work and Energy at an earlier 
stage. 

5. The introduction of batches of Revision Papers at 
diflferent stages. - 

6. Full geometrical and graphical treatment of Projec- 
tiles. 

7. The introduction of worked-out problem of various 
types, e.g. 

Trail of smoke problems, 

Problems on Change of Velocity, 

Jerks of Inelastic Strings, 

Motion on a Moving Inclined Plane. 

8. Motion of a Particle under a variable acceleration. 

Altogether about ^ixty pages of new matter have been 
inserted. 
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VI PREFACE. 

The recommendations of the Committee of the Mathe- 
matical Association have been followed to a great extent, 
especially in leading up to the ideas of the Dififerential and 
Integral Calculus. 

The student is assumed to possess a knowledge of 
elementary Trigonometry, Graphs, and in the later chapters, 
of the Parabola, and elementary Co-ordinate Geometry. 

In some sets of examples, the harder problems are 
marked with an asterisk. An endeavour has been made 
to put all explanations in as simple a manner as possible 
for the sake of beginners, but at the same time, the range 
of work should be sufficient for Woolwich and Sandhurst 
candidates, and for students reading for Scholarships at the 
Universities. 

With the kind permission of Mr J. M. Dyer, of Eton, 
I have inserted a good many examples from the collection 
(Mathematical Examples, now out of print) made by him 
and the late Mr R. Prowde Smith. 

W. M. B. 

July^ 1906. 
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CHAPTER L 

« 

VELOCITY. 

1. A POINT is said to be in motion when it changes its 
osition relative to surrounding objects. 

Thus if the distance from a point B to a point A changes, 
? is said to have motion relative to A ; and we must notice 
hat this change may be a change in direction as well as a 
hange in lengiL At present we shall only consider a change 
a length, 

2. Def. The velocity of a moving point is its rate of 
lotion; or the rate at which it is changing its position. 

The velocity of a point is said to be uniform when the 
oint moves over equal distances in equal intervals of time, 
lowever small those intervals may be. 

Mea4Bnirement of velocity. When uniform the velocity 
»f a point is measured by the distance passed over in a 
init of time; when variable, it is measured, at any 

astant, by the distance which would be passed over in unit 
ime if the point moved during that unit of time with the 
ame velocity as at the instant under consideration. 

Thus when we speak of a train as passing us at the rate 
)f 30 miles an hour, we do not mean that it passes over 
JO miles in each hour, but that it would do so if it continued 
x> move at the same rate as when passing us. 

3. The unit of time usually employed is one second. 

The British standard unit of length is a yard, which is 
iefined as the distance between the centres of two plugs in 

B. D. 1 



2 DYNAMICS. 

a bronze bar kept in the Exchequer OflBce, the temperature 
of the bar being 62** Fahrenheit. 

The unit generally employed by engineers in England is 
one-third of this distance, and is called a foot. 

For scientific purposes the unit of length usually employed 
is a centimetre. 

4. The unit of velocity is the velocity of a point which 
moves uniformly over unit space in unit time. 

Thus a point which passes uniformly over one foot in 
one second has unit velocity when a foot and a second are 
taken as units of length and time respectively. Also when 
we speak of a point as having a velocity v, we mean that 
it passes over v units of length in unit time ; and a point 
having an equal velocity but in an opposite direction has a 
velocity —v. 

5. When a point moves with uniform velocity u, it 
passes over u units of length in unit time, therefore it passes 
over ut units of length in t units of time. Hence if 5 be the 
number of units of length passed over by a point moving 
with velocity u for t units of time, 

8 = Ut. 

6. The m£an or average velocity of a moving point 
during any interval (in which it is not moving uniformly), 
is the velocity of another point which, moving uniformly, 
passes over the same distance in the same time. 

Thus if a point moves over 5 ft., 7 ft., 9 ft. respectively 
in three consecutive seconds, it moves over 21 ft. in 3 seconds, 
and its average or mean velocity is 7 ft. per second. 

A nautical mile is generally taken to be 6080 feet. A 
knot is sometimes taken to mean a velocity of one nautical 
mile per hour. 

7. Ex. i. Express a velocity of 60 nvUes cm hovr in feet per secoiuL 

60 miles an hour =60 x 1760 x 3 feet per hour 

60x1760x3- . , 
60x60 fe^^P^^^^d 

■s88 feet per second. 



VELOCITY. 3 

Ex. iL If thB vdoei^f of mnnd i» \\^ ft, per me^ kom Umg do€9 ii 
*ake to travel 14 mUetf 

Let t seca. denote the time required. 

14 mfles^ 14 X 1760x3 feet, 
.*. 14xl760x3=rll20r; [«»«^] 

14x1760x3 



<= 



1120 
66 8eo(nid£L 



Ex. iiL A potfU move* iffith a v^oeiiy represented by l^cauideteribes 
90 feet m 4 »$oond»: find the wait of time xfZfeei he ike umit of length. 

The point descrihes 60 ft in 4 sees. 

Le. it describes 20 units of length in 4 seca. 
.* 1 unit ^sea 

.• 12 units sees. =2| sees. 



20 



But a velocity represented by 12 means the velocity of a point 
i?hich passes over 12 units of length in unit time, 

.'. 2| seca is the unit of time. 



EXAMPLES. L a. 
[In each of the following questions the velocity is uniform.] 

1. Express a velocity of 40 miles per hour in feet per second. 

2. * Express a velocity of 44 ft. per sec. in miles per hour. 

3. If I ride a bicycle at the rate of 15 miles per hour, what is my 
velocity in foot-second units ? 

.4. A man runs at the rate of ^ ft per second; how long will he 
take to run a mile ? 

5. Taking the diameter of the earth as 8000 miles, what is the 
velocity in fpot-second units of a man standing at the equator, in 
consequence of the daily revolution of the earth about its axis? 

6. A train goes a miles in k hours; how far does it go in t 
seconds? 
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4 DYNAMICS. 

7. A point goes a inches in k minutes ; how far does it go in 
an hour ? 

8. What is the velocity in ft.-sec. units of the end of the minute 
hand of a clock which is one foot long ? (ir=^.) 

9. What is the velocity in fk.-8ec. units of the end of the hour 
hand of a clock which is 7 inches long ? («-=sy.) 

10. A man bicycles at the rate of 20 miles an hour for the first 
2 hours, 15 m. an hour for the next 3 hours, 12 m. an hour for the next 
4 hours, and 7 m. an hour during the last hour of his ride : find his 
average velocity. 

11. Compare a velocity of 10 ft per second with a velocity of 
10 in the mile-hour system. 

12. A coach travels 80^ miles in 8 hours and 55 minutes ; find its 
average velocity in foot-sec. units. 

13. The report of a cannon is heard 48 seconds after it is fired ; 
how far off is it, if the velocity of sound be 1100 ft. per second ? 

14. How long would a torpedo boat steaming 25 knots take 
to steam round the earth? [1 ]motss|^ of a degree on the earth's 
surface.] 

15. Compare the velocities of the ends of the hour, minute, and 
second hands of a watch, all of the same length. 

16. If u be the measure of a velocity when t seconds and a feet are 
respectively the units of time and length, find its measure when these 
units are cnanged to f seconds and s^ f^et. 

17. A velocity of 40 miles an hour is four times a velocity of 
V feet per second : find v, 

18. A point moves with a velocity whose measure is 88, and 
describes 30 miles in 2^ hours : find the unit of length when 4 seconds 
is the unit of time. 

8. A man starting at noon travels 24 miles at the uniform 
rate of 15 miles an hour, and does the next 24 miles in 2J 
hours. Find graphically, as accurately as you can : — 

(1) his average velocity in miles per hour during ih$\ 
whole journey, 

(2) at what time he passes the 44fA mile-stone. 

Using paper ruled in inches and tenths of inches (tl 
figure is reduced in printing), take OX as time-axis, an( 



let one inch represent an hour. Taking OY at right angles 
to OZ as distance-axis, let one inch represent 10 miles. 




Along OX take 0K= 1 hour (1 in.). 

Perp. to OX take KA = 15 miles (TS in.). Join OA. 

OA produced is the graph of the first half of the journey. 

Take B the pt. where OA cuts the 24 mile line. 

Parallel to OX take S(?= 2J hrs. (2^ in.). 

„ OY „ Ci) = 24 miles (2-4 in.). Join SD, 
nd OD. 

BD is the graph of the second half of the journey, and 
)Z) is the graph of the man's average velocity. 
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We see that at E the ordinate = 35 miles 

and the abscissa = 3 hours, 

.*. the average velocity reqd. = 11*7 m. per hr. approx. 

Taking the pt. F where BD cuts the 44 mile line, and 
drawing the ordinate FN, 0N=S'7 hrs. = 3 hrs. 42 min. 

.*. the man passes the 44th mile-stone at 42 min, past 
three. 

EXAMPLES 16. 



[A TT 1 -x total space 1 

Average Velocity =,^^jg^. J 



1. A man travels 55 miles at a imiform rate in 6 hrs. 36 min. 
Draw a graph of his motion, and from it determine as accuratelv as 
you can how far he travels (1) in 2J hrs., (2) in 6^ hrs. Also find now 
long he takes to travel 40 miles. 

2. A man travels 7 miles in 1 J hours, 18 miles in the next 2 hours^ 
14 miles in the next 3 hours. Draw graphs of these velocities, and hence 
determine his average velocity in miles per hour during the whole time. 

3. A man travels in the following manner : — 9 miles in the first 
1^ hours, then a rest for one hour, 11 miles in the next hour, and then 
half-an-hour's rest, 20 miles in the next hour, and without any further 
interval for rest does the next 18 miles in 2 hrs. Draw a graph of his 
motion, and determine to the nearest mile per hour his average velocity 
during the whole period of time. Check your result by calculation. 

4. One man travels uniformly from a place A in a, N.E. direction, 
and a second man starting from B, 40 miles due east of A, and travel- 
ling uniformly catches the first man at C, 35 miles from A. How far 
did the second man travel, and in what direction ? 

5. A train travels 30 miles in 80 minutes, and a second starting 
20 minutes later does the journey in 36 minutes. Find where the 
second train passes the first. 

6. A man travels 6, 9, 12, and 15 miles in each of four consecutive 
hours. Draw a graph of his motion, and the graph of his average 
velocity. Determine his average velocity. 

7. -4 is a point 20 yards due east of B. A hare runs from ^ in a 
north-easterly direction, and having run 50 yards is caught by a dog 
which started from A at the same instant. Find graphically the 
average velocity of the dog if it ran for 4 seconds. 

8. A wheel of radius 3 feet makes 50 revolutions a minute ; find 
the velocity of a point on its rim in feet per second to three significant 
figures. (tt =3-1416.) 

9. A train travels at the rate of 35 miles an hour. Find its 
velocity in feet per second to three significant digits. 

10. Express a velocity of 20 metres per second, in miles per hour. 

(1 centimetre =033 feet.) 



CHAPTER 11. 

ACCELERATION. 

9. Def. The acceleration of a moving point is the 
rate of change of its velocity. 

When uniform^ acceleration is measured by the 

change of velocity in unit time. 

When variable^ acceleration is measured at any 
instant by the change of velocity which would take place 
in unit time if the acceleration remained during that time 
the same as at the instant under consideration. 

At present we shall only deal with uniform accelerations. 

10. A point is said to move with unit acceleration 
when its velocity is changed by the unit of velocity in each 
unit of time. 

Thus if ft.-sec. units be used, a point moves with unit 
acceleration when its velocity is increased by one foot per 
second during every second. 

Or again, if a body has an acceleration 6 ft.-sec. units 
we mean that in every second of its motion its velocity is 
increased by 6 ft. per second. 

A point is said to have a negative acceleration when its 
velocity is decreasing. A negative acceleration is therefore 
the same as a retardation. 

*/ll. A point, starting with velocity u, moves in a straight 
line subject to a constant acceleration f in its direction of 
motion : ifvbe its velocity at time t, to prove that 

V = u + ft 

By the definition of acceleration, /denotes the change of 
velocity in each unit of time ; therefore /it denotes the change 
in t units of time. Hence, since the point had an initial 
velocity, u, its velocity in time t is u -{-ft, 

Le. v = w '\-ft. 
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12. With the same hypotheses as in the preceding article, 
if she the spa^ce described in time t; prove that 

Let the time t be divided into n intervals each equal to 
T ; so that t = ut. 

The velocities of the point at the beginnings of these 
intervals are respectively 

% ^+/t, w+2/t, w + 3/t {i* + n— 1/t}. 

Hence if the point moved uniformly during each interval 
with the velocity which it had at the beginning of that 
interval, the space described would be : — 

t*T + (t*+/T)T + (t* + 2/T)T+ + {u+n- 1/t| t 

= wmt+/t»{1 + 2+ +W-1} 

- w n - 1 
= nur +fT^ — 2 — 

==uf + iyi5^(l-i) since T = ^ (1) 

Again the velocities of the point at the ends of these 
intervals are respectively 

u+fr, w + 2/t, 1/ + nfr. 

Hence if the point moved uniformly during each interval 
with the velocity which it had at the end of that interval, 
the space described would be : — 

(%+/t)t + (w + 2/t)t+ +(u-{-nfT)T 

= wuT+/Tni + 2+ +n) 

= ^^^+/^!?^^, =ut + ift^(^l+l) (2). 

Now the actual space described by the point lies between the 
values found in (1) and (2), i.e. between 

ut + ^ft'(^l- i) and ut + i/<» (l + i) , 

therefore making n, the number of intervals, infinitely large, 
but keeping t the same, - becomes zero and the values in 



ACCELERATION. 9 

(1) and (2) both approximate to, and ultimately coincide 
with ut + \ft\ 

ie. J 8 = ut + ift*. 

^yl3. With the same hypotheses to prove Ike formula 

▼• = u' + 2fB. 
fj^^{u+fty (Art. 11) 

= tt« + 2/(1^ + i^) 
= tt* + 2/«. (Art 12.) 

14. To find ike space described in a particular second. 

[The beginner must be cajefdl to distinguish between the 
space described in t seconds, and the space described in the 
1^ second of the motion of a particle.] 

The space described in the ^ second 

= the space described in t seconds — space described in 
{t — 1) seconds, 

= [a^+i/i?]-[u(e-l) + J/(<-l)*] 

= w + i/(2^-l). 

15. When the point starts from rest u = and the 
formulae in Arts. 11, 12, 13 become respectively 

V =ft. 

s = \ft^. 

v'^^fs. 

16. Ex. L A point moviii^ wUh a vdodty of 128 /iL per mc is 
brought to rest i% 16 sees, by a uni/orm retardation: Jlnd this retarda- 
Hon, 

Let /be the letaidation in ft. -sec. units. 

.-. 0=128-16/, \y=u-^ft\ 

.•./=8 ft -sec. tmits. 

£x. iL A particle is mopina with uniform acceleration; in tke StA 
second of its motion it moves through 47 feet, and in the \\Ui second it 
moves through 65 feet; find its initial vdodty and its acceleration. 

Let fc be its initial velocity and/ its aooel^ution. Then 47 =Kiiaoe 
described in 8 sees. — tiie space described in 7 sees. 

=8«+i/(8)«-[7«+i/(7/] {s=^ut-^\fl^ 

= »+J/(8«-7«) [8«-7«=(8-7;(8-^7)] 

pr ii^u^^i^f (U 
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Also 66=llw+J/(ll)a-[10M+i/(10)«] 
= M+i/(ll2-108) 

or 65=t*+V^/ (2). 

Therefore subtracting (1) and (2) 3/= 18, /=6 ft. -sec. units. 
Substituting in either (1) or (2) tt=2 ft. per sec. 

17. Change of units. If f he the measure of an 
acceleration when t seconds and s feet are respectively the 
units of time and length, find its measure when these units a/re 
changed to t' seconds and s' feet 

Here, acceleration/ means that the velocity is increased 
by y times s feet per t seconds during every t seconds. 

fs 
i.e. by*^ feet per second during every t seconds, 

fs 
i.e. hy^— feet per second during every second. 

fs 
i.e. by ^ times « feet per second during every second. 
s z 

f s t'^ . 

i.e. by *^ ', ' times s' feet per t' seconds during every t' seconds. 

S »v 

,' / ' , ' is the measure of the acceleration when f sees. 
s .r 

and s' feet are respectively the units of time and space. 

Example, Express an acceleration of 32 ft. -sec. units in mile-hour 
units. 

An acceleration of 32 ft. -sec. units 

=an increase of velocity of 32 ft. per sec. during every second 

32 ., 

= ,^^^ — ^ miles 

1760x3 

32x602 , 

= 1760^ - P"^^"^ 

32x602x602 ., u J . 

= — yf^ — o — Dcdles per hour during every 

hour. 

,*. an acceleration of 32 ft.-sec. units 

, ^. 32x602x602 ., , 
=an acceleration — -r—rr — jr— mile-nour units, 

1760 X 3 

ra 78646t'^ mile-hour units. 
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In connection with any change of units it will be a very 
great help if the beginner grasps thoroughly the fact that 
in all cases: — 

The measure of any quantity varies inversely as 
the unit in which it is measured. 

Thus 4 miles = 8 half-miles, 

i.e. if we halve the unit (use a half-mile as unit instead of a 
mile) the measure is doubled, it is 8 instead of 4. 

In the same way, 4 yards = 12 feet, 

Le. if we use \ yard as unit instead of 1 yard, the measure is 
multiplied by 3 ; it is 12 instead of 4. This will be seen to 
hold for all units. 

EXAMPLES. II a. 

[Note that a velocity of 60 miles an hour= — — — — — ft. per sec. 

= 88 ft. per sec.] 

1. A body starting from rest moves with an acceleration of 
2 ft. -sec. units ; find its velocity in 4 sees., and the space described in 
that time. 

2. A point, starting with a velocity of 8 ft. per sec, has a velocity 
of 2 ft. per sec. at the end of 2 seconds : find its acceleration and 
the space described in this time. « 

3. A body moving with an accelei*ation of 8 fb.-sec. units has 
a velocity of 32 ft. per sec. when it has described 16 ft. Find its 
initial velocity. 

4 What is the uniform acceleration of a body which, starting 
from rest, describes 500 feet in 5 seconds? 

6. How long does a body, starting with a velocity of 8 ft. per sec. 
and moving with an acceleration of 6 ft. -sec. units, take to acquire 
a velocity of 60 miles an hour ? 

6. In what time does a body, starting with a velocity of 5 ft. 
per sec. and moving with an acceleration of 8 ft. -sec. units, describe a 
space of 150 yards T Has the negative answer any meaning ? 

7. A point starts with a velocity of 10 cms. per sec. and moves 
with a retardation of 5 centimetre-sec. units. When and where will 
it come to rest ? 

8. A particle moving with uniform acceleration describes 260 feet 
in the seventh second of its motion. Find its acceleration if it started 
from rest. 
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18. Oeametrical representation of v = u +/?. 

Take Ot as time-axis, and Ov at right angles to Ot a 
velocity-axis. Plot the point (<, v), P in the diagran 
draw the ordinate PN, 

In Ov take OB^^u, the initial velocity, and dra^ 
parallel to Ot to meet PN at M. 

^, PM PN-MN v-u ft . ,. , . 

Then -jTirr = winf — = — :: — = t =/> which is con 

BM BM t t -^ 

/. the locus of the point (t, v) is a straight line th 
the point B on the velocity-axis. 




N.B. The slope of BP = tan PBM =/ the accelera 

19. Graphical proof of the formula s = 7it + |/i5^. 

Take Ot as time-axis, and Ov at right angles to 
velocity- axis. 

Let ON represent any time t^ and divide it into n 
portions OAi, AiA2f AzA^..,. Let OP represent the 
velocity, and draw the ordinates OP, Aiaiy A^a^ 
represent the velocities of the particle at the times 

The points P, Oi, Oa,... lie on the straight line PQ, 
is the graph of v = w -\-ft (See preceding article.) 

Complete the rectangles as shown in the diagram. 
On the supposition that the point moves uniformly ( 
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128 feet before comiDg to rest. If the retardation continues to act, 
what happens to the point after this ? 

22. A point, subject to a uniform acceleration, passes over 260 ft. 
in a certain interval of 2 seconds, and comes to rest after 4 seconds 
more ; how much further did it move ? 

23. The measure of an acceleration in ft. -sec. units is 2; find 
its measure when a minute is the imit of time. 

24. Express an acceleration of 3 mile-minute units in foot-sec. 
units. 

25. An acceleration of 64 ft. -sea units is expressed by 4 in 
*.tr ft.-2 sec.' units : find x. 

26. Compare an acceleration of 8 ft. -sec. units with an acceleration 
8 in a system of '3 fb.-4 sec' units. 

27. If the measiu*e of an acceleration is /, what change in this 
measure is produced by taking double the unit of time as the new 
imit? 

28. A particle starts from a point with a imiform velocity of 
4 ft. per sec., and after 2 sees, another particle leaves in the same 
direction with a velocity of 5 ft. per sec. and subject to an acceleration 
of 3 ft. -sec. imits. Find when and where it will overtake the first 
particle. 

29. A body moving with a constant acceleration is observed to 
move over spaces a, h during the m^ and n**» seconds respectively 
from the commencement of motion ; find the acceleration and initial 
velocity. 

30. In a certain interval of 10 sees, a point passes over 220 ft, 
in the next interval of 5 sees, it passes over 330 ft. ; assuming that the 
point is moving with imiform acceleration, find its velocity at the 
beginning of each of the two intervals. 

31. In travelling a mile the velocity of a body increases from 200 
to 240 ft. a second. What is the acceleration ? What is the velocity 
half way? and also at half time ? 

32. Two particles start simultaneously from the same point to 
traverse a closed circular path, 144 feet long, in opposite directions : 
the one moves with the uniform velocity of 7 ft. per sec. and the other, 
whose initial velocity is zero, has a uniform acceleration of 2 ft.-sec. 
units. When and where do they meet ? 

33. A particle leaves a point A with a certain velocity and with an 
acceleration 3 ft.-sec. units in the opposite direction. At the end 
of 2 sees, this acceleration is suddenly increased to 12 ft.-sec. units, and 
after another 2 sees, the particle is again at A, Find for how long and 
how far the particle travels forwards, and the velocity of its departure 
from and return to A» 
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18. Oeometrical representation of v^u +fL 

Take Ot as time-axis, and Ov at right angles to 0^ as the 
velocity-axis. Plot the point (t, v), P in the diagram, and 
draw the ordinate PN. 

In Ov take OB = u, the initial velocity, and draw BM 
parallel to Ot to meet PN at M. 

^. PM PN-MN v-^u ft . .... 

Then -7sirr= tttt — = — :: — = t =/» which is constant 

BM BM t t '' 

.*. the locus of the point (^, v) is a straight line through 
the point B on the velocity-axis. 




N.B. The slope of BP = tan PBM =/, the acceleration. 

19. Oraphical proof of the formula 8 = ut + ^f^. 

Take Ot as time-axis, and Ov at right angles to 0^ as 
velocity- axis. 

Let ON represent any time ^, and divide it into n equal 
portions 0-4 j, A^A^t ^2^8- ••• 1*^^ OP represent the initial 
velocity, and draw the ordinates OP, AiOi, A^a^ ... to 
represent the velocities of the particle at the times OA^, 

\JxL 2 .... 

The points P, ai, Og,... lie on the straight line PQ, which 
is the graph of t; = t^ ■\-ft, (See preceding article.) 

Complete the rectangles as shown in the diagram. 

On the supposition that the point moves uniformly during 
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each interval with the velocity which it had at the beginniiig 
of that interval, 

the rect. PA, represents the space described in the first 
interval, 

the rect. OiAj represents the space described in the second 
interval, 

the rect. o^j represents the space described in the third 
interval, 
and BO on. 

. '. on this supposition, the 8pa<:e described by tlie particle 
in time t is represented by the sum of the rects. PA„ 
a,A, 

In the same way, on the supposition that the particle 
moves uniformly duriog each interval with the velocity which 
it had at the end of that interval : 

the space described will be represented by the sum of the 
larger rectangles Ooi, A^a,, .... 

Now, without altering the total time t, let the number of 
intervals be increased indefinitely, so that the length of each 
interval is decreased indefinitely. Then we see that each of 
the two sums under the above hypotheses approximates to, 
and ultimately coincides with the figure PONQ. 

.*. PONQ represents the actual space described. 

Hence s = PONK+APQK 

= OP.ON+^PK.QK 

= ut + i/C (for QK = v-u =fi). 







R 


C 


r^ 


/ 










^ 










"■ 




^ 


a, 

















16 



DYNAMICS. 



N.B. The difiference of the sums of the two series of 
rectangles is equal to the rect. -BQjBTX, whose area indefinitely 
decreases as the interval AJf becomes indefinitely small. 

The proof when u = will be similar to the above, the 
straight line FQ passing through the origin in that case. 

20. Oeometrical proof of the formula t;" = w' + 2f8. 




With the same diagram and construction as in Art. 19, 
the area BONP represents «, and we have to find the relation 
between s, u(OB) and v(PN), 

8 = B.xQB,B0NP = \ {PN+ OB) ON 
^^(v + u)BM=^(v + u) PM cot PBM 

= ^(v + u) ^-^^^ . for /= tan PBM (Art. 18) 

.-. v^ = w'-^2fs. 

21. A particle moves from rest v/nder an acceleration of 
Asft'Sec. units. Draw a graph of its space-time equaUon 
\s = \ft^\ From the figure write down : 

(1) the space described in 4*7 sees. 

(2) 5-2 ... 

(3) the time taken to travel 29 feet. 
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/=♦. .-. s = ix4C = 2(» 
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3 


4 


e 


6 


8 


18 


32 


60 


72 



=2(>=2 



Using one inch to represent a sec along the time-axis, 
and one-tenth of an inch to represent one foot along the 
space-axis, we plot the points 

(1, 2), (2, 8), (3, 18), (4, 32), (6, 60), (6, 72) 
as in the figure. 

[The figure ia considerably reduced in printing.] 
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Along Ot the time-ftxis, take ON^i'T, and draw the 
ordinate NP. 

NP represents 44 ft. .*. the particle describea 44 ft. in . 
4"7 sees. 

In the same way 0Jlf=5'2 8ecs., JlfQ=64ft. 

,", the particle describeB 64 ft. in 6'2sec3. 

Again, taking OL along the space-asie equal to 29 ft. and 
drawing the abscissa LR, LR ~ 3-8 sees. = the time taken to 
travel 29 ft. 

22. A particle vritk an initial velocity of l2/i. per see. 
moves under a retardation of i/t.-sec. units. Draw a grt^ 
of Us motion for six seconds, using the formula 8 = ttt + J^. 




t =- 1 1 2 
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4 6 8 


12i = 1 j 13 34 
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2(« = 3 8 


18 
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18 


le 10 1 



Using one inch to represent a sec along the time-axis, 
and one-tenth of an inch to represent one foot along the 
space-axis, we plot the points 

(1, 10), (2, 16), (3, 18), (4, 16), (6, 10), (6. 0). 

[The figure is reduced in printing,] 
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From the diagram we see that in the first three seconds, 
he particle is moving in the direction of its initial velocity ; 
ftwF the first three sees, it moves in the opposite direction 
oming to rest at the starting-fovnt in 6 sees. 

As in the preceding example, we roipht write down the 
pace described in any given time, or the time required to 
escribe any given space. 

23. Geometrical representation of ii' = u* + 2/s. 
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We will take the case when u — 2, and/='4, so that 
' = 4 + -8», ■8s = p* — 4, 8= , and we see that » cannot 

e less than % 
Wben 
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15 


26-25 


40 


6e-26... 



Take the space-axis across the page, using one-tenth of 
n inch to represent unity. (The figure is reduced in 
iriuting.) 

Take the velocity-axis up the page, using half-an-inch to 
epresent the unity of velocity. 
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Plot as accurately as possible the points 
(0, 2), (3, 6-25), (4, 15), (5, 2625), (6, 40), (7, 56-25), 
and join them by an even curve. 

This curve is the graph of the equation tl^=^4i + 'Ss. 

From the figure we can read off the velocity of the 
particle when it has described a given space. 

Thus 

when a space 35 has been passed over, the velocity = 5*7 
45 =6-3. 

Also 

when the velocity is 4*4, the space passed over = 20 approx. 

The curve is a Parabola. 

EXAMPLES 116. 

1. A body starting from rest moves under an acceleration of 
•5 ft. -sec. units. Draw a graph to determine its velocity at any time, 
and from it read off the velocity of the body after 17 sees, and after 
45 sees. Also find when its velocity is 28 ft. per sec. 

2. A particle starting with a velocity of 30 ft. per sec. moves mider 
a retardation of '6 ft. -sec. units. Draw a graph to find its velocity at 
any time, and hence determine, as accurately as you can, its velocity 
in 37 sees, and when it comes to rest. 

3. A particle moving under a uniform acceleration has its velocity 
increased from 10 ft. per sec. to 41 ft. per sec. in 60 sees. Draw a 
graph to determine its velocity at any time, and read ofi^ as accurately 
as you can, its velocity in 35 sees., and the time when its velocity is 
28 ft. per sec. 

4 A body starting from rest moves under an acceleration of 
•2 ft. -sec. units. Draw a graph from which you can determine its 
velocity when any given space (up to 60 feet) has been described. 
Write down, as accurately as you can, the velocity of the body when it 
has passed over (1) 10 ft., (2) 30 ft. 

5. A body starting with a velocity of 8 ft. per sec. is subject to a 
retardation of '5 ft. -sec. units. Draw a graph which will give its 
velocity when a given space has been described, and hence determine 
the velocity of the body when it has passed over (1) 20 ft., (2) 40 ft. 

6. A particle starting from rest moves under an acceleration cf 
•6 ft. -sec. units. Draw a graph to determine the space passed over in 
any given time, and read off the space described in 3*4 sees., and in 
4*8 sees. ; also the time taken to travel 6 feet. 
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7. A particle, starting with a velocity of 3 ft. per sec., moves with 
an acceleration of 4 ft.-sec. units. Plot a grapn to determine the 
space described in any time, and read off the space described in 2*2 sees, 
and in 3*5 sees. How long does the particle take to describe 25 ft. ? 

8. After t seconds it is found that a particle has passed over a 
space s feet reckoned from some starting point, and it is known that 
s=10+8t-2tK Plot the graph of this ecjuation for the first 6 seconds 
of the motion. When, during this time, is the particle furthest from 
its starting-point, and where is it in 5 seconds ? 

9. The velocity (v ft. per sec.) of a body after t seconds of motion 
is given by the table below. 



t 


1 


2 


3 


4 


5 


• •• 


V 


18 


14 


10 


6 


2 


* *>* 



Plot the corresponding values of t and v. What do you conclude as 
to the acceleration of the body? What was its initial velocity, and 
when does it come to iesfi 

24 If a particle describes space s in time t, and space 

s-^ As in time t + Atyto prove that its 

As 
velocity at time t = the limiting value of -r- , 

when As and At are indefinitely STnalL 

Let V be the velocity of the particle at time t, v' its velocity 
at time t + A^. 

Then A^, the space described in time A^, lies between 
vAt and v'At. (« = i^^.) 

.•. -XT lies between v and i/. 
A^ 

But as As and A^ grow smaller, v' approaches to v. 

A* 
.'. the limiting value of -ri ~^> ^'^ velocity at time t. 



At 



Q. £. D. 



If V is the velocity of a particle at tims t, v-\-Av its 

velocity at tims t + A^, to prove that its 

Av 
acceleration at time t = the limiting value of t- , 

At 

when AVf and At are indefinitely small. 
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If / is the acceleration of the particle at time t, and /' 
its acceleration at time ^ + A^, 

Av, the change of velocity in time A^, lies between 

/At and fAt (v-u ^/t\ 

.'. ^ lies between / and /'. 

But as Ai; and A^ grow smaller, /' approaches to /, 

Av 
.-. the limiting value of -^ =/, the acceleration at time t 

Q. E. D. 

26. If the time-space curve of a moving point is dra/wn, 
the velocity of the point at any time is equal to the ilopa of 
the curve at the point on it corresponding to the given tims. 

Let APB be part of the time-space curve of a moving 
point, Ot being the time-axis, 
and Ov the velocity-axis. 

Take two points on the 
curve, P and Q, near to one 
another, and let A^ represent 
the time PK^ and A* the space 
KQ in the diagram. 

Then, as in Art. 24, the 
velocity at P will be equal to 

the ultimate value of -r-: , when 

A^ 

we decrease As and Ai indefinitely. 
Hence the velocity at P 

= the ultimate value of -r- , when Q coincides with P, 

Ai 

= the ultimate value of tan QPK, when Q coincides with P, 
= the slope of the curve at P. 

N.B. If the moving point has a uniform acceleration^ 
the time-space curve is a parabola, whose axis is parallel to 
the space-axis. 
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26. The equation connecting 8, the space passed over, and 
t, the time of motion of a moving particle is s = S4i + ISt — 2t\ 
Find the velocity of the particle at any tim£ t 

If 5 + As IS the space passed over in time t + A^, 

« + A5 = 84 + 18 (* + AO - 2 (e + Aty. 
Also 5 = 84 + 18*-2e«, 

.-. subtracting, A* = 18A^ - UAt - 2 (Aty, 



and 



^ = 18-4e-2A<. 

A^ 



As 



Hence, diminishing As and At indefinitely, 

the velocity at time t = the limiting value of ^ 

= 18-4^. 

N.B. In each unit of time, the velocity of the particle 
is decreased by 4, 

/. it is subject to a retardation whose measure is 4. 

This might also be seen by using the method of the 
second part of Art. 24. It is left as an exercise. 

27. From the graph of s=^ut + ^ft^, to find the velocity 
at any time t 

We know the graph to be a parabola whose axis is parallel 
to the space-axis Os. 

Let P be the point on 
the curve corresponding to 
time t. 

Draw the ordinate PN, 
and in Ot make NK = NK\ 
Also draw ordinates KQ, 
K'Q to meet the curve in 
Q, Q, Join QQ\ cutting 
PN at F. 

.*. PF is a diameter of 
the parabola bisecting the chord QQ^. 
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.' the tangent at P is parallel to QQ\ 
Hence if QQ^ meets the time-axis at R 

tan QRt = the velocity at time t, by Art. 25. 

The above method is very easily applied when squared 
paper is used. For example, to find the velocity after three 
seconds, we only have to join the 2 sec. and 4 sec. points on 
the curve, and read off the tangent of the angle this line 
makes with the time-axis. 



EXAMPLES II a 

1. The space-time equation (fb.-secs.) of a particle moving in a 
straight line is «= 50^—4^2. Plot the graph of the equation up to 
^ = 4. 

Deduce the velocity of the particle after 1 second, after 2 seconds, 
and after 3 seconds. Verify your results by another method. 

Also prove that the particle is subject to a uniform acceleration, 
and find its value. 

2. The space-time equation (ft. -sees.) of a particle moving in a 
straight line is «=:5 + 2^. Plot the graph of this equation up to ^=5. 
Deduce the velocity of the particle after 2 sees., after 2^ sees., and 
after 4 sees. Verify by another method. Prove that the particle is 
subject to a uniform acceleration and find its value. 

3. The position of a point P on a straight line is given by 
^=^—2^+3, where t denotes the number of seconds after a fixed 
instant of time, and x the distance in feet of P from a fixed point 
on the line. What are the positions of P at the fixed instant, and at 
intervals of 1 and 3 sees, after the fixed instant 1 

What space does P traverse between time 3 sees, and time 6 sees., 
and between times 3 sees, and 3*001 sees., and what is the avers^ 
speed for each of these intervals ? What is the actual speed at time 
3 sees? 

4. At the end of a time t sees, it is observed that a body has 
passed over a distance s feet reckoned from some starting point. 
If it is known that «=25 + 150^—5^^, what is the velocity at the 
time t1 

If corresponding values of a and t are plotted on squared paper, 
what indicates the velocity and why ? 
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5. The space-tiine equation of a moving particle is 

Find the velocity of the particle at time t^ and prove that it is 
subject to an acceleration which is constant and measmred by 26. 

6. A particle moves in a straight line and its distance, x^ from a 
given point at time ^ is given by the equation x=^2fi. 

Find its velocity at time ^ and prove that it is subject to an 
acceleration which varies as t. 
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CHAPTER in. 

VERTICAL MOTION UNDER GRAVITY. 

28. It can be proved by experiment that if a number of 
bodies, of different sizes, shapes, and weights, be allowed to 
fall from rest in a vacuum [such as the exhausted receiver of 
an air-pump], starting simultaneously from different points 
in the same horizontal plane, they will move with uniformly 
increasing velocities and will describe equal vertical spaces in 
the same time. They must all therefore be moving with the 
same acceleration. 

This acceleration is called the acceleration due to 
gravity or the acceleration of gravity. It is found to 
be always the same at the same place on the earth's surface, 
but it varies slightly at dififerent places. 

We usually employ the letter " g " to denote this accele- 
ration : its value at Greenwich has been found by experiment 
to be 3219... ft.-sec. units. 

N.B. In all numerical examples^ unless it is 
otherwise stated^ the value of ''g'* in vacuo may be 
taken to be 32 ft.-sec. units or 981 centimetre- 
sec, units. 

29. As a result of the preceding, we see that if a body 
be projected vertically upwards with velocity u, and move 
freely under the action of gravity, the three formulae of 
Arts. 11, 12, l.*3 become respectively 

V =u —gt, (t; =tt -^-ft) 

8 =-ut-yt\ (8 ^ut+yip) 

v''=^y?'-2g3. (t;» = i^» + 2/«) 



30. If the bodj h& preceded ^^^eslieiMf dummmHbf; f\h^ 
loceleradon wijl be in Hne mmut ^imtf^^wm im lib^ ftuaftm^ 
irelocity and therefbfe of 1tij$! jaaus; w^ : lkk»us«( iii 1iiiit> 'ViSf^ 
the same liarmabe lespedtowdlf ^jf^mma^ 

iomar mM m. mkeat^ ^ W8>fieA VHt^ffmi^i^ V^^^ 'mwfi 'j^; 
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[The n^ative value of h shews us that) since we took the upward 
direction as positive^ the body is 4896 feet heUm its point of projection 
in 18 seconds.] 

Ex. iii. Oivm ^=32*2 ft.'Seo. unttSy find its value in cmOimetre-see, 

units, (A metre =Z9'3*I inches approx,) 

Acceleration g 

^ an increase of velocity of 32*2 ft. per sea during every sea 

b: 32-2x12 in.. 

32-2 X 12 



39-37 
3220 X 1200 
3937 



metres 

centimetres 



3220x1200 ^o, ^. , .. 

•**9 — — oQo^T == ^^^ centimetre-sec umts approz. 

N.B. When a ball is thrown vertically upwards : — 

(1) its velocity at its highest point is zero, 

(2) when it returns to the hand again, the total space described 

is zero, {h — h), 

EXAMPLES. III. 

[Qttestions 28 — 32 might with advcmtage be done immedicttdy 

after Question 6.] 

1. A stone is let fall from a height of 144 feet; in how many 
seconds will it reach the ground ? ^ 

2. A stone is projected vertically upwards with a velocity of 266 
feet per sec. ; when wiU it come to rest, and how high will it go ? 

3. A body is thrown vertically upwards with a velocity of 128 feet 
per second. After what times will its velocity be 96 ft. per sea and at 
what height will it then be ? 

4. A body is thrown vertically downwards from the top of a tower 
with a velocity of 16 ft. per sec. and reaches the ground in 3 sees. ; find 
the height of the tower. 

5. The greatest height attained by a body when projected vertioallj 
upwards is 169 feet; with what velocity was it projected t 

6. A ball is thrown vertically upwards with a certain velocity; 
prove that the time of its ascent is equal to that of its descent to l}ie 
same point. 

7. A ball is thrown vertically upwards with velocity v ; prove that it 
rctm-ns to the hand with the same velocity. 

8. A falling body is observed to pass through 304 feet in the lisl 
second of its motion ; find the height from which it felL 
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9. Given that a body falls through 241^ feet in its 8th second, find 
the value of g in fL-sec. units. 

10. A body projected vertically downwards describes 720 feet in t 
sees., and 2240 feet in %t sees. ; find t^ and the velocity of projection. 

11. A particle passes a certain point moving upwards with a velocity 
of 43*6 metres per second ; how long after this will it be moving down- 
wards at the same speed ? 

12. A ball thrown vertically upwards returns to the hand in 6 
seconds ; how high does it rise, and when will it be half-way up? 

13. A ball is projected verticallv upwards from the top of a tower 
with a velocity of 64 feet per second, and reaches the foot of the tower 
in 6 seconds ; find the height of the tower.^ 

14. A body after falling for some time under the action of gravity 
is observed to pass through 768 feet in 4 seconds ; how far will it fall in 
the next two seconds? 

15. A body aft^r falling for 3 seconds is overtaken by another let 
fall 640 feet above it : how long has the latter been falling % 

16. A body is projected vertically upwards with a velocity of 160 
feet per sec. : after what time will it have attained a height of 256 feet. 
Explain the double result. 

17. A body is projected vertically upwards with a certain velocity, 
and it is found that when in its ascent it is at a point 960 ft. from the 
ground it takes 4 sees, to return to the same point again; find the 
velocity of projection and the whole height ascended. 

18. A particle starting vertically downwards with a velocity of 100 
ft. per sec. acquires a velocity of 90 miles per hour : find the space 
described. 

19. A body is projected vertically upwards with a velocity of 16 
feet per second : find its position in 4 seconds. 

20. A stone P is thrown vertically upwards with a velocity of 78 
ft. per sec. and after 3 seconds another stone Q is let fall from the same 
point. Prove that F will overtake § after 5 seconds more. 

21. A stone falls freely for 3 sees., when it pieusses through a sheet 
of glass and loses half its velocity, and then reaches the groimd in 
2 seconds : find the height of the glass. 

22. A tower is 288 feet high ; one bodv is dropped from the top 
of the tower and at the same instant another is projected vertically 
upwards from the bottom, and they meet half-way up ; find the initial 
velocity of the projected body, and its velocity wnen it meets the 
descending body. 
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23. A stone is projected vertically upwards with a velocity 
sufl&cient to carry it to height h ; find its velocity when it is half-way 
up. 

24. A body is let fall, and 3 sees, afterwards another is pn^ected 
vertically upwards from the same point with a velocity of 64 ft. per 
second. Find where it overtakes the first body. 

25. A body projected vertically upwards rises through A feet in i 
seconds : for how much longer will it continue to rise ? 

26. A body projected vertically upwards passes a point h ft. from 
the ground with a velocity v feet per sec. ; after what time will it reach 
the ground again ? 

27. If the measure of gravitv acceleration be 1, what ia necessaiy 
as to the units of time and space < 

28. A ball is thrown vertically upwards with a velocity of 128ft. 
per second. After what time is it moving with a velocity of 64 ft. 
per sec. downwards? 

[Use the formula v—u+ft, remembering that if 128 is its initial 
velocity, — 64 is the velocity at the required time.] 

29. A ball is thrown vertically upwards from the top of a tower 
with a velocity of 58 ft. per sec. When will it be 24 ft below its point 
of projection ? 

SUse the formula s^ut+^ft^ remembering that «= — 24 at the 
^ . time, if we take the upward direction as positive.] 

30. A ball is thrown vertically upwards with a velocity of 88 ft. 
per sec. What time elapses before it returns to the hand again t 

31. From a balloon rising verticallv with a velocity of 20 ft. per seoi 
and at a height of 456 feet, a stone is dropped. How long does, it take 
to reach the ground 1 

32. A stone is dropped from rest from the top of a tower 160 ft. 
high. Neglecting the frictional resistance of the air, find how lontf it 
takes to reach the ground, and calculate its velocity just before it readies 
the ground. Plot a curve roughly showing the velocity of the stoae at 
various heighta 
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CHAPTER IV. 

LAWS OF MOTION. 

32. Matter. Matter can only be considered as a 
primary conception of the mind. Like time and space, it 
does not admit of any satisfactory definition. 

A particle is a portion of matter whose dimensions are 
so small that it may be treated as a physical point. 

Mass. The mass of a body or particle is the quantity of 
matter in it. 

The standard British unit of mass is a piece of platinum 
kept at the Exchequer Office, and is called a pound. 

Force. Force is that which changes or tends to change 
the state of rest or uniform motion of a body. 

The unit of force is that force which acting on the unit of 
mass produces the unit of acceleration. 

Weight. The weight of a body is the force with which 
the earth attracts the body. 

It is extremely important that the beginner should at 
once grasp the fact that weight and mass are not synonymous 
terms. This is easily seen when we remember that the mass 
of a body is the same wherever the body may be situated, 
whereas the weight of a body varies with its position. 

According to the universal Law of Gravitation, the at- 
traction of the earth upon a body outside it varies inversely 
as the square of the distance of the body from the centre of 
the earth ; since therefore the earth is not a perfect sphere, 
it is found that the weight of a body is different at different 
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places. Thns if a body be weighed by means of a spring 
balance, first at a point on the equator, and then at some 
point north or south of the equator, its weight in this latter 
position will be found to be greater than at the equator — it 
being nearer to the centre of the earth. 

Or again, if we imagine a body removed to an infinite 
distance ^om any other body its mass (ie. the quantity of 
matter in it) would remain unaltered but its weight would 
be nil. 

Momentum. The momentum, or quantity of motion of 
a particle, is the product of its mass and its velocity. It 
is denoted by mv where m is the mass and v the velocity of 
the particle. 

The unit of momentum is therefore the momentum of the 
unit of mass moving with unit velocity. 

33. Newton's Iiaws of Motion. 

Law I. Every body will continue in its state of rest 
or of uniform motion in a straight line, except in so far as it 
is compelled by impressed force to change that state. 

Law II. The rate of change of momentum is proportional 
to the impressed force, and takes place in the direction in which 
that force acts. 

Law III. To every action there is an equal and opposite 
reaction, 

34. These laws cannot be proved experimentally or 
otherwise, but our observations of the phenomena of nature 
lead us to infer their truth. For instance, working on the 
assumption of the truth of these laws Adams and Le Verrier 
discovered the path and position of the planet Neptune 
before any human eye had seen it : indeed the whole tneoiy 
of Astronomy is based upon the truth of these laws. With 
their aid, in combination with the law of gravitation, the 
exact position of the moon at any instant, the exact times of 
eclipses, the exact time of high-tide at any port, can all be 
predicted with absolute certainty. 

35. Law I. We have no opportunity of observing a 
body under the action of no forces. If a ball be rolled along 
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a horizontal plane, it at length comes to rest; but the 
smoother the plane and the ball, the further the ball will 
roll before stopping, and we therefore infer that if the motion 
were in vacuo and the ball and plane perfectly smooth the 
ball would continue to move with uniform velocity for ever. 

This law involves the property of matter commonly called 
the Principle of Inertia, the principle that a body has no 
tendency in itself to change its state of rest or uniform motion 
in a straight line. Thus if a body be at rest or moving 
uniformly in a straight line it will remain so unless some 
external force act upon it. 

When we put coal on the fire, the hand stays the shovel, 
but there being no corresponding force acting on the coal, it 
precipitates itself into the grate. 

In the case of a bicycle-rider whose bicycle is suddenly 
stopped, the impeding force does not act on the man, his 
motion therefore continues, i.e. he flies over the handles. 

36. Law II. "Rate of change of momentum" here 
must be taken to mean the change of momentum in the 
unit of time. 

Let m be the mass of the body, / its acceleration, and 
let a force P act upon it. 

Then by this law, 

P oc the rate of change of momentum, 

oc the rate of change of mv, 

oc m X the rate of change of v (m being unchanged), 

oc m ./. (Def. of acceleration.) 

,•. P= Icmf, where k is some constant quantity. 

Now if we take the unit of force as that force which 
acting on the unit of mass produces the unit of acceleration, 

when m = 1, and/= 1, we have P = 1, 

Hence we have the formula 

P = mf. 

B. D. 3 
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When a pound, a foot, and a second are taken as units of 
mass, length, and time respectively, the unit of force is called 
a Poundal, 

Hence if a force of P poundals act on a mast 
mlbs. and produce an acceleration of f ft.-8ec. units, 

P = mf. 

This may also be expressed thus : — 

. , ^. movinsf force / - P\ 

Acceleration = j- . I / = — I 

mass moved v m/ 

37. From this law we also deduce what is usually called 
the principle of the Physical Independence of Forces. 

The latter part of the law asserts that the change of 
momentum takes place in the direction in which the farce 
acts. Thus if two forces act upon a body, each produces its 
own ejBFect in its own direction, independently of the other, 
for the second law is true for each of these forces. 

It follows that if a number of forces act upon a body the 
equation P = mf is true for each. 

Hence if a shot be fired horizontally with any velocity 
from the top of a cliiBF of height A, and strike the sea in 
time t, it will be found that h = ^gt* ; and its vertical velocity 

on striking the sea will be *^2gh, i.e. the eflFect of gravity, 
being vertical and therefore at right angles to the velocity 
of projection, is quite independent of that velocity, and the 
time of falling and the vertical velocity on striking the sea 
are the same as if no horizontal initial velocity had been 
given to the shot. 

We also infer from the second law that since a force has 
its full ejBFect in its own direction, it has no effect in a 
direction at right angles to its own. 

38. The relation between the v/nit offeree and the weight 
of the unit of mass. 

When a body falls freely in vacuo, the only force acting 
upoa it is its own weight, and we know that this produces an 
acceleration g. 
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Hence the wt. of 1 lb. acting on the mass of 1 lb. produces 
acceleration g, 

.'. the wt. of - lb. acting on the mass of 1 lb. produces 

if 

the unit of acceleration. 

But the unit of force acting on the unit of mass produces 
the unit of acceleration. 

.'. if we take the mass of 1 lb. as the unit of mass we 

must take - lb. wt. as the unit of force, 
9 

Le. ^ lb. wt. = a poundal, 

or g poundalB = 1 lb. wt. 

N.B. If W poundals be the weight of m lbs., since the 
weight of a body acting on its own mass produces accele- 
ration jr, 

W=mg, 

39. Since the value of ^ varies at different places on the 
earth's surface the weight of 1 lb., i.e. g poundals, is not a 
constant quantity. On the other hand a single poundal is 
constant in value, and is therefore termed cm absolute unit 

40. The scientific (French) unit of mass is called a 
gra/m/me. It was originally meant to be the mass of a cubic 
centimetre of pure water at a temperature of 4° Centigrade. 

When a gramme, a centimetre, and a second are taken 
respectively as the units of mass, length, and time, the corre- 
sponding unit of force is termed a "Djne. 

Thus if a force of P dynes act on a mass of m grammes 
and produce acceleration /centimetre-sec. units, 

Remembering therefore that 5r=981 centimetre-sec. units, 
we see that the weight of one gramme = g dynes. 

Here again we must notice that, g being a variable 
quantity, a gramme weight (= g djmes) is also variable, 
whereas a dyne is constant in value, and therefore an 
ahsolvte unit. 

3—2 
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41. Ex. L A mass of 10 tons initially at rest is acted upon by a 
force constant in magnitude and direction^ and eqwd to the weight of 
14 Ihs. After what interval vnll it have a velocity of 1 foot per second F 

Let f be the acceleration produced by the force of 10 lbs. wt., and 
t seconcls the time required. 

Then since 14 lbs. wt. = 14^=14x32 poundals, 

14 X 32 = 10 X 2240/. iP=^^f) 

[N.B. We express the force in poundals and the mass in pounds.] 

Whence /= ^ ft. -sec. units. 

-•. 1=^^ (v^u+ft) 

whence ^ = 50 seconds. 

Ex. ii. A constant force acts vpon a niass of 4 lbs, during 3 sees, 
from resty and then ceases; in tJie next 3 seconds it is found that the mass 
describes *I2feet, Mnd the magnitude of the force. 

Let P poundals be the force required, / the acceleration produced 
by it, and v the velocity of the mass when the force ceases to act. 

After the force has ceased to act, the mass will move with uniform 
velocity, 

.-. 72=3v, (s^ut) 

Le. v=24 ft. per sec. 

Hence, for the motion during the first 3 seconds, 

24=3/ (t?=«w+/f) 

.'. /=8 ft. -sec. units. 

. • . P= 4 X 8 poundals (P= mf) 

= 1 lb. wt. 

Ex. iii. A body of mass 3 lbs. has been falling freely under the 
action of gravity for 4 seconds; find what vertical force applied to it wiU 
bring it to rest in QAfeet. 

Let P poundals be the force required, and / the retardation pro- 
duced when this force acts on the mass. 

The velocity acquired in its fall during 4 seconds 

=4^ feet per second. (t?=r«-|-/p) 

Hence for the motion when P is acting 

0=(4^)2-2/. 64 («;2=i*2+2/r) 

.*. /=128 ft.-sec. units. 

The resultant force acting upon the mass is {P—Zg) poundals. 
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1. A £nroe of 6 poondaJs acts honnoDtftllj upon a mass of 3 poundi 
initiallj at rest; find the aoodoatioQ produced^ and the space traversed 
in 4aeooiid& 

2. A £nroe of 4 poondab acts boriaontaHy upoai a mass of 3 lbs. 
which has initially a veloci^ of 3 ft. pa* sea ; find the acoelemticoi 
generated, and th^ veloci^ of the mass in 6 seconds. 

3. A mass of 16 Ib& is acted apon in a honiontal direction by a 
force of 2 lbs. wtw for 20 seconds ; find the aoceiersition generated, and 
the space traversed if the body started with a velocity of 10 feet per 
second. 

4. What force acting upon a mass of 24 lbs. in a horiiontal direc- 
tion will generate an acceleration of 16 ft.-sec. units? Express the 
force in poundals, and in pounds wt. 

5. A force of 4 lbs. wt. acting upon a body in a horizontal direction 
generates in it an acceleration of 8 ft-sec. units ; find the mass of the 
body. 

6. A force of 1 ton wt. acts upon a mass of 1 owt. in a horizontal 
direction for one second ; find the velocity generated. If the force 
then ceases to act, how far will the mass move in the next two seconds? 

7. In what time will a force of 3 lbs. wt. acting horizontally upon 
a mass of 6 lbs. generate in it a velocity of 64 feet per second ? 

8. A force equal to the weight of 1 owt acts horizontally on a 
mass of one ton for half a minute ; find the velocity generated, and the 
space traversed. 

9. A body, acted upon by a uniform force, moves through 100 foot 
in 10 seconds from rest ; find the ratio of the force to the weight of tho 
body. 
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10. Find the force which acting on a mass of 36 lbs. will generate 
in 11 seconds a velocity of 20 miles an hour. 

11. A force of 48 poundals acts horizontally upon a mass of 12 lbs., 
initially at rest) for 3 seconds, and then ceases : how far will the mass 
move in the next 4 seconds ? 

12. A particle of mass 2 lbs. initially at rest, when acted upon by 
a constant force moves over 18 feet in the fifth second of its motion : 
find the force. 

13. A particle acted on b^ a force of 90 dynes passes over 36 
centimetres whilst its velocity mcreases from 5 to 13 centimetres per 
second : find its mass. 

14. A force of 24 dynes acts horizontally upon a mass of 
4 grammes ; how long will it take to generate a velocity of 36 oenti- 
metres per second? 

15. A force equal to the weight of 20 grammes acting upon a 
particle for 10 seconds moves it from rest through 10 metres ; find the 
mass of the particle. 

16. A mass of m lbs. is acted on by a force of p lbs. wt. for t 
minutes; find the velocity generated, and the space traversed from 
rest. 

17. How long will a force equal to the weight of 1 kilogramme, 
acting upon a mass of 109 grammes, take to generate a velocity of 
900 metres per second? 

18. A train of 80 tons, at rest on a horizontal plane, is acted upon 
by a force of 1000 lbs. wt. ; the force acts for 8 minutes and then 
ceases ; how much further will the train travel before again coming to 
rest, supposing the friction of the rails to be equivalent to a retanung 
force of 300 lbs. wt.? 

19. A bullet leaves the muzzle of a rifle with a velocity of 1280 
feet per second ; if the barrel of the rifle is 4 feet long, and the mass of 
the Dullet 2 ozs., find the force (supposed uniform) acting on the 
bullet whilst it is in the barrel 

20. The weight of a train is 100 tons, the resistance arising from 
friction etc. 7 lbs. wt. per ton. Find the acceleration when the tractive 
force acting upon it is equal to the weight of half a ton. 

21. A heavy vertical chain is drawn upwards by a given force P, 
which exceeds its weight W. Find its accderation, and its tension at 
any assigned point. 

22. Each of two bodies at rest attracts the other with the same 
force. If allowed to move, shew that in the first instant of motion 
they movo over spaces which are inversely as their masses. 
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CHAPTER V. 

PARALLELOGRAM OF VELOCITIES. 

I 

42. Hitherto we have treated of bodies having but one 
velocity ; let ns now consider bodies possessing simultaneously 
two or more velocities. A simple illustration of motion of 
this kind is when a vessel steams in one direction, whilst a 
current drifts it in another : this ship has two velocities, the 
velocity with which it steams in one direction, and the 
velocity with which it is carried by the current in another. 

Again, a point on the surface of the earth has two 

velocities in space; it moves with the earth in its daily 

rotatory motion about its axis, and it also moves with the 
earth in its path round the sun. 

Velocities may be represented by straight lines. 

Velocities have magnitude and direction. Hence, since a 
straight line can be drawn of any length, and in any direction, 
we may represent velocities by straight lines. 

Thus if we take a straight line AB to represent a velocity 
M of a point, we mean that the point moves in the direction 
AB, and that the length of AB is proportional to u. 

43. That velocity which is equivalent to two or more 
velocities is called their resultant; and these velocities are 
called the components of this resultant 

Also when we substitute for a velocity its components in 
any directions we are said to resolve that velocity into its 
components in those directions. 

44 Parallelogram of Velocities. If a moving point 
possess simultaneously velocities which are represented in 
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magnitude and direction by the two sides of a parallelogram 
drawn from a point, they are equivalent to a velocity which is 
represented in magnitude and direction by the diagonal of the 
parallelogram drawn from that point 

Let the two straight lines AB, AC represent two co- 
existing velocities u and t; of a point : complete the parallelo- 
gram ABDG, 

Then the diagonal AD will represent the resultant velocity 
of the point in magnitude and direction. 

The coexistence of the two velocities u and v may be 

C p represented by supposing the point 

to move uniformly along AB with 
velocity u, whilst AB moves parallel 
to itself with uniform velocity v, its 
ends moving along AC and BD. 

Then in the unit of time the point moves along AB from 
A to jB, whilst AB travels parallel to itself into the position 
CD. 

Suppose that, at time t, AB has reached the position A'B\ 
and the moving point has reached E, 

Then since A A' = vt, and A'E = ut, {s = ut) 

AA' : A'E :: v : u, 

:: AC : CD. 

But the angle A A'E = angle ACD. 

.*. the triangles A A'E, ACD are similar, 

Le. the angle A'AE = the angle CAD. 

.'. E must lie in AD. 

.'. the point E travels along AD. 

Again, since the triangle A'AE remains similar to 
triangle GAD, AE is proportional to AA', which increases 
uniformly. 

.*. the point E travels uniformly along AD. 

Hence in the unit of time the point travels uniformly 
from A to D. 

/. AD represents its resultant velocity. 
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46. To find the magnitude and direction of the resultant 
of two velocities u and v inclined at an angle a to one another. 

Let AB and AG represent the 
velocities u and v respectively. 
Complete the parallelogram ABDO. 
Join DA, and let 6 denote the 
angle DAB. By the Parallelo- ______ 

gram of Velocities, AD represents A B N 

the rasultant. 

In the triangle ABD 

AD'^AB' + BD'- 2 . AB . BDcosABD 

(a^'^b^ + c^- 2bc cos A), 
Le. AD^ = w* + V* — 2uv cos (tt — a) 

(zABD = 7r-a\ 
= w' + v* + 2uv cos a, 

/. AD= Vw* + i;' 4- 2uv cos a. 

Draw DN at right angles to AB, 

DN DF 



tand = 



AN AB + BN 

t;sina 
w + 1; cos a ' 



.•. 5 = tan"M — ; 1. 

\u-\-v cos a/ 



Ld. 



AUemaiive method for finding the angle 0. 

/.ADB^a-e. 

• XI. X • 1 ATiT> sin(a-d) u 
•'• in the tnangle ADB — ^ — ^ — - = -, 

° sm ^ V 

sin a cos — cos a sin d t^ 
sin V * 

sm a cot ^ — cos or = - , 

V 
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places. Thns if a body be weighed by means of a spring 
balance, first at a point on the equator, and then at some 
point north or south of the equator, its weight in this latter 

Eosition will be found to be greater than at the equator — ^it 
eing nearer to the centre of the earth. 

Or again, if we imagine a body removed to an infinite 
distance ^om any other body its mass (ie. the quantity of 
matter in it) would remain unaltered but its weight would 
be nil. 

Momentum. The momentum, or quantity of motion of 
a particle, is the product of its mass and its velocity. It 
is denoted by mv where m is the mass and v the velocity of 
the particle. 

The unit of momentum is therefore the momentum of the 
unit of mass moving with unit velocity. 

33. Newton's IiawB of Motion. 

Law I. Every body will continue in its state of rest 
or of uniform motion in a straight line, except in so far as it 
is compelled by impressed force to change that state, 

Law II. The rate of change of momentum is proportional 
to the impressed force, and takes place in the direction in which 
that force acts. 

Law III. To every action there is an equal and opposite 
reaction. 

34. These laws cannot be proved experimentally or 
otherwise, but our observations of the phenomena of nature 
lead us to infer their truth. For instance, working on the 
assumption of the truth of these laws Adams and Le Verrier 
discovered the path and position of the planet Neptune 
before any human eye had seen it : indeed the whole tneoiy 
of Astronomy is based upon the truth of these laws. With 
their aid, in combination with the law of gravitation, the 
exact position of the moon at any instant, the exact times of 
eclipses, the exact time of high-tide at any port, can all be 
predicted with absolute certainty. 

35. Law I. We have no opportunity of observing a 
body under the action of no forces. If a ball be rolled along 
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a horizontal plane, it at length comes to rest; but the 
smoother the plane and the ball, the further the ball will 
roll before stopping, and we therefore infer that if the motion 
were in vacuo and the ball and plane perfectly smooth the 
ball would continue to move with uniform velocity for ever. 

This law involves the property of matter commonly called 
the Principle of Inertia, the principle that a body has no 
tendency in itself to change its state of rest or uniform motion 
in a straight line. Thus if a body be at rest or moving 
uniformly in a straight line it will remain so unless some 
external force act upon it. 

When we put coal on the fire, the hand stays the shovel, 
but there being no corresponding force acting on the coal, it 
precipitates itself into the grate. 

In the case of a bicycle-rider whose bicycle is suddenly 
stopped, the impeding force does not act on the man, his 
motion therefore continues, i.e. he flies over the handles. 

36. Law II. "Rate of change of momentum" here 
must be taken to mean the change of momentum in the 
unit of time. 

Let m be the mass of the body, / its acceleration, and 
let a force P act upon it. 

Then by this law, 
P oc the rate of change of momentum, 
cc the rate of change of mv, 

oc m X the rate of change of v (m being unchanged), 
oc m ./. (Def. of acceleration.) 

/. P= Icmf, where k is some constant quantity. 

Now if we take the unit of force as that force which 
acting on the unit of mass produces the unit of acceleration, 

when m = 1, and/= 1, we have P = 1, 

Hence we have the formula 

P = mf. 

B. D. 3 
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whence 



^ ^ u-\-v cos a 
cot = ; , 



tand 



vsma 



v&ma 



= 



u + v cos a ' 

tan- f ^i^EfL.) 
\t^ + v COS a/ 



Cor 1. If u and v be at right angles 

.-. AD = Vw^ + v* 




and 



tan 5 = -3-^ = - , 



• • 



^ = tan~- 



•©• 



Cor. 2. Again if u and v be at right angles, and V 
denote their resultant, we see from the figure 

u = Fcos 0, 

V = Fsin ft 

Hence, the following important theorem : — ^If the 
direction of a velocity V make an angle with any 
line, this velocity is equivalent to a velocity V cos 9 
along that line, together with a velocity Vgintf at 
right angles to that line. 

46. The resolved part of a given velocity in a/ny direction 
18 that velocity which represents the whole effect of the given 
velocity in that direction. 

Thus in Cor. 1 of the previous article, the velocity AD ia 
equivalent to velocities AB and AG, and the velocity AG, 
being perpendicular to AB, has no effect in that direction, 
therefore AB represents the whole effect of the velocity AD 
along AB, and is therefore its resolved part in that direction. 

Similarly AG represents its resolved part in the direc- 
tion AG. 
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Hence if a velocity F in a direction AB make an angle 
with any line AG, the resolved part of V in the direction 
AG ia K cos^; and its resolved part perpendicular to AG 
is Fsin^. 

47. To find the components of a given velocity in two 
given directions. 

Let OG represent the given velocity u. Draw OA and 
OB making angles a and /3 with OG. 
It is required to find the compo- 
nents of the velocity u in the direc- 
tions OA and OB. 

From G draw GD parallel to OB 
to meet OA in D, and G^ parallel to 
OD to meet OB in E. 

Then by the Parallelogram of Velocities OD and OE are 
the components required. 

Also from the triangle ODG 

OD GD OG 







Le. 



8in GD sin COD sia ODG' 

OD CD _ u 

sin j8 sin a ~ sin (a + ^) ' 

«sin^ 
sm(a + j8)' 



and OE=CD= ""'''" 



sin(a + yS)* 

48. Triangle of Velocities. If a particle possess 
simultcmeously three velocities represented in magnitude and 
direction by the three sides of a triangle, taken in order, the 
particle is at rest. 

Let a particle possess simultaneously three velocities repre- 
sented by the sides AB, BG, GA, taken in order, of the 
triangle ABG. 

Complete the parallelogram ABGD. 
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Then since BO^AD and is parallel to it, the resultant 

of the velocities -4B, BG is equal to 
that of the velocities AB, AD and is 
therefore represented by AG. 

(Parallelogram of Velocities.) 

.'. the resultant of the velocities 
AB, BG, GA 

= the resultant of the velocities AG, GA 
= zero. 

.*. the particle is at rest. 

Cor. Note that the resultant of velocities AB^ BC 
is represented by AC. 

49. A particle has simultaneously two given velocities 
in given directions: to determine graphically the magnitude 
and direction of its resultant velocity. 

Draw AB and BG in the given directions to represent 
the given velocities. 

Then by the Triangle of Velocities, AG represents the 
resultant velocity in magnitude and direction. 

The magnitude oi AG and the /.GAB are obtained by 
actual measurement. 

These determine the magnitude and direction of the 
resultant velocity. 
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50. Polygon of Velocities. If a 'particle possess 
simultaneously velocities represented in magnitude and di- 
rection by the sides of a polygon, taken in order, the particle 
is at rest. 

Let ABG...LM be the polygon, then by the Triangle of 
Velocities, the resultant of velocities AB, BO is represented 
hjAG. 




The resultant of velocities AG, GD is represented by 
AD, and so on until we come to LM, when we see the 
resultant velocity of the system is represented by AM and 
MA, i.e. it is zero. The particle is therefore at rest. 

51. Ex. i. A boat is rowed across a stream at right angles to its 
hanks with a velocity of 4 mites an hour, and drifts with the current 
which runs at the rate of 3 miles an hour. Find the restdtant velocity of 
the boat. 

Let F denote its resultant velocity, making an angle 6 with the 
bank. 

Then Fees ^=its velocity in the direction of the current 

= 3 m. an hour, 

iind Fsin ^^its velocity in the direction at right angles to the bank 

a=4m. an hour; 

.•, 72^32+42=26, 

F=6 m. an hour, 

and tane=^, 6 = tan-i (J), 

i.e. the resultant velocity is 6 miles an hour making an angle tan'^ (|) 
with the bank. 

Ex. ii. A person walking along a road at 6 miles per hour, sees a 
tovjer a mile distant from his eye, the nearest distance of the tower from 
the road being half a mile. Find the rate at which he is approaching 
the tower. Does this rate alter as he advances F 
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Let A be the tower, BC the road, so that ^^aBone mileb and 
CA = l mile, where CA is perpendicular to £C. 

Let LABG^e. 




▼MA hour 

The rate at which the man approaches the tower 

c=his velocity in the direction BA 
■b5 cos 6 miles per hour 

=.-^— miles per hour (for 5(7* =»1 - 1*= J). 

As the man advances the angle 6 alters, whilst his velocity along 
bhe road remains constant. 

Therefore his velocity in the direction BA (5 cos ^ miles per honr) 
changes. We notice that from BtoC the angle $ increases, theareforo 
its cosine diminishes and the velocity of approach diminishes with it. 
After the man has passed the point C his velocity of approach becomes 
negative and increases numerically. 



EXAMPLES. V. 

[Szamples marked wltb an asteridL (*) may be solved graplilcallir, 
or by ealculation. A seed plan ie to solve by calcniatton, and T^KUf 
by tbe grapbieal aetbod.] 

[Use Matbematieal Tables wliere necessary.] 

*1. A ship is steaming due north at 4^3 miles an hour, and a man 
walks across its deck in a direction due west at 4 miles an hour : find 
his resultant velocity, and direction in space. 

*2. A balloon rises vertically with a velocity of 24 ft. per second, 
and drifts horizontally with the wind with a velocity of 10 fb. per 
second. Find the magnitude and direction of its resultant velocity. 

3. A man points and rows his boat straight across a stream a 
quarter of a mile broad ; he finds that he reaches the opposite bank 
220 yards below the point opposite his starting point : find the velocity 
of the current if the man rows 6 miles an hour. 

*4. A steamer leaves a pier and steams north at 10 miles an 
hour, whilst the current runs west at 5 miles an hour. Find the 
distance of the steamer from the pier after 2 hours. 
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*5. A particle has two velocities of 3 ft. per sec. and 5 ft. per sec. at 
an angle of 120'' with one another. Find the magnitude of its resultant 
velocity. 

6. A body has two simultaneous velocities of 7 and 5 ft. per sec. at 
an angle of 50" with one another. Find graphically its resultant velocity 
in magnitude and direction. 

7. A man points his boat straight across a stream and rows it with 
a velocity of 5 miles per hour. If the stream runs at the rate of 

3 miles per hour, find the direction of the course of the boat, and its 
resultant velocity. Verify your result graphically. 

8. A point moves in a straight line with a velocity of 3 ft. per sec. 
After 2 sees, it has an additional velocity of 4 ft. per sec. at right 
angles to its original motion : find its distance from the starting point 
2 sees, after this, and verify your result graphically. 

9. A man keeps his boat at right angles to the current and rows it 
across a stream 50 yds. wide in one minute. On landing he finds 
himself 60 yds. from his starting point. Find the velocity of the 
current, and verify your result graphically. 

*10. Resolve a velocity of W3 ft. per second into components 
making angles of 30° and 90" with its direction. 

*11. A man who swims in a direction 30° east of north with a 
velocity of 3 miles an hour, finds that a westerly current causes his 
actual direction in space to be due north. Find the velocity of the 
current. 

*12. Resolve a velocity v into two components each making an 
angle of 30" with its direction. 

♦13. Find the distance over which a particle moves in 10 sees, when 
it has a velocity of 4 ft. per sec. northwards and 3 ft. per sec. 
eastwards. 

*14. Two ships sail from the same point eastwards and north- 
eastwards with velocities of 6 and 6v 2 miles an hour respectively : how 
far apart are they in 2 hours ? 

*15. A point has two velocities v and 2i;ft. per sec. at an angle of 
120" with one another. How far is it from its starting point in 

4 seconds? 

*16. A velocity of 9 ft. per sec. has one component making an angle 
of 60" with it, and equal to 3 ft. per sec.: find the magnitude and 
direction of the other component. 

*17. A point possesses simultaneously velocities of 2, 3, 8 ft. per 
second making angles of 120" with one another : find the mdgnitude of 
its resultant velocity. 
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18. A point possesses simultaneously velocities, each eqiial to v, 
acting from the centre of a regular pentagon to four of its angular 
points : find the magnitude and direction of its resultant velocity. 

♦19. A ball moves horizontally with a velocity of 6 ffc. per sec. 
After 2 sees, it has communicated to it an additional velocity of 5 ft. 
per sec. at right angles to its original velocity : find its distance from 
the starting point 2 seconds after this. 

20. A body descends uniformly down an inclined plane 2 miles in 
length in 4 minutes, find its vertical velocity in ft. -sec. units if the 
plane rises i in 20. 

21. A stream has a current of velocity v, and a man can row his 

boat with a velocity v'J2; in what direction must he row across if he 
is to land at a point exactly opposite his starting point 1 

22. A man rows his boat across a stream, always pointing it at 
right angles to the banks : if he rows at the same speed, he crosses the 
stream in the same time whatever the velocity of the current. Explain 
this. 

23. A man rows his boat across a stream a mile broad, always 
pointing his boat up stream at an angle of 30° with the bank ; how 
long does he take to cross if he rows with a velocity of 4 miles an hour ? 

*24. A point possesses simultaneously velocities u, 2u, 32«, 4u, in 
directions north, east, south, and west respectively : find its resultant 
velocity. 

25. A point has velocities represented hj AB, AC two sides of a 
triangle ; shew that its resultant velocity is represented by 2ADj where 
D is the middle point of BC, 

26. A point has two velocities, one of fifteen miles an hour north- 
wards, and the other of 16 J ft. per sec. eastwards; how long will the 
point take to travel 100 miles ? 
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CHAPTER VL 

PARALLELOGRAM OF ACCELERATIONS, ETC. 

52. Parallelogram of Accelerations. If a moving 
point possess simultaneously two accelerations represented in 
magnitude and direction by two sides of a parallelogram 
drawn from a point, their resultant acceleration is represented 
in magnitude and direction by the diagonal of the parallelo- 
gram drawn from that point. 

Let AB, AC represent two coexisting accelerations; 
complete the parallelogram ABDG, ^ 
Then AD shall represent their re- 
sultant acceleration in magnitude and 
direction. 

By definition, AB and AG repre- 
sent the velocities added in the unit 
of time. 

Therefore the diagonal AD represents the resultant 
velocity added in the unit of time. 

(Parallelogram of Velocities.) 

ie. AD represents the resultant acceleration. 

It follows from the above that accelerations may 
be resolved and compounded in the same way as 
velocities ; and hence we can prove, in the same way as 
for velocities, the " Triangle of Accelerations^* and the 
" Polygon of Accelerations.** 

63. Parallelogram of Forces. If two fcyrces acting on 
a body be represented in magnitude and direction by two sides 

B.D. ^ 
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of a parallelogra/m dra/um from a point, their resultant is 
represented in magnitude and direction by the diagonal of the 
parallelogram drawn from that point. 

Let Pi, Pj poundals be the two forces acting in directions 
AB, AG. 

By the principle of the Physi- 
cal Independence of Forces, each 
force will produce an accelera- 
tion in its own direction inde- 
pendently of the other. Let 
f\yfiy he these accelerations, and 
take AB and -4(7 to represent 
them. Let m lbs. be the mass 
of the body upon which the forces act,/ the resultant accele- 
ration of /i and /a ; P the resultant force, so that P = mf. 

Then Pi = m/i = mAB and Pa = m/, = mAG. 

Take AB' to represent the force Pi, and AG' to represent 
the force Pg. 

Complete the parallelograms ABDG, AB'IfG\ 

By the Parallelogram of Accelerations AB represents/ 

Now AC _F,_mf,_AG 

G'jy Prmf^'GD' 

and ^ ACD=/L AO'iy. 

.•.As G'AJy, CAD axe similar, 
Le. AG'A]y=/.GAD, 

and hence ADU is a straight line. 

Ai AD' AG' mf, 

'^^''' AD-'AG'i:-'^ 

Therefore since AD =f AD' = mf=^P the resultant of 
forces Pi and P„ i.e. AD' represents the resultant of the 
forces AG' and AR. 

Hence we see that/orce^ may be resolved and compounded 
in the same way as velocities and accelerations; and we 
therefore have a " Triangle of Forces'* and a " Polygon of 
Forces!* 
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64. Motion on a smooth inclined plane. Suppose 
a body of mass m to move freely upon an inclined plane. 

Let AB be the line of greatest slope of the plane whose 
elevation is a to the horizon, the figure 
thus being a vertical section. 

The forces acting on the body at 
any point E on the plane are : — 

(1) its own weight mg vertically 
downwards ; 

(2) the resistance of the plane 
(iJ) at right angles to the plane. 

[* mg ' may be resolved into mg cos a perpendicular to the 
plane, and mg sin a down the plane.] 

There is no motion at right angles to the plane, therefore 
resolving in that direction 

R — mg cos a = 0. 

The remaining component of mg, viz. Tn^sina in the 
direction EB, acts upon the body in that direction and there- 
fore produces an acceleration/, where 

mgr sin a = mf, (P = mf) 

i.e. /=5rsina. 

Hence a body allowed to move freely upon a smooth 
inclined plane of elevation a, will be subject to an accele- 
ration ^ sin a down the plq,ne in the direction of greatest 
slope. 

55. It follows from this that if a body, projected dovm 
a plane with a velocity u, describes space s along the plane in 
time t, and acquires velocity v : — 

V =u + gsina.t, (t; = w +ft) 

i>^=»t^+2g&ma.8. ' (^^u^+2fs) 

4—2 
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Also if the body be projected up the plane these formulae 
become 

t; ss t^ — gsma.t, 

8 = w* — J^ sin a . ^, 

t^ = t^«-25rsina.*. 

56. A heavy particle slides from rest at the highest 

point of a vertical circle down a chord 
of the circle: to shew that its time of 
descent is constant, i,e, the same for ail 
chords. 

Let m be the mass of the particle, 
the inclination of the chord AU to the 
vertical, AB the vertical diameter (=2a). 

The particle is subject to an accele- 
ration ^cos^ in direction AC hy the 
preceding article, therefore if t be the 
time of descent. 




i.e. 



AC =^^g COB 0,t\ 
2a cos ^'ig cos 0.t\ 
4a 



{8=itt+yt*) 



t 



-'S 



which is independent of 0, and therefore constant. 

Cor. In the same way it may be proved that the time of 
descent down all chords of a vertical circle drawn to the lowest 
point is constant. 

57. Line of quickest descent. To dram a straight 
line from a given point to a given curve in the same vertical 
plane, so that a body may slide down it to the carve in the 
shortest possible time. 

Let A be the given point, DBF the given curve. Describe 
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a circle having its highest point at A and touching the giveo 
curve at B. AB shall he the line of quickest descent. 




For consider any other chord from A meeting the circle 
at G, and the curve at D. By the preceding article, 
the time down AB = the time down AG 

< the time down AD, for AD > AG. 

Hence the time down AB is less than the time down any 
other chord from the point A to the curve, ie, 

AB is the line of quickest descent. 

Cor. To find the line of quickest descent from a given 
curve to a given point A, describe a circle having its lowest 
point at A, and touching the curve at B. It may then be 
similarly proved that BA is the line of quickest descent. 

68. Eli. A body it projected ia> an indijied plane of eleiKition 30° 
and length 3Si r/ardi: ^fina its inUicd velocity if it jiat raacAei the top. 

Let w be the initial velodty. 

When the body reaches the top ita velocitj is zero, and it ia Eiubject 
to an acceleration g sin 30° down the plane - 

.-. 0=K'-2jffln30°.3S4.3. (w'=u»+2/*) 



Ex. ii To find tha line of quickett detoent from a ginen point to a 
given oifde in the tame vertical plane. 
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Let A be the given point, DBB the given circle. Take C the 
centre of the circle and draw a vertical radius to meet the circle in its 
lowest point B, Join AB, cutting the circle At JS. AE shall be the 
line of quickest descent. 

Join CE, and produce it to meet the vertical through A at 0. 




(by parallels) 
(for CE==^ CB) 



lOAE^lCBE 

^uCEB 

^LAEO, 
.-. OE=OA, 

i.e. a circle described with centre and radius OA will have A for its 
highest ix)int, and will touch the given circle at E. 

.', AEis the line of quickest descent. 

Ex. iii. If two vertical circles totich at their highest points, and a 
straight line he drawn from this point cutting the cirdes, shew that the 
time from rest down the part between the circwmferences is constant 




Let A be the highest point of the circles, ADE a chord through A, 
ABC the common vertical diameter, d the inclination of AD to the 
vertical. 
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Join BDy CE ; and draw BF the vertical through 2>. 
Since I ADB^^ right angle = l AEG^ BD is parallel to CE, 
Hence since DF is parallel to BCy it is also equal to it. 
Let t be the time down DE\ the acceleration down DE=g cos 6, 

DE=\g coad.t\ {s^ut+ift^) 

WE 2DFcoa 6 2BG 



.'. t^^ 



g cos 6 g cos 6 



2B0 
and is therefore constant. 



EXAMPLES. VL 

1. A body slides from rest down an inclined plane of elevation 
30° ; find how far it has gone, and its velocity, in 3 seconds. 

2. A particle describes 200^2 feet from rest sliding down an 
inchned plane in 5 seconds. Find the inclination of the plane. 

3. A heavy particle projected up an inclined plane with a velocity 

of 64 feet per second, describes 128(2— \/3) feet in 4 seconds. Find 
the inclination of the plane. 

4. A body slides from rest down an inclined plane of elevation 
30"; find the distance in centimetres passed over in the fourth second 
of its motion. 

5. In what time would a body slide down 1000 yds. of an inclined 
plane rising 1 in 30? 

6. A particle slides down an inclined plane 120 yards long in 
5 seconds : find the height of the plane. 

7. A particle slides down an inclined plane 64 feet long inclined to 
the horizon at 30° : find the time of describing the lower h^df. 

8. A particle projected down an inclined plane of length ?, and 
height hy reaches the bottom simultaneously with another particle which 
starts at the same instant and falls freely through the vertical height 
of the plane : find its initial velocity. 

9. Prove that the velocity acquired by a body in sliding down an 
inclined plane is equal to that acquired by falling freely through the 
vertical height of the plane. 
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Find the line of quickest descent : — 

10. To a given straight line from a given point in the same 
vertical plane. 

11. From a given straight line to a given point in the same 
vertical plane. 

12. From a given circle to a given point without it, the point 
and the circle being in the same vertical plane. 

13. From a given vertical circle to a given point within it. 

14. From a given point within a given vertical circle to the circle. 

15. From a given vertical circle to a given vertical straight line 
without it, and in its plane. 

16. From a given vertical straight line to a given circle in the 
same vertical plane. 

17. The time of sliding down a smooth inclined plane from rest is 
equal to that in which a body would fall through double the height of 
the plane; find the inclination. 

18. A force equivalent to the weight of 9 lbs. pushes a mass of 
6 lbs. up a smooth inclined plane of elevation 30". Find the velocity 
of the mass in 3 sees., and the space described in that time. 

19. A mass of 10 lbs. is pushed up a smooth inclined plane of length 
50 feet and rising 3 in 200 by a uniform force in 5 seconds. Find the 
magnitude of the force. 

20. How far will a force of 1000 lbs. wt. push a train of 100 tons 
mass down a smooth inclined plane, falling 1 in 200, in 7 minutes ? 

21. What force would be necessary to pull a train of 160 tons mass 
up a smooth inclined plane, rising 1 in 160, with an acceleration of 
2 ft. -sec. units ? 

22. A train of 100 tons mass is pulled up an inclined plane supposed 
smooth and rising 1 in 200 at a uniform speed. Find the pulling force. 
What would be the force if the train were held at rest on the inclined 
plane ? Give a reason for your answer. 

23. A man descends a toboggan slide 300 yards long and falling 
1 in 9. Disregarding the resistance of the atmosphere and supposing 
the slide to be perfectly smooth, what is his velocity in miles per hour 
at the foot of the slide ? 

24 A train running at the rate of 30 miles an hour shuts oflf steam 
on reaching the foot of an incline rising 1 in 240. How far will it run 
up the incline ? 
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25. Two smooth inclined planes of the same altitude, and of 
elevations a and ft stand back to back. A body projected up the first 
with a velocity u ascends it, and without losing any velocity at the turn 
descends the second plane. Find its velocity at the foot of the second 
plane. 

26. A body of mass m lbs. on an inclined plane of elevation a is 
acted upon by a horizontal force of P poundals, and moves up the plane. 
Find its acceleration. 

27. A truck of 10 tons mass is pushed down an incline falling 
1 in 200 by a steady force of 8 lbs. wt. If the incline is 140 yda long 
find the velocity of the truck at its foot. 

pn some of the following examples it will be necessary to use Tables 
of smes, cosines, etc.] 

28. A body is projected up an inclined plane of elevation 20* with 
a velocity of 48 ft. per sec. and just reaches the top. Find the height 
of the plana 

29. A mass of 4 lbs. is pushed up an inclined plane of elevation 
40" by a steady force of 3 Ids. wt. acting along the plana Find its 
acceleration in ft.-sec. units correct to two decimal places. 

30. A train weighing 200 tons running down an incline of 1 in 100 
with a velocity of 30 miles an hour is brought to rest in half a mile by 
the steady action of its brakes. Find, to the nearest ton weight, the 
force exerted by the brakes. 

31. Two particles start simultaneously from rest, the one down an 
inclined plane -4 C of length 25 feet, the other down a plane BGoi length 
70 ft., the heights oi A^ B above the horizontal plane through G 
being 7 and 56 ft. respectively. Find which particle will arrive at G 
first (the planes being smooth) and when at G how far it wiU be from 
the other particle. 

32. Find to the nearest tenth of a lb. wt. the force which will push 
a mass of 4 lbs. up an inclined plane of elevation 35° with an acceleration 
of 3 ft. -sec. units. 

33. In moving up a smooth inclined plane of elevation 42" over a 
space of 51 feet, the velocity of a mass of 3 lbs. increases from 4 to 13 ft. 
per sec. Find to the nearest lb. wt. the value of the force pushing it 
up the plane. 

34. One particle slides from rest down a smooth inchned plane of 
elevation 30*". Two seconds after it has started, a second particle is 
projected down the plane with a velocity of 48 ft. per second. When 
and where will it overtake the first ? 

35. A body is projected down a smooth inclined plane and is 
observed to pass over 5 ft. in the first second, and 17 ft. in the next 
second. Find the inclination of the plane. 
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36. A mass of 5 lbs. is attached by a hook to a spring balance. 
The balance and the body are pulled up an inclined plane of elevation 
30° with an acceleration of 4 fL-sec. units. What weight is indicated 
by the balance during the motion ? 

37. A body is projected up a smooth inclined plane along, a line of 
greatest slope with a given velocity. Prove that on returning to its 
starting point it has the same velocity as at the start. 

38. A body is projected up a smooth inclined plane along a line of 
greatest slope with a given velocity. Prove that its time of ascent is 
equal to its time of descent to its starting point. 

39. Divide a given smooth inclined plane of len|;th 288 feet and 
height 64 feet into three parts, so that a particle slidmg down it from 
rest may describe the thi^ parts in equal times. In what time will 
each part be described ? 

40. If a ball rolls without friction down an inclined plane, and in 
the 5th second after starting passes over 2207*25 centimetres, find the 
inclination of the plane to the horizon. 
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MASSES CONNECTED BY STRINGS PASSING OVER PULLEYS. 

69. Two unequal masfies are connected by a light in- 
extensible string passing over a smooth pulley ; to find the 
acceleration of the system, and the tension of tlie string. 

Let m^ and Wg be the masses, mi being the heavier. Since 

the pulley is smooth, the tension of the string 

is the same throughout ; let it be T poundals. 

Since the string is inextensible, the one 
body will move upwards as fast as the other 
moves downwards, i.e. the velocities of the 
bodies at any instant are the same, and hence 
their accelerations are also the same. Let 
f be this common acceleration. 



^ 



T-. 



\ 



iT 



Considering the descending body : it 

is acted on by *^S^ ^S 

(1) a force of T poundals vertically upwards, 

(2) its own wt. miflr downwards. 

.m,g--T^m^f (1) {P^mf). 

Considering the rising body: in the same way 

T-m^g^m^f (2). 

Adding (1) and (2) 

(mi -m^)g = {m^ + m^)f 



60 DYNAMICS. 

Multiplying across in (1) and (2), and dividing through 

by/; 

rriim^g — rn^T = miT — rrvim^g, 
.^ T ^ L_1M. poundals = — -^-^ lbs. wt 



N.B. The pressure on the pulley = 2T poundals 

lbs. wt. 



4mirw2 



Till + 7?l2 

60. One mass hanging freely draws another mass along 
a smooth horizontal plane hy means of a light inextensible 
string passing over a smooth pulley at its edge: find the 
acceleration of the system and the tension of the string. 

Let m^,m^ he the masses of the bodies, T poundals the 

tension of the string, JS poundals 
the normal reaction of the table, 
^T / the common acceleration. 



B 



m 



f*hg 



A 



The weight m^g upon the table 
is balanced by i2, and will not affect 
the horizontal motion of the body. 



Considering the hanging body: 

m,g^T=^m,f (1) {P^mf) 

Considering the body on the table: 

T=m,f (2) („ „ ) 

Adding (1) and (2) 

rrhg = (mi + rwa)/, 

•^ mi + mg 



MASSES CONNECTED BY STRINGS PASSING OVER PULLEYS. 61 



Multiplying across in (1) and (2), and dividing tlirough 

by/ 

61. One mass hanging freely draws another ma^ss up a 
smooth inclined plane by means of a light inextensible string 
passing over a smooth pulley at the top of the plane : find the 
acceleration of the system, and the tension of the string. 

Let 7^1, ma be the masses, T poundals the tension of 
the string, R poundals the normal 
reaction of the plane,/ the common 
acceleration, a the elevation of the 
plane. The body on the plane 
has no motion at right angles to 
the plane, therefore resolving in 
that direction 



It — m^g cos a = 0. (P = mf) 




Wig 



Considering the body on the plane: 

T — m^g sin a = m^f, (1) 

Considering the hanging body: 

m,g-T = m,f (2) 

Adding (1) and (2) 



(P = mf) 



(« „) 



m^g - m2g sin a = (7?ii + m^)/, 

J, m, -- rwn sin a 
•^ mi + m^ ^ 

Multiplying across in (1) and (2), and dividing through 

by/ 

' m^T — mim^g sin a = m^m^g — m^T^ 

. J, _ m^m^g {1 -^ sm a) 
mi + m^ 
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62. One end of a string is fixed ; it then passes tmder a 
moveable pidley to which a mass rrti is attached. The string 
then passes over a fiaed pulley, and a mass m>^ is aUaclied to 
its other end, all three sections of the string being vertical. 
Neglecting the masses of the pulleys, find the acceleration with 
which mi ascends, and the tension of the string. 

When the mass m^ rises through one foot, each of the 
strings on either side of the moveable pulley must be 
shortened one foot, therefore 2 feet of string will slide 
over the fixed pulley, i.e. m^ will fall through 2 feet. 




Hence if / be the acceleration of my upwards, 2/ will 
be the acceleration of m^ downwards. 

Considering the mass m^ : 

7w^-T= 77^.2/ (1). (P--mf) 

Considering the mass m^ : 

2r-m^ = mi/. (2). (P = m/) 

Therefore multiplying equation (1) by 2, and adding, 

(27Wa -m^)g = (4?n, + nh)f 

^ / 2ma - mA 
' \^m^ + mj ^' 

Again, multiplying across in equations (1) and (2), 
mif{m^g - T) = 2m,/ (22^ - m^g). 



i.e. 
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Le. 






63. Atwood's Machine consists of a firmly fixed 
vertical pillar AB, carrying at the top a light pulley made to 
run as smoothly as possible. Over this pulley 
runs a thin inextensible string with equal 
masses (P) attached to its ends. Q is a 
small detached mass, called a rider, of such 
a shape that it may be placed on one of the 
masses P, but that it will not pass through 
the ring JE, which can be fixed at any point 
of the column. F and H are small platforms 
which can also be attached to the column at 
any point. 

In experiments with this machine, the 
rider Q is placed upon F resting on the 
platform at H: the platform is removed 
and the masses F and Q therefore descend 
together with acceleration 



Qg 



2P + Q- 



(Alt 59.) 




When P passes through the ring at E, Q is removed and 
therefore from this point there is no moving force acting 
upon the system, and therefore no acceleration, ie. the 
masses (P) move with uniform velocity. 

To secure as great accuracy as possible : — 

(1) The axis of the pulley is made to run upon the 
circumferences of other small wheels (called friction wheels). 
This considerably reduces the friction. 

(2) The colunm AB is graduated accurately, 

(3) A clock beating exact seconds is provided. 

(4) A piece of apparatus is attached to the column so 
as to be able to remove the platform at H at any required 
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instant. No great degree of accuracy however can be ob- 
tained, for we have to neglect the masses of the pulley and 
string, and to neglect friction. 

64. Experiment L To determine the value of g hy a 
single ea^periment. 

We take a clock or metronome beating exact seconds. 
The mass Q is placed upon P at JST, and the platform at H 
is dropped at a given second. Motion ensues. The platform 
F is so placed that the mass (P + Q) strikes it after exactly 
t seconds, the ring at E being removed, and the distance 
HF is measured. 

Let HF^h, /= the acceleration, 
then h = \ft\ , {s^ut^-^fe) 

. 2A_ Qg 



■ • 



<« 2P + Q' 



(2P + Q)2A 
I.e. g- ^ 

Since we know the values of P, Q, h, t, this equation gives 
us the value of g. 

Ea^eriment u. To verify the first Urn of motion. 

The experiment is conducted as before, but the ring E 
is so placed that the mass Q strikes it at a particular second 
and is left behind. The platform F is placed so that the 
mass P strikes it t seconds afterwarda 

The distance EF is now measured, and by giving diflferent 
values to t we can shew that the distance traversed after Q 
has been removed is proportional to the time, ie. that the 
velocity is constant. 

Eayperiment iii. To verify the second h/w of motion. 

Proceeding as in Experiment ii., arrange the platform H 
and the ring E so that the mass Q remains on P for one 
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second; then observe the time (t) P takes to move from 
^to^. 

Then EF—vt, where v is the velocity with which P 
moves from E to Fy i.e. we cau determine the velocity (v) 
generated by the force Qg in unit time. 

(1) By varying the mass Q, but keeping the mass 
moved (2P + Q) constant, we can shew that the velocity 
generated in unit time, i.e. the acceleration, varies as the 
moving force. 

(2) Also by keeping Q constant, and varying P, we can 
prove that the acceleration varies inversely as the mass 
moved (2P + Q). Hence, by the theory of algebraic 
variation, when both the moving force and the mass moved 
vary, the acceleration will vary directly as the moving force 
and inversely as the mass moved ; i.e. 

^ 1 ^. raovinff force 

acceleration cjc ^ . 

mass moved 



EXAMPLES. VII. 

[/» all the following examples the pulleys may he taken as smooth and of 
negligible masSy and the strings as weightless."] 

1. Two bodies of masses 5 lbs. and 3 lbs. are connected by a string 
passing over a pulley. Find the acceleration of the system, the tension 
of the string, and the space described by each body in 2 seconds from 
rest. 

2. Two masses connected by a string hanging over a pulley move 
over 18 feet in 3 seconds from rest. If the heavier be a mass of 6 lbs., 
find the mass of the other. 

3. Two masses, each equal to m, are connected by a string passing 
over a pulley. A third mass m is added to one of them ; find their 
velocity when they have passed over 27 feet from rest. 

4. Masses of 7 ozs. and 9 ozs. are connected by a string passing 
over a peg. Find the pressure on the peg. 

6. If two masses, each equal to 3 lbs., connected by a string hang 
over a pulley and 6 lbs. be added to one of them, by how much is 
the pressure on the peg increased ? 

B. D. ^ 
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6. Two masses of 14 lbs. and 18 lbs. connecied by a string hang 
over a pulley. After 4 seconds the heavier strikes the ground ; how 
long after this will the other come to rest ? 

7. Two unequal masses connected by a string hang over a pulley. 
When they have attained a velocity v, the descending Iwdy is suddenly 
stopped, and instantly let go again. Find the time that elapses before 
the string again becomes tight. 

8. Two masses of 4 lbs. and 6 lbs. connected by a string hang over 
a pulley, and after 5 seconds the string is cut : find the space described 
by each body in the next second. 

9. In what time will a mass of 2 lbs. hanging freely draw a mass 
of 3 lbs. through a distance of 10 feet on a smooth horizontal table ? 

10. A mass of 2 lbs. hanging freely draws a mass of 4 lbs. along a 
smooth horizontal table : find the tension of the connecting string. 

11. A mass of 10 lbs. lying on a horizontal table 24 feet from 
its edge is drawn along the table by a mass of 2 lbs. hanging freely : 
how long does it take to reach the edge ? 

12. A mass m hanging freely draws an equal mass m up an inclined 
plane of elevation 30": find its acceleration, and the tension of the 
connecting string. 

13. A mass of 10 lbs. is drawn up an inclined plane rising 3 in 5 
with an acceleration ^ry by a freely hanging body of mass m. Find 

the value of m, 

14. A mass of 10 lbs. hanging freely draws an equal mass up 
an inclined plane through a space of 27 feet in 3 seconds. Find 
the elevation of the plane. 

15. A string has masses of 9, 2, 5 lbs. attached to it at different 
points, in this order. The string passes over a smooth pulley so that 
the 2 and 5 lbs. masses are on one side, the 9 lbs. on the other : find the 
tensions of the two portions of string. 

16. Two masses each of 2 lbs. hang over a pulley; a third mass of 
2 lbs. is laid upon one of them for three seconds and then removed : 
how far will the system travel in the next 4 seconds ? 

17. Masses of 5 lbs. and 7 lbs. are fastened by separate strings to a 
mass of 8 lbs., and both strings pass over a smooth pulley : find the 
tensions of the strings. 

18. Two masses m^, mg hang over a pulley: find the ratio of 
wij to TJig if they describe 36 feet in 3 seconds from rest. 

*19. Prove that when two unequal masses hang over a smooth peg, 
the pressure on the peg is less than the sum of the weights. 

20. Two equal masses hang at rest over a smooth pulley ; one is 
projected upwards with a velocity of 64 feet per second : in what time 
will the string become taut again ? 
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21. Masses of 5 and 3 lbs. rest on two inclined planes, each 
of elevation 30", and are connected by a string passing over the common 
vertex : find the acceleration and the tension of the string. 

22. Equal masses rest on two inclined planes of elevation 30° and 
60' respectively, and are connected by a string passing over the common 
vertex ; find the space described by each in 2 seconds. 

23. Masses of 3 and 8 lbs. are connected with a mass of 5 lbs. 
by a string over a pulley. After one second the 8 lb. mass is removed : 
how long after this will it be before the system comes instantaneously 
to rest ? 

24. A mass 2m sliding on an inclined plane of height 48 (v3-l) 
feet, and elevation 60°, draws a mass m vertically upwards from the 
ground to the top of the plane by means of a string passing over the 
top of the plane. How long does it take to do this ? 

25. A light string canning two unequal weights and passing over a 
smooth fixed pulley can only just bear a tension equal to ^ of the sum 

of the weights : prove that the least acceleration possible is | . 

26. In an Atwood's machine the equal masses are each 3 ozs., and 
when an extra mass of 2 ozs. is placed upon one of them, it is noticed 
that it descends through 16 feet in 2 seconds. Hence shew that 
5^=32. 

27. The equal masses in an Atwood's machine are each 979 grammes, 
and the rider 4 grammes. When the rider is attached the descending 
body is observed to pass through one metre in 10 seconds : hence shew 
that ^=981. 

28. Two bodies, each 1000 grammes in mass, are connected by a 
string which passes over a frictionless pulley ; a rider of 15 grammes 
weight is placed on one of the bodies and the system moves from rest 
through 200 cms. in 7*4 seconds: find the acceleration produced, and 
calculate a value for the acceleration due to gravity. 

* 29. Masses nP and P are connected by a string which passes over a 
smooth pulley, and at the end of each second from the beginning 
of the motion a mass P is taken from the first and added to the 
second ; shew that after n seconds the motion will be reversed. 

*30. A heavy particle is resting on an inclined plane, inclined at an 
angle a to the horizon, and is held up by a string which passes over the 
summit of the plane (supposed smooth) and is attached to an equal 
particle resting on a smooth horizontal plane, the angle of inclination 
to the horizon of both parts of the string being a. Shew that the 
particle on the horizontal plane begins to move along that plane with 
an acceleration 

sin 2a 

^ 3+cos2a' 

5—2 
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31. Two unequal masses connected by a string are placed one on a 
smooth horizontal plane and the other on a smooth inclined plane, 
their common edge being perpendicular to the vertical plane in which 
the masses move ; find the acceleration of each mass and the tension 
of the string. 

■ 

32. A fixed pulley lies on a smooth inclined plane, elevation a; 
the ends of the string passing over the pulley are attached to weights 
TT, and TTj, of which W^ lies on the plane, and TTg is suspended by the 
string over the lower edge of the plane under the action of gravity: 
find the acceleration of W^y the motion of each weight being recti- 
linear. 

33. Deduce the value of g from the following experiment with an 
Atwood's machine: the weights =16|- ozs. and 15| ozs. respectively; 
time of falling 8 ft. =8 seconds. 

• 

34. Masses of 3 lbs. and 5 lbs. are attached to the ends of a string 
which passes over a light frictionless pulley. If the string breaks 
after the system has been moving for 4 sees, from rest, find the greatest 
height above its starting point which the 3 lb. mass will reach. 

*35. Two equal masses attached by an inextensible weightless 
thread that passes over a light pulley hang in equilibrium. Shew that 

the tension of the thread is unaltered when - th of its mass is added 

n 

to one, and — -^ th of its mass is removed from the other. 
n-i-2 

36. Initially, while the string is tight, the upper and lower masses 
of an Atwood's machine are projected downwards and upwards respec- 
tively with such velocities that in Jth second each moves through 
49 cms. Find these initial velocities, and determine the ratio of the 
masses and the acceleration if after 3 more seconds the system comes 
to rest (^=980). 

37. A double smooth inclined plane has each of its slant faces 
inclined to the horizon at an angle of 30". If a mass m^, lying on one 
face, is partially supported by two strings which have masses mj, mj at 
their other ends and lying on the other face, and slides down ; prove 
that the tension of each string is to the weight at its ascending end as 

38. Masses of 3 lbs. and 4 lbs. are attached by separate strings to 
a mass of 5 lbs. and suspended over a pulley : find the tension of each 
string. 

39. A string having masses of 7 lbs. and 5 lbs. attached to its 
ends, and a mass of 4 lbs. to a point in between, is hung over a pulley 
so that the 4 and 5 lbs. masses are on the opposite side of the pulley to 
the 7 lbs. mass. Find the tensions of the two parts of the string. 
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CHAPTER VIII. 

BODIES ON MOVING HORIZONTAL PLANES, AND MOTION 

ON ROUGH PLANES. 

65. Pressure on a horizontal plane in motion. 

Let a body of mass m lbs. rest upon a horizontal plane 
which has an acceleration /, vertically 
upwards. ' '^ 

Let -B be the pressure on the plane, ^ 

vertically downwards. 

By Newton's Third Law of Motion, 
the pressure of the plane on the body is 
equal and opposite to this. ^^ 

Therefore there are two forces acting on this body, 

(1) its weight mg poundals vertically downwards, 

(2) the pressure R poundals vertically upwards. 

By hypothesis their resultant, acting on mass m, produces 
an acceleration / vertically upwards. 

.*. R — 7ng = mf, {P = mf) 

.•. R = m(g +/) poundals. 

If the plane descend with acceleration/, we have, in the 
same way, mg — R = mf, 

.'. R = m{g — y ) poundals. 
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Cor. If the plane move with uniform velocity /=0, 

.\ It= mg, 

i.e. the pressure upon the plane is the same as if it were at 
rest. 

66. Ex. L An ascending lift when near the top of the shaft is 
subject to a retardation :^ ft,-sec, units; find the pressfwre on its floor 
dwring this time of retardation of a man who weighs 10 stone. 

Let R poundals be the pressure on the floor; then the resultant 

force acting upon the man is (140^ — ^) poundals verti- 
iR q 

cally downwards, causing a retardation j^ , 



10 



i^og 



whence 



.-. 1405r-i2=140^, 

R = l40{l-^)g 
= 126^ poundals 
= 126 lbs. wt 



(P=m/) 



N.B. The pressure on the floor of the liffc is independent of 

the velocity of the lift. 

Ex. ii. Two scale-pan^s each of mxiss 2 Ihs, connected hy a siring 
hang over a smooth pulley, A mass of 3 lbs, is placed in one and 5 lbs. 
in the other: fmd the pressures upon the pans during the ensuing motion. 






A 



A 



R. 



I 



3S 






( 
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Let /be the acceleration of the system, Ri poundals the pressure on 
the rising, /?2 poundals the pressure on the descending pan. 

We find /= ^2^ (as in Art. 59) = | ft.-sec. units. 

Considering the mass 3 lbs. in the rising pan, the resultant force 
acting upon it is (Ri - 3^) poundals vertically upwards ; 



.-. iJi-3<7=3/=|=|, (P=mf) 



.'. i2i=-^ poundals 

«=3Jlbs. wt. 

Considering the mass 5 lbs. in the descending pan, the resultant 
force acting upon it is (5^ - iZj) poundals vertically downwards ; 



« -^ poundals 

=4j-lbs. wt. 

N.B. If we consider the motion of the rising scale-pan^ 
we must remember that the resultant force acting upon it is 
(T-Rj^—^g) poundals vertically upwards, where T is the 
tension of the string. 
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EXAMPLES. VIII a. 

1. A balloon ascends with an acceleration of 8 ft. -sec. units : find 
the pressure of a 56 lbs. weight on the floor of the car. 

What would be the pressure if the balloon ascended with uniform 
velocity ? 

2. A bucket containing a cwt. of coal is being drawn up from a 
coal-pit, so that the pressure of the coal on the bottom of the bucket is 
equal to 126 lbs. weight: what is the acceleration of the bucket? 

3. A mass of m lbs. is suspended by a string from the roof of a 
railway carriage moving with uniform velocity in a straight line : find 
the magnitude and direction of the tension of the string. 
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4. A mass of 40 lbs. is suspended by a rope from the car of a balloon 
which ascends with an acceleration of 4 ft. -sec. units : find the tension 
of the rope. 

5. If a man holding a 14 lb. weight bj means of a string jump off a 
height, what will be the tension of the string during his fall? 

6. A body of mass 2 lbs. falling freely imder the action of gravity 
has a velocity of 48 ft. per second : what force will bring it to rest in 
3 seconds ? 

7. A body of mass 4 lbs. falls freely under the action of gravity for 
3 seconds : what force will bring it to rest in the next 3 feet? 

8. A cannon-ball of mass 10 lbs. after falling through 40 feet from 
rest penetrates 6 inches into a bank of mud : find the average pressure 
of the mud on the ball. 

9. A man can just lift a mass of 20 stone off the ground. Shew 
that if he is in a cage descending with acceleration 4 ft-sec. units, he 
can then lifb 22 stone 12 lbs. 

10. A body weighs, according to a spring balance at rest> 10 lbs. 
What weight will be indicated for the same b<Sy if the balance be in a 
balloon which is ascending with an acceleration of 16 ft.-sea units? 

11. Two scale-pans each of mass 4 ozs., connected by a string, hang 
over a pulley. A mass of 4 ozs. is placed in one of them ; find ite 
pressure on the pan during the ensuing motion. 

67.. Acceleration on a rough horizontal plane. 

Let a horizontal force, P, act on a mass m resting on 

a horizontal plane whose coefBcient of 
friction is fju. It is required to find 
/ the acceleration produced. 
Jt ^ KU ^ — . Let jl \yQ i\^Q normal reaction of 

the plane; then /xR is the force of 
friction which will act in a direction 
opposite to that of P, 

The body moves along the plane, i.e. there is no motion in 
a vertical direction, 

/. R=^mg (1). 

Also the resultant force in the direction of P = P - fiR, 

r.P^tiR^mf. {P^rnf) 



mg 
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Therefore from (1) 



^ m 



68. Acceleration of a particle sliding down a rough 
inxMned plane. 



Let m be the mass of the particle, -R the normal reaction 

R 



of the plane, ft .the coefficient of 

elevj 



friction , a the elevation of the plane, 
f the acceleration down the plane. 
Then /aJB is the force of friction 
acting up the plane. 

The particle moves on the 
plane, i.e. there is no motion in the 
direction at right angles to the 
plane. 




(1). 



/. R — mg oo^OL = 

The resultant force acting on the particle down the 
plane is 

mg sin a — ^iR 

= mg sin a — ^mg cos a, from (1), 

= mg (sin a — /a cos a) ; 

.'. mg (sin a — /a cos a) = mf, (P = mf) 

and f^9 (sin a — /a cos a). 

Cor. If the particle be projected up the plane, the 
frictional force will act down the plane, and we shall find that 
the acceleration is then g (sin a-\- fi cos a) down the plane. 



69. Acceleration of a particle under the action of a 
constant force up an inclined plane. 

Let the force P, acting on the mass m, draw it up the 
inclined plane of elevation a. Also let -R be the reaction of 
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the plane, /a the coeflScient of friction,/ the acceleration up 

the plane. 

The body moves on the plane, 
i.e. there is no motion at right 
angles to the plane. 

.•. R — mgcosa^O (1). 

fffg 

The resultant force up the plane is 

P — mg sin a ~ fjuR 

= P — mgsina — fimg cos a, from (1). 

.'. P — mg (sin a + /a cos a) = mfy 

j,^ P — mg (sin a + /it cos a) 

i.e« J — , 

•^ m 




EXAMPLES. VIII 6. 

1. A mass of 3 lbs. hanging freely draws an equal mass, by means 
of a string, along a rough horizontal table. Find the space described 
by either body in one sec. if the coefficient of friction is J. 

2. A ball is projected along a rough horizontal plane with a velocity 
of 24 feet per sec. : how far will it go before it is reduced to rest, when 
the coefficient of friction is J ] 

3. What force must be exerted by an engine to move a train of 
120 tons with an acceleration of 10 ft. -sec. units along a rough horizontal 
plane, if the resistance due to friction be 10 lbs. wt. per ton ? 

4. A particle of mass 10 lbs. moves along a horizontal plane against 
a friction of one-fifth of its weight for a distance of 20 feet before 
coming to rest : find its initial velocity. 

5. A train of 250 tons weight, moving at 45 miles an hour, is 
stopped by the brakes in 220 yards. Find the value of the total 
frictional force in tons weight. 

6. A body slides down a rough inclined plane: shew that its 
acceleration is ^ ^ — ^^ , where (b is the angle of friction. 
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7. A train ascends a gradient of 1 in 40 by its own momentum for 
a distance of one mile, the resistance from friction etc. being 10 lbs. 
per ton : find its initial velocity in miles per hour. 

8. The weight of a train is 150 tons, and it is kept going with 
unifonii velocity by the pull of the engine, the resistance due to friction 
being 30 lbs. weight per ton. Find the acceleration of the train when 
a slip-carriage weighmg 30 tons is detached, if the engine continues to 
pull with the same force. 

9. A weight W is placed on a rough horizontal table, and is moved 
along the table by a weight, P, which hangs over the edge of the 
table and is attached to fF by an inextensible string : shew that 

the acceleration of Wis pj^rv 9> ^^^re /n is the coefficient of friction. 

10. An engine exerting a force equal to 3 tons weight pulls a train 
Df mass 100 tons up an incline of 1 in 100 : taking the frictional 
resistance as 11*2 lbs. weight per ton, find the acceleration of the 
train. 

11. A mass of 4 lbs. hanging freely over the edge of a rough table 
pulls, by means of a string, a mass of 2 lbs. along the table through a 
distance of 2 feet in half a second : find the coefficient of friction of the 
table. 

12. A body in sliding down a rough inclined plane, of height h and 
elevation a, acquires a velocity v : find the coefficient of friction. 

13. A body just rests on a plane whose inclination is 30" ; find the 
velocity acquired by a body in sliding from rest down the length of the 
same plane when it is lifted to an elevation of 60°, and its vertical 
height is 150 feet. (Assume that the statical coefficient of friction is. 
eqiial to the dynamical.) 

14. Two planes of elevation 30° and 60° respectively and of equal 
heights are placed back to back : a mass 2m is placed on the steeper 
plane and connected by a string with a mass m on the other ; if the 

steeper plane be smooth and the other rough f /ut= -y= j find the resulting 

acceleration. 

15. A mass of 10 lbs. is sliding down a rough inclined plane (ft=i) 
of elevation sin"i |, with a velocity of 30 feet a second : what force wul 
stop it in 100 yards? 

16. A body is projected up a rough inclined plane f /x= — pj of 

elevation 30° with a velocity of 64 ft. per sec., and at the same instant 
another body slides from rest at the top. Find the time to their 
meeting point, if that point is half-way up the plane. 
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17. A mass of 5 lbs., drawn along a rough horizontal plane by a 
horizontal force of 6 poundals, acquires a velocity of 2^ feet per sec. in 
moving through 2 feet from rest. Compare the force due to the friction 
of the plane with the weight of the body. 

18. A body falls down a rough inclined plane of length I in the 
time T, If it be projected up the plane with the same velocity with 

which it reached the ground, find the values of =- and -^ , l' being the 

portion of I which it ascends, and T' the time of describing l\ /i being 
the coefficient of friction, a the slope. 

19. If a body projected upwards along a rough inclined plane of 
elevation 30°, ascends during 3 seconds, and then slides down to 
the point of projection in 3^ seconds ; find the ratio of the weight 
of the body to the force whicn the friction of the plane exerts upon it 
during the motion. 
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CHAPTER IX. 

REVISION QUESTIONS (ORAL), PAPERS AND MISCELLANEOUS 

EXAMPLES. 

KEVISION QUESTIONS. IX a. (May be taken Orally.) 

1. A man in a train between two stopping stations 5 miles apart 
remarked, "We are travelling at the rate of 40 miles an hour." Explain 
clearly what he meant. 

2. If you wish to find the average velocity of a train between two 
stations, what data must you have ? 

3. Define acceleration. What is the meaning of the word 'rate' 
in the definition ? 

4 A man drops a sand-bag from a rising balloon. What is the 
point to notice if you have to investigate the motion of the sand-bag ? 

5. Cut a piece of paper to a size somewhat smaller than a penny. 
Placing the paper on the penny and holding it in a horizontal position, 
let both fall. The paper and the penny will reach the ground together. 
What can you deduce ? 

6. At the end of consecutive seconds the velocity of a body is 
5, 7, 9, 11, 13... ft. per second. What can you infer as to its 
motion ? 

7. How would you prove experimentally that the weight of a body 
is not a constant quantity ? 

8. How would you show experimentally that the weights of two 
bodies, at the same place, are proportional to their masses ? 

9. What important assumption is made in obtaining the formula 

10. " The British absolute unit of force." What is it ? What is 
the meaning of the word absolute^ 
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11. Is a pound-weight an absolute force? 

12. At the end of consecutive units of time the momentum of a 
body is found to be 11m, 9m, 7m, 5m and so on, where m is the mass 
of the body. What can you infer ? 

13. Two masses are connected by a light inelastic string. The 
string being held taut initially, the bodies slide down an inclined plane 
along a line of greatest slope. What will be the tension of the string 
during the motion ? 

What difference would it make if the bodies did not slide down the 
same line of greatest slope ] 

14. A point has three velocities of 6, 6, and 9 ft. per sec. making 
angles of 120" with one another. What is its resultant velocity? 

15. A point has two equal velocities of 3 miles an hour making an 
angle of 120" with one another. What is its resultant velocity ? 

[Fill in the blank spaces in Questions 16 — 19.] 

16. A velocity of 2 ft. per sec. 

=a velocity of ft. per minute, 






ft. per hour, 
yds. per sec. 
yda ^r minuta 



17. An acceleration of 3ft.-sec. units 

-an increase of velocity of 3 ft. per sec. during every sec. 
= „ „ ft. per sec. „ minute, 

= „ „ ft. per minute „ „ 

= „ „ fb. -minute imits. 

18. An acceleration of 30 mile hour units 

=an increase of miles per hour during every hour, 
= „ » » » » minute, 

= „ » „ mmute „ „ 

= )» f, leet „ ^, „ „ 

= ft. -minute units. 

19. The acceleration of gravity 

=an increase of velocity of 32 ft. per sec. during every sea 
= „ „ „ ft. per minute „ „ 

= „ „ „ ft. per minute „ minute. 

= ft.-minute units. 

. •. the measure of g in ft. -minute units is • 

20. A body subject to an acceleration of 8 fb.-sec. units starts from 
rest. What is its velocity after one second, after two seconds, after 
10 seconds, after t seconds of motion ? 



REVISION PAPERS, AND MISCELLANEOUS EXAMPLES. 79 

21. A body subject to an acceleration of 6 ft. -sec. units starts with 
a velocity of 2 ft. per sec. What is its velocity after one second, after 
two seconds, after three seconds, after t seconds of motion 1 

22. It would be just as easy to move a 100 ton weight along a 
smooth horizontal table as a 100 lb. wt. How is this? Would the 
accelerations of the two bodies be the same if equal forces were 
applied ? 

23. A particle travels with uniform velocity along the circumference 
of a circle. Some force must be acting upon the particle. Why? 
Also this force must act towards the centre of the circle. Why ? 

24. A heavy particle is attached to a fixed point on a smooth 
horizontal table by a string. The string being held taut the particle 
is started at right angles to the string with a velocity v along the table. 
It revolves round the fixed point with the constant velocity v. Why ? 

25. Would it be possible to walk along a smooth horizontal 
suiface ? 

REVISION PAPER. 1X6. 

1. A point travels over a miles in b hours. Express its average 
velocity in feet per second. 

2. A particle travelling with a velocity of 42 yards per second is 
brought to rest in 14 sees, by a uniform retardation : find the value of 
the retardation in ft. -sec. units. 

3. A ball thrown vertically upwards with a velocity of 128 ft. 
per sec. passes through a sheet of glass after 2 sees, and so loses half 
its velocity. What interval will elapse between its striking the glass 
and reaching its highest point ? 

4. A mass of 120 lbs. is pushed up an inclined plane rising 11 in 
120 with an acceleration of 4 ft. -sec. units : find the moving force. 

5. Two masses of 4 lbs. and 8 lbs., connected bjr a light string, hang 
over a smooth puUey and move freely from a position of rest. Find the 
acceleration of each mass, the tension of the string, the velocity of each 
mass after 3 seconds of motion, and the further height to which the 
4 lb. mass would rise if the heavier body were then stopped. 

6. The velocity, v ft. per sec., at time ^ of a moving particle is 
given by the following table : — 



t^ 





1 


2 


3 
5 


4 


5 


• • • 


v = 


11 


9 


7 


3 


1 


• • • 



Plot the corresponding values of v and t. Find out all you can about 
the motion of the particle, and the time when it comes to rest. 
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REVISION PAPER. IX c. 

1. A point on the equator moves through 25000 miles in 24 hours. 
Find its speed in feet per second to the nearest integer. 

2. A stone drops from rest from a height of 160 feet. Neglecting 
atmospheric resistances, find how long it takes to reach the ground, 
and calculate its velocity just before it touches the ground. Plot a 
curve roughly showing the velocity of the stone at various heights. 

3. A man of weight 150 lbs. stands on a platform ; what pressure 
does he exert on it if the platform moves vertically with an acceleration 
of 2ft. per sec. per sec. (1) upwards, (2) downwards? 

4. A particle under a uniform acceleration passes over 19^ ft. in 
the fifth second, 28j ft. in the eighth second of its motion. Find the 
acceleration and the initial velocity. 

5. Two smooth planes of equal altitudes stand back to back. A 
mass of 8 lbs., connected by a light string passing over the top of the 
planes with a mass of 5 lbs., pulls it up its plane with an acceleration 
of 12 ft. -sec. units. If 30" is the elevation of the plane on which the 
5 lb. mass slides, find the elevation of the other. 

6. If the unit of force acting on the unit of mass produced two 
units of acceleration, the formula P^mf would not be true. What 
would it become? 
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1. A point travels for 4 sees, at the rate of 3 ft. per sec., for 2 sees, 
at the rate of 5 ft. per sec., and for 3 sees, at the rate of* 2 ft. per sec. 
What is its average velocity during this motion ? 

2. ABC is a straight line, the points A and B being 20 feet apart. 
One particle is projected along Av from A with an initial velocity of 
37 ft. per sec., and an acceleration of 4 ft. -sec. units. At the same 
instant, a second particle starts from B and moves along BG with a 
uniform velocity of 40 ft. per sec. Find when and where the one 
particle catches the other up. 

3. A point starting with a velocity of 3 ft. per sec. has a uniform 
acceleration of -25 ft. -sec. units in the direction of its initial velocity. 
Draw a graph of its velocity-time equation, and frwn the graph 
determine the space describe in 8 seconds. 

4. A man points his boat, and rows it with a velocity of 8 miles 
an hour, straight across a stream a quarter of a mile wide. If he lands 
330 yards below the point opposite his starting place, find the velocity 
of the current. 
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5. Two bodies of mass 1 and 3 lbs. are connected by a light string 
passing over a smooth pulley. If the string is cut 4 sees, from the 
beginning of motion, fiind how much further the lighter body will 
ascend. 

6. A light string passing over a smooth pulley has a spring balance 
weighing 6 ozs. attached to one end, and a weight of 16 ozs. to the 
other. A weight of 8 oz. is placed in the balance, and the system is 
allowed to move freely. What weight is indicated by the balance ? 



REVISION PAPER. IX e. 

1. A train travels imiformly over 1320 yaids in a minute : find its 
velocity in miles per hour. 

2. If a ball is thrown vertically upwards with a velocity of 234 ft. 
per sec., after what time will its velocity be 102 ft. per sec. downwards, 
neglecting atmospheric resistance ? 

3. A mass of 600 pounds moving in a straight line is observed to 
change its speed from 60 miles an hour to 60 miles an hour in 10 seconds. 
What force must have acted to produce the change 1 

4. When a lift is at rest its floor is just strong enough to carry a 
load of one ton. If the lift is moving (1) with constant speed, (2) with 
an upward acceleration, (3) with a downward acceleration, can the floor 
support the same load ? 

5. A particle starting from rest moves under an acceleration of 
4 ft.-sec. units. Find the corresponding values of s to the following 
values of v : 0, 2, 4, 6, 8. Plot the corresponding pairs of values, and 
read offj as accurately as you can, the velocity of the particle when it 
has passed over 3^ feet, and the space passed over when its velocity is 
7 ft. per sec. 

6. Given ^=981 cm. -sec. units, 'find its value in fL-sec. units. 
[A metre =39*37 inches approx.] 



B. D. 
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1. A particle subject to a uniform acceleration describes 50 feet 
and 66 feet in the 3rd and 5th seconds of its motion respectively: find 
its initial velocity. 

2. A body falls through a height of 16 feet and then striking a 
pane of glass loses half its velocity. It then reaches the ground with a 
velocity of 80 ft. per sec. ; find the height of the glass above the ground. 

3. A ball is let fall from the top of a tower 384 ft. high ; 2 sees. 
later another is projected vertically upwards from the foot of the tower 
with a velocity of 128 ft. per sec.: when and where do they meet ? 

4. A body starting from rest falls in the last second of its motion 
19 times as far as in the 1st second : find the whole space described. 

5. A body, sliding from rest down a smooth inclined plane, passes 
over 1040 ft. in 13 sees.: find the ratio of the height of the plane to its 
length. 

6. AB is the vertical diameter of a circle in a vertical plane; if a 
body in sliding down a chord AP acquires one-half the velocity it would 
acquire in falling from A to B, find the inclination of AP to the vertical 

7. A man in a lift rising with a velocity of 8 ft. per sec. drops a 
ball which reaches the ground in 5 sees.; find the height from wnich 
the ball was dropped. 

8. During how many minutes must a force equal to the weight of 
1 ton act upon a train weighing 150 tons to generate in it a velocity of 
30 miles an hour ? 

9. The mass of a train is 200 tons, and the resistance due to 
friction etc. is 8 lbs. wt. per ton. If the tractive force upon it be equal 
to the weight of 2 tons, find its acceleration. 

10. If the depth of a well be 144 ft. and sound travel with a 
velocity of 1120 ft. per sec, find the time that elapses after dropping a 
stone before hearing it strike the water. 

11. Find the statical measure of a force which in half a mile will 
stop a train of 100 tons, moving at the rate of 30 miles an hour on 
smooth horizontal rails. 
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12. K a train weighing 200 tons, and moving at the rate of 30 miles 
an hour, can be stopi^ by the action of the brakes within a space of 
60 yards, find the amount of the Motion in tons weight. 

13. A mass m^ hanging freely draws a mass mg up an inclined 
plane of elevation 45" by means of a smooth inextensible string over 

the top of the plane : if they move with acceleration ^ find the ratio of 

m^ to TTt], 

14. A mass m is pushed up a smooth inclined plane of length I and 
height A by a uniform force in t seconds : find the magnitude of the 
force. 

15. A mass of 4 ozs. is connected by means of a string over a 
smooth pulley with a mass m ; when m has been in motion for 3 sees, 
the string is suddenly cut ; find m so that the 4 oz. mass may ascend 
J^ths feet further before it begins to descend. 

16. What must be the unit of space, if gravity be represented by 
the number 14, when the imit of time is 5 seconds? (^=32 2 ft. -sec. 
units.) 

17. Two steamers, X and T, are respectively at points A and B. 
X steams away with a uniform velocity of 10 miles an hour in a 
direction making an angle of 60° with AB, Find in what direction 
Y must start at the same moment if it steam with a uniform velocity 
of 10 x/3 miles an hour, in order that it may come into collision with X 

18. A particle moves in a straight line along a smooth horizontal 
plane with a velocity of 6 ft. per second ; after 2 sees, a velocity of 
5 ft. per sec. is imparted to it in a direction at right angles to its 
original motion ; find the distance of the particle from its stajrting point 
after it has been in motion for 4 seconds. 

19. APB is a vertical circle whose highest and lowest points are 
A and 5, and Q is taken in AB so that AQ—AP, If AP produced 
meet the tangent at B in R^ and a body slide down APR from rest, 
prove that the times of the body being within and without the circle 
are in the ratio of ^Q to BQ, 

20. A body moving along a straight line is known to be acted 
upon by a constant force; at a certain instant it is moving at the rate 
of 12 feet a sec. and in the next 10 sees, it describes a distance of 
470 feet : what velocity does it gain in each second of its motion ? 

21. A train moving imiformly describes 88 yds. in 3 sees. : find its 
rate in miles per hour. In what time wiU it travel 600 miles with a 
stoppage of 5 minutes after every 100 miles ? 

22. A body acted on by a constant force begins to move from a 
state of rest ; it is observed to move through 55 feet in a certain 2 sees., 
and through 77 feet in the next 2 sees.: what distance did it describe in 
the first 6 sees, of its motion ? 

6—2 



24. Express an acceleration of 4&J 

25. The velocity of a point is 
during every minute: find l' 
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from reet aloog the part of the line (cd 
intercepted between the oirolee is cons 
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ANGULAR VELOCITY. 125 

I . OPF=B, right angle, i.e. P ia moving at right 
telocity about the point B 

t velocity of P about the centre. 
I Iho point P ia moving at right anglea to BP, and 
Hue called tha itutatUaneovt cenire of rotatuya of the 

, point A, has a velocity a making an angle 

\: to Jimd the angvlar velocity of the particle at the 

Ignlar velocity required, 
b equivulent to 

«coa^ along AO, 

9 peipendicular to AO. 

has no angular velocity about 0. •'. •i=the 

■tliB component u sin 6 about 

'^- <'»«■'»■> 

EXAMPLEa XI d. 

Angular Velocity. 
[Take n = ^.} 
9 through three-quartera of a right angle in one 
ular velocity. 

K^Woribes a circle of radius 6 feet with tiie unit of 
g find its lineiir velocity. 

t makes 60 revolutions per minute about ite centre; 
■ ▼elocity of any point on the wheel about its centre. 
«vea on the circiunfereuce of a circle of radius 3 feet 
.f IS feet per sea : find its angular velocity, and the 
Et) ita radius turns through in half a second. 
\ the angular velocities of the hour-hand, the minute- 
pnond-hand of a watch. 
KImud moving with velocity v, a carriage, on a road 
■*-i6 at a diatanca d from it, le observed to move so as to 
.. a line witii a more distant fixed object whose least 
n railway ia D. Find the velocity of the carriage. 
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23. A particle moves under a constant acceleration : shew tliat the 
distances described in successive seconds are in arithmetical progression. 

24. Express an acceleration of 4 ft. -sec. units in mile-minute units. 

25. The velocity of a point is increased by 12,000 yards a minute 
during every minute : find its acceleration in ft-sec. units. 

26. If two vertical circles touch each other at their lowest point, 
and any straight line be drawn from that point to cut the inner and to 
meet the outer circle, shew that the time of a heavy particle fedling 
from rest along the part of the line (considered as an mclined plane) 
intercepted between the circles is constant. 

27. Three equal masses (m) are attached to a light inextensible 
string, one at each end, the other in the middle. Two hanging freely 
draw the third along a smooth horizontal table : find the tensions of 
the two portions of the string, 

28. A train is moving on a horizontal railroad. Assuming the 
weight of the train (exclusive of the engine) to be 160 tons, and the 
resistance arising from friction etc. to be 8 lbs. per ton, find the tensions 
of the couplings of the carriage which is attached to the engine, 
(1) when the velocity of the train is uniform, (2) when it is moving 
with an acceleration of 4 ft. per second, per second. 

29. The velocity of a ship in a straight course on an even keel is 
8^ miles an hour ; a ball is bowled across the deck perpendicular to the 
ship's length, with a uniform velocity of 3 yards in a second ; describe 
the true path of the ball in space, and shew that it will pass over 
45 ft. in 3 sees, nearly. 

30. A body is subject to a uniform acceleration. If t represent 
the whole time of motion to be considered, and if a be the space 
described in the first m seconds, and b the space described in the 

last m seconds, and s the total space described, shew that «= --5-~ • 

sfn 

31. If the unit of time be half a minute and the imit of length be 
2 yds., what will be the measure of the velocity of a body which 
describes, at a uniform rate, 14 miles in 3 hours ? 

32. The side BG of a triangle ABG is vertical; shew that if the 
times of falling down the two sides BA, AC he equal, the triangle must 
be isosceles or right-angled. 

33. A flexible heavy string, length 21, is moving over a smooth 
fixed small pulley, the two unequal portions of it hanging vertically. 
Prove that at the instant when its middle point is at a distance x 

below the pulley, the acceleration with which it is moving is j-g. 

Find also the tension of the string at any assigned point of the 
descending portion at the same instant. 
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34. If the unit of force were that which acting on 1 ton of mass 
would in 1 minute generate a velocity of 1 mile a minute, how many 
imits of force would the weight of one ton contain ? 

35. Two particles are projected with a velocity of 40 ft. per sec. 
from points 88 ft. apart, the one up and the other down a rough plane 
(/i=J) inclined to the horizon at an angle tan~i(^). Find when and 
where they will meet, and account for the double solution. 

36. A person rows with a velocity of 6 miles an hour across a 
river a quarter of a mile wide, which runs with a velocity of 4 miles an 
hour. The head of the boat makes a constant angle 6 with the bank 
while he rows across, and he arrives at a point 36 yds. 2 ft. lower down 
the bank than the point opposite his starting point. Prove that 
tand=|. 

37. If the time of a body's fall from a certain height at one place 
on the earth's surface be m sees, less than at another place, and the 

velocity acquired in the fall be a ft. per sec. greater, prove that — is the 

geometric mean of the accelerations of gravity at the two places. 

38. If two weights be contained in scale-pans connected by a 
string over a smooth pulley, prove that if the weights of the pans be 
neglected the pressure between each pan and the contained weight is 
equal to the tension of the string. 

39. Three equal weights are fastened to a string whose length {l) 
is equal to that of a smooth inclined plane; one weight is attached 
to each end, and the other weight to the middle of the string ; when 
one weight hangs over the top of the plane the weights are in equi- 
librium ; if the second weight also is just made to hang vertically, find 
the velocity with which the third weight reaches the top of the plane. 

40. A railway train, running at the rate of 40 miles an hoiu*, 
is detached from the engine at the foot of a smooth incline of 1 in 50 : 
how long and how far will it move up the plane ? 

41. A ship is sailing at the rate of 10^^ miles an hour; across the 
deck, perpendicular to the direction of the ship's course, a ball is 
bowled with a uniform velocity of 12 ft. per sec. : find the actual path 
and velocity of the ball. 

42. Supposing the acceleration of gravity to vary inversely as the 
square of the distance from the earth's centre, find the space through 
which a body would fall at the distance of the moon in one hour, 
the radius of the earth being 4000 miles, and the distance of the moon 
from the earth's centre 240,000 miles. 

43. A train moving at the rate of 15 miles an hour comes to 
the foot of an incline of 1 in 280 ; the friction along the plane being 
« lbs. per ton, how far will the train go before stopping 1 



86 DYNAMICS. 

44. Three velocities whose ratios are as Vs+l : V6 : 2, are simul- 
taneously impressed on a particle and the particle does not move; 
find the angles at which the directions of the velocities are inclined to 
each other. 

45. A plane is 50 ft. long and of elevation 30°, the limiting angle 
of resistance between the plane and a given body is 15° ; determine ttie 
velocity the body must have at the foot of the plane so as just to reach 
the top ; find also the time of ascent. 

46. The measure of the force of gravity being 32*2 when a second 
is the unit of time, what will be its measure when 10 sees, is the unit of 
time ? 

47. A body weighing 6 lbs. slides from rest down a rough inclined 
plane, of elevation 30", through 20 feet in 4 seconds. What force 
acting along the plane would just sustain the body in equilibrium ? 

48. A man rows across a river J of a mile broad in 5 minutes, 
always keeping his boat at right angles to the current. On reaching 
the opposite side he finds that he is -^ a mile from the starting point. 
Find the velocity of the current. 

49. Find the force which acting on a mass of 6 lbs. will cause it to 
describe 9 ft. horizontally in 2 sees, from rest. What wiU be the 
measure of this force if the unit of force be the weight of one ounce 1 

50. A particle is let fall from a point 91 ft. above the ground. 
After describing 36 ft. it meets with an obstruction which diminishes 
its velocity by one-half. Find the whole time of motion, and also the 
velocity the particle has when it strikes the ground. 

51. A smooth tube AC By consisting of two straight portions 
AC, CB, with a bend at its lowest point C, is filed in a vertical plane, 
and a particle acted on by gravity starts ftom rest from a point F in 
the arm AC, and passing the bend C without change of velocity, rises 
in the arm CB to a point Q. Shew that PQ is horizontal, and that 
the spaces CP, CQ are proportional to the times in which they are 
described. 

52. Two given weights are connected by a stiiug passing over 
a smooth pulley. Prove that the resultant pressure betw^n the string 
and pulley is less than it would have been if half the sum of the 
weights had been suspended at each end of the string. 

53. Two particles slide down two straight lines, in the same 
vertical plane, at right angles to one another, starting simultaneously 
from their point of intersection ; prove that their distance apart, 
at any time, will be equal to the distance either would have descended 
vertically in that time. 

54. Prove that, if an insect crawl along the minute hand of a clock 
with a velocity equal to that of the extremity of the hand, it will pass 
from one end to the other in 9 min. 33 sees, nearly. 
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55. A particle has two velocities, 3u in a direction from A to By 
and 5m in a direction from Cto A, ABC being an equilateral triangle. 
Find the magnitude of its resultant velocity. 

56. The tension of the connecting string when F hanging freely 
draws 2 W along a smooth horizontal table is to the tension when P 
draws W along the table as 3 : 2 ; compare the weights P and W. 

57. AB is a quadrant of a circle whose centre is 0, the radius OB 
being horizontal, Gis a. point on the quadrant, and the angle B0C=6. 
Shew that the time in sliding down the chord AG'mto that of sliding 



down the chord CB as a/ cos - : a/ 



am I 



58. If -4(7 be the height and AB the length of a smooth inclined 

AB 
plane, i)rove that the time of sliding down it varies as . . 

59. li AC hQ the horizontal diameter of a vertical circle, prove 
that the time down any chord AB varies inversely as the time down 
the chord CB. 

60. A particle projected vertically upwards loses half its velocity 
in rising through h feet. How high will it rise % 

61. Two bodies are projected vertically upwards each with a 
velocity of 128 ft. per second, one starting 2 sees, after the other : 
when and where do they meet ? 

62. The sound of a body striking the water in a well reaches the 
top 3JJ seconds after it is dropped: assuming 1120 ft. per sec. to 
be the velocity of sound, find the depth of the welL 

63. A stone dropped from a balloon rising with a uniform velocity 
of 8 ft. per sec, reaches the ground in 10 sees.: find the height of 
the balloon when the stone was dropped. 

64. A body weighing 64 lbs. is moved by a constant pressure 
which acting for one sec. generates a velocity of 3 ft. per sec. in the 
body; find* the weight which the pressure would support, taking 
gravity at 32 ft. -sec. units. 

65. A string with a heavy particle at the free end is just wound 
roimd a lamina in the shape of a regular hexagon (side a) lying on a 
smooth horizontal plane. If the particle be projected with velocity v 
at right angles to the string, find how long it will take to unwind the 
string. 

66. If be a fixed point, C a point in a vertical plane through ; 
find the locus of (7 when the time of sliding down UO varies as the 
length of CO, 
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67. OZis a horizontal line, Ca fixed point in it, OF is drawn in 
any direction in a vertical plane through 00, Find by geometrical 
construction the point in OF from which the time of sliding down 
to (7 in a straight line is least. 

68. Two straight lines of railway meet at right angles. A train 
starts from the junction on one line, and at the same instant another 
train starts towards the junction from a station on the other line, 
and they move at the same given speed. Find their distance apart at 
any time, and prove that they are nearest to each other when they are 
equally distant from the junction. 

69. A railway train is moving at the rate of 28 miles an hour 
when a pistol shot strikes it horizontally in a direction making an 
angle sin'^f with the train. The shot enters a compartment of one 
of the carriages at the comer farthest from the engine and passes out 
at the diagonally opposite comer, the compartment being 8 feet long, 
i.e. from window to window, and 6 ft. wide. Prove that the shot is 
moving at the rate of 80 miles an hour, and that it traverses the 
carriage in ^ of a second. 

70. Bodies slide down a number of smooth inclined planes of the 
same height. Prove that the velocities acquired in the descent are 
the same for all the bodies, but that the times of descent are pro- 
portional to the cosecants of the inclinations of the planes to the 
horizon. 

71. Two unequal weights are connected by a string passing over a 
rough pulley. If the effect of friction be to prevent motion until the 
tension of the string at one end be greater than the tension at the 

other by - th part of the latter tension, prove that the effect on the 

acceleration will be the same as if the pulley remained smooth and the 

smaller weight were increased by — th of itself. 

72. A man fires at an object moving with velocity m in a given 
direction. The velocity of the ball is such that it would have hit the 
object, if at rest, in one second. How far ahead of its apparent 
position must he aim to hit the object ? 

73. A weight Q rests on a smooth table, and is connected by 
a string passing over a pulley at the edge of the table, with a weight F 
hanging vertically. If after the weights have moved through a space 
«, Q arrives at a rough part of the table (coeff. of friction =/i), find how 
much further they will move before stopping (if they do so). 

74. A railway train passes from one station to another, a miles 
distant, starting with the uniform acceleration /, and when steam 
is shut off, and the break applied, slowing up with the imiform 
retardation /'. Find the time taken, / and /' being expressed in 
ft -sec, units. 
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75. Bodies are let fall down a number of smooth inclined planes 
having a common vertex : prove that the locus of the points at which 
they all have the same given velocity is a horizontal plane. 

76. A weight of 200 lbs. is to be raised through a height of 40 
feet by a cord passing over a fixed smooth pulley; it is found that 
a constant force (P) pulUng the cord at its other end for three-fourths 
of the ascent communicates sufficient velocity to the weight to enable 
it to reach the required height ; find P. 

77. A particle starts from A and moves for 4 • sees, under an 
acceleration which gives it in that time a velocity of 30 ft. per sec. ; it 
then travels uniformly with the velocity it has acquired for 3 seconds j 
its speed is then uniformly retarded so that in 10 sees, it comes to rest 
at B. Find the distance from A io B. 

78. A body sliding from rest down a rough inclined plane of 
elevation 30°, moves over 36 ft. in the 5th second of its motion : find 
the coefficient of friction. 

79. A circle of radius a, and a straight line inclined to the vertical 
at an angle „ — a and lying completely outside the circle, are in the 
same vertical plane ; prove that the time down the line of quickest 

descent between the circle and the straight line is j— ^^- -\ sec^, 

'p being the distance of the centre of the circle from the straight line. 

80. A body projected vertically downwards overtakes in t sees, 
another body which has already fallen h ft. from rest from the same 
point ; find the initial velocity of the projected body. 

81. Compare the accelerations 15 mile-hour units, and 3 ft. -sec. 
unita 

82. A particle moves from rest down a rough plane inclined at an 
angle 2^ to the horizon, tan Q being the coefficient of friction. Prove 
that in moving over- a length « of the plane it acquires the same 
velocity as in falling freely through a distance « tan 6. 

83. An engine draws a train whose weight (exclusive of the engine) 
is 100 tons. The power of the engine is such that when running 
on the level it exerts a pull of 2 tons weight on the front carriage, and 
the resistance due to friction etc. is 11*2 lbs. per ton. Shew that 
if the engine draws the same train from rest up an incline of 1 in 300 
it will in one minute acquire a velocity slightly exceeding 15^ miles 
per hour. 

84. A mass of weight W rests on a smooth horizontal table, also of 
weight IT, and is connected by a light string, passing over a smooth 
pulley at the edge of the table, with a weight 2 W hanging freely, 
which is allowed to fall, the string being initially taut If the table 



(. 
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does not move, find the tension of the string, and shew that the 
coefficient of friction between the table and the floor is not less than ^. 

85. A point describes the circumference of a circle whose radius is 
a with uniform velocity in time t : prove that, if a perpendicular be let 
fall from the moving point on any fixed diameter of the circle, and v 
be the velocity of the foot of this perpendicular when its distance from 
the centre is x^ 

86. A fixed pulley lies on a smooth inclined plane, elevation 30°, 
the ends of the string passing over the pulley are attached to masses of 
4 lbs. and 6 lbs., of which the 4 lbs. mass lies on the plane, and the 
6 lbs. mass is suspended by the string over the lower edge of the 
plane imder the action of gravity: the motion of each weight being 
rectilinear, find how far the 4 lbs. mass will move from rest in 
2 seconds. 

87. A string passing over a fixed pulley supports two pulleys 
of masses J/, and M^ respectively. Another string passing over J/i, 
under a fixed pulley A, and over J/g* ^^ ^^*^ *^® several portions 
between the pulleys are vertical, has attached to its ends particles 
of masses m^ and mg respectively. The system moves from rest in a 
position in which the centres of M^, M^ are each a feet vertically 
above the horizontal plane through the centre of ^, and the particle 
TTij is just at the end of the horizontal diameter of M^^, Find the 
tension of each string during the motion, and shew that, when m^ 
reaches the horizontsd plane through the centre of A^ each of the 
moveable pulleys will have passed through a vertical space 

88. APf AQ are two inclined planes of which AP is rough, the 
coefficient of friction being equal to tan PAQ^ and AQ\a smooth, AP 
lying above AQ : shew that if bodies descend from rest at P and Q 
they will arrive at A (1) in the same time if PQ be perpendicular 
to AQ^ (2) with the same velocity if PQ be perpendicular to AP. 
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CHAPTER X. 



WORK AND ENERGY. 



70. Work. A force is said to do work when it 
moves its point of application in the direction in 
which the force acts. 

The work done is measured by the product of the 
force and the distance moved through in the direction 
in which the force acts. 

Thus if a force P poundals, acting in a direction AB, move 

its point of application through 

^ ? ^p AB feet, the work done is measured 

hy P ,AB foot-poundals. 

If, on the other hand, the point of application move from 
Bio A, the work done is still P ,AB foot-poundals, but it is 
negative ; or, as it is usually expressed, work is done against P. 

Again, if the force P move its point of application from 

A to B, where B is not in the line of 
B action of P, draw BD perpendicular to 

the line of action of P. The work done 
*P by P is then measured hy P , AD, i.e. by 
the product of P and the distance in the 
direction of the force P through which the point of applica- 
tion moves. 

71. The British absolute unit of work is the 
work done by one poundal in moving its point of 
application through one foot; and is called a Foot- 
poundal. 
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The unit of work used by engineers is the work 
done in lifting one pound-weight vertically through 
one foot^ and is called a foot-pound. 

Strictly speaking, this should be called a foot-pound- 
weight 

Since a pound- weight = g poundals, the engineers' unit 
= g absolute units. 

The Scientific^ or C.G.S.^ unit of work is the work 
done by one dyne in moving its point of application 
through one centimetre^ and is called an Erg. 

Illustrations, 

A locomotive does work in pulling railway carriages along 
the lines. 

A horse does work in pulling a barge along a canal. 

A man does work in lifting a weight. 

We must notice that no work is done unless the force 
moves its point of application in tJie direction of the force : 
e.g. the resistance of a smooth table does no work as a body 
slides along the table, for the body does not move in the 
direction of the force. 

When a ring slides on a smooth rod, no work is done by 
the resistance of the rod, for it is always at right angles to 
the direction of motion, i.e. the ring, at the instant, has no 
motion in the direction of this force, 

72. Rate of doing work. 

The practical value of an engine or machine depends not 
only on the amount of work it can do, but also on the time 
occupied in doing it. 

Thus a horse could pull a half-ton load over a distance of 
7 miles, but an ordinary locomotive would do the same in a 
much shorter time. 

We therefore need the following definition. 

Power. The power of an agent is the rate at 
which it can do work. 
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Engineers have adopted as the unit of power, one Horse- 
power. "*"- 

One Horse-power (h.-p.) is the power of doing 33000 
foot-pounds a minute or 550 foot-pounds a second. 

[James Watt considered that a horse could do this 
amount of work in a minute, but it is rather more than 
an ordinary horse can do.] 

Thus we see that an engine of two horse-power will lift 
66,000 lbs. wt. vertically through one foot in one minute or 
1100 lbs. wt. vertically through one foot in one second. 

73. Ex. i. An engine starts a train of mass 150 tons from rest with 
an acceleration of I2ft.-8ec. units. Find the average horse-power exerted 
hy the engine during the first second of the motion^ neglecting frictional 
and atmospheric resistances. 

The moving force 

= 150 X 2240 X 12 poundals. (P= mf) 

Space described by the train in one second 

=i X 12 = 6 feet {s^ut+^t^) 

Therefore work done in one second 

= 150 X 2240 X 12 X 6 ft. -poundals 
150x2240x12x6 



32 
Therefore the required h.-p. 



ft.-lbs. 



^ 150 x2240x12x6 
32 X 550 

Ex. ii. Find the h.-p. of an engine which will draw a train of mass 
200 tons up an incline of 1 w 120 at a uniform speed of 15 mUes per 
hour, the resistance due to friction etc. being 10 lbs. wt. per ton. 

[In order to thoroughly understand the following, the student 
should construct a figure.] 

The retarding force due to the weight of the train 

= component of the weight down the plane 

■= 200 X 2240 . ^ X =^ poundals. 
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The retarding force due to friction etc. 

= 10 X 200^ poundala. 

Therefore the total retarding force 

^ 200 X 2240 xy ^^^ 

=200^ [^ + 10] 

200x86xflr , • 

e= ^ ^-poundals. 

A velocity of 15 miles per hours: 22 ft. per second. 

Thei'efore the work done in each second 

200x86x5r 
= 5 X 22 ft-poundals 

200x86x22-. ' , 
■» r ft-lbfl. 

Therefore the required h.-p. 

200x86x22 
"^ 3x550 

«^^=229i. 

Ex. iii. Find the speed at which an engine of 500 h.-p. can draw a. 
train of 120 tons mass up a slope of 1 in 100, the friciional resistance 
being 6^ lbs. wt, per ton. 

[The student should draw a figure.] 

Let V feet per sec. be the velocity required. 

The retarding force due to the weight of the train 

B component of the weight along the plane 

120x2240(7 _ , 

= 100 — poundals. 



The retarding force due to friction 

61 
"^10 



r^ X 120^ poundals. 



is 
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Therefore total retarding force 

,«^ r^l 22401 , , 

= 12 X 21 bg poundab. 

Therefore v x 12 x 275^ ft.-poundals 

=rwork done in one second 
= 550 X 500^. 

Hence v= -^ft. per second 

o 

250 X 60 X 60 ., , 

= miles per hour 

3 X 1760 X 3 ^ 

■= — =56^j miles per hour. 

74. The efficiency or modulus of an engine, or machine, is the 

ratio of the actual work done on the weight to the work done by the 

power ; or 

^ . work done on weight 

eflaciency= r— 5 r ^ — • 

'' work done by power 

In every machine some work done by the power is wasted in over- 
coming frictional and other resistances, so that the efl&ciency of a 
machine is always less than unity. 

If an engine of efficiency /x works at 30 H.P., the useful work it 
can do is 30 x 550/x ft. -lbs. per second. 

75. Ex. i. A steam-crane lifts a weight of 8 tons steadily through 
a height 0/ 11 feet in 48 seconds. If the efficiency bf the engine is '4, at 
what H.P. is it working "i 

Let X be the required h. p. 

Then a: x 550 x 48 x '4 = the work done on the weight 

= 8x2240x11. 
Whence a? = 1 8§ h. p. 

Ex. ii. A heavy uniform chain of mass 300 lbs. and length 40 feet is 
suspended from one end. What is the work done in lifting the chain to the 
point of suspension ? 

We may suppose the mass of the chain collected at its centre of 
gravity, i.e. 20 feet below the point of suspension. 

.'. the work required = 300 x 20 

B:6000ft.-lb8. 
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EXAMPLES. Xa. 

[It may be assumed that 1 cubic foot of water =S2;6 lbs. wt.=6'25 

gallona] 

1. Find the work done by a mass of 11 cwt. in falling vertically 
through 10 feet. 

2. How long would an engine of 2 h.f. take to do the work in the 
previous question ? 

3. An engine, whose efficiency is '3, lifts a weight of 15 cwt. through 
10 feet in 20 sees. : find its H.P. 

4. An electric tramcar is drawn along a horizontal road at the 
rate of 7^ miles per hour. If the resistances to motion are equal 
to a force of 15 lbs. wt. per ton, find the number of foot pounds of work 
done in a minute. What h. p. is this equivalent to ? 

5. A man weighing 14 stone ascends a tower 110 feet high. What 
work does he do in ascending ? How long would an engine of J H. P. 
take to lift him there? 

6. How long would an engine of J h. p., and efficiency '4, take to 
pump 1000 gallons of water from a depth of 33 feet ? 

7. Find the work done by a man in emptying a cistern 3 feet deep 
and containing 1650 gallons of water. How long would an engine of 
J H. p., and efficiency -6, take to do it ? 

8. What horse-power is required to pull a weight of 2 tons up 
a smooth inclined plane of elevation 30** at the rate of 10 ft. 
per sec? 

9. In the preceding question, what will be the necessary horse- 
power if the frictional resistances to motion amount to 10 lbs. wt. 
per ton? 

10. A load of 300 lbs. is drawn up an incline of 1 in 100, the total 
frictional resistance being equal to the weight of 7 lbs. If starting from 
rest and moving with a uniform acceleration, it acquires a velocity of 
10 ft. per sec. in one minute, find the average horse-power employed 
during that time. 

11. A uniform cylinder 8 ft. high, standing on its base of diameter 
6 feet, weighs one ton. How many foot-poiuids of work must be done 

to upset it ? 

12. A train running at 45 miles an hour weighs 125 tons. If the 
average pull on it is 11 lbs. wt. per ton, what horse-power is employed 
upon it ? If the efficiency of the engine is '4, what horse-power will 
the engine be working up to? 
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13. A steam crane raises a weight of 6 tons uniformly through a 
height of 33 ft. in 36 seconds ; find at what h.-p. it is working. 

14. How much work is done in lifting a mass of 11 tons vertically 
through 6 feet 1 What is the h.-p. of an engine which will do this in 
2 minutes ? 

15. Find the work done in pulling a mass of 6 tons 12 feet np a^ 
smooth inclined plane rising 1 in 10. Express the answer in foot-tons. 

16. What volume of water will an engine of 50 H.-P. raise in 4 hours 
from a depth of 120 ft., if the modulus of the engine be '5 ? 

17. A cvlindrical well of 4 ft. diameter and 100 ft. deep js half full of 
water. Find the h.-p. of the engine which would empty it m 20 minutes, 
delivering the water at the surface. (»r=^.) 

18. A uniform circular cylinder, 6 ft. in diameter and 8 ft. long, is 
lying on the ground. Find the work done in putting it up on end, if 
its weight be half a ton. 

19. A imiform chain, 150 yards in length and weighing 3 lbs. a foot, 
is attached at one end to a wmdlass. Find the work done in winding 
up the chain slowly. 

20. An engine drives a shaft by means of a belt running at the rate 
of 40 ft. per sec, and the tension of the tight portion of the belt is 
120 lbs. wt. whilst that of the slack portion is 50 lbs. wt. Find the 
H.-P. transmitted by the belt. 

21. A cylindrical hollow tower, of internal diameter 6 feet, height 
100 ft., thickness of wall 3 ft., is built of brickwork weighing 50 lbs. a 
cubic foot. Find the number of hours in which an engine of 6 H.-P. 
would raise the bricks from the ground into position. (»r=^.) 

22. What must be the horse-power of a locomotive engine which 
moves at the rate of 20 miles an hour upon a level rail, the weight of 
the train being 50 tons, and the resistance of friction 8 lbs. wt. per ton ? 

23. What distance will an engine of 82^j- horse-power drag a train 
in ten minutes, with a uniform velocity, up an incline of 1 in 200, the 
weight of the train being 80 tons, and the friction 7 lbs. per ton ? 

24. What must be the horse-power of a locomotive engine to draw 
a gross load of 40 tons wt. at the rate of 30 miles an hour along a 
horizontal road, the resistances being estimated at 8 lbs. wt. per ton ? 

25. An engine of 80 h.-p. makes 60 revolutions a minute, and the 
stroke of its piston is 3 feet : find the mean press\u*e on the piston, the 
modulus of the engine being '4. ^ 

B. D. 7 



\ 

I 
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26. A right-angled triangle ABG turns stiffly in its own plane 
about the middle point of the hypotenuse AB, Forces just sufficient 
to overcome the resistance are applied thus : — P at B at right angles to 
BC, Q at (7 in direction BC, /2 at ^ at right angles to J 5, all the forces 
tending to turn the triangle in the same direction : shew that the work 
done in turning the triangle through a right angle = J{ i?c + (P — Q){a - h)} ; 
the forces remaining throughout the motion parallel to their original 

< directions and constant in magnitude. 

27. At the bottom of a coal mine 275 ft deep there is an iron cage 
containing coal, weighing 14 cwt., the cage itself weighing 4 cwt. 109 lbs., 
and the wire rope that raises it 6 lbs. per yard. Find the work done 
when the load has been lifted to the surface and the horse-power 
required to do that amount of work in 40 seconds. 

28. A locomotive draws a load of m lbs. up an incline the angle of 
which is a, the coefficient of friction being /i. If, starting from rest 
and moving with uniform acceleration, it acquires a velocity v in 
t seconds, find the average horse-power at which it has worked during 
that time. 

29. The diameter of the piston of a steam-engine is 80 inches, the 
mean pressure of the steam 24 lbs. wt. per square inch, the length of 
the stroke 10 ft., the number of strokes per minute 11. How many 
cubic feet of water will it raise per minute from a depth of 33 fathoms, 
the modulus of the engine being 7 ? (»r=^.) 

30. Three equal masses of 10 lbs., connected by strings knotted at 
Ay hang in equilibrium over two smooth i)egs B ana (7, \0^Z feet apart 
in a horizontal line. Find the work done in moving the point A to the 
point J5. 

31. The diameter of a cylinder of a steam-engine is 80 inches, the 
piston makes 8 strokes of 12^ feet a minute, under a mean pressure of 
15 lbs. the square inch, the modulus of the engine is '66; how many 
cubic feet of water will it raise in one minute from a depth of 224 feet ? 

32. In a steam-engine pumping water from a mine, what must be 
the length of the stroke of the piston, the surface of which is 1500 sq. 
inches, and which makes 20 strokes a minute, so that with a mean 
pressure of 12 lbs. wt. on each sq. in. of the piston, the engine may be 
of 80 horse-power 1 

33. A cistern 54 ft. long, 44 feet wide, and 8 ft. deep is to be filled 
with water from a well, the surface of which always stands at 36 ft. 
below the bottom of the cistern : in what time will an engine of 2 horse- 
power do it ? 
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76. Geometrical representation of Work done. 

(1) When a constant force P moves a hody through a 
apace s in its own direction. 

Let OA represent the spa^ie s, 
and OB, at right angles to OA, the b - 
force P. Complete the rectangle 
AOBC. Then the area of the 
rectangle represents Ps the work 
done. 



(2) Whm ike force P is variably. 

Take Os as space-axis, and OP, at right angles to it, as 
force-axis. 

Jiet ON represent space s, and divide it into n equal parts 
at A„4a, .-■. 

At A„ A„ ... draw ordinatea AiO,, A^,, ... to represent 
the corresponding values of P to the spaces OAi, OAj, .... 

Complete the rectangle as ehonn in the diagram, and 
join o,, a,, ... by an even curve. 

Then, as in Art. 19, it may be shown that the work done 
in moving the body through space s, lies betvjeen the sum of 
the greater rectangles and the sum of the less. 

Hence making n indefinitely lai^e, the work done will be 
represented by the area PONQ. 
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77. To represent geometrically the work done in moving 
a body slowly through a space s by means of a force which is 
proportional to the space passed over. 

Taking Os for space-axis, and OP^ at right angles to it, 
as force-axis, let OiV, and NA represent corresponding values 
of s and the force P. AN is proportional to ON. 

.*. the locus of J. is a straight line through 0. 

.-. the work done by the force in moving the body 
slowly through space 5 is represented by the area of the 
triangle OAN 

= ^AN,0N = ^P.8. 

The above method will be found useful in finding the 
work done in slowing stretching an elastic string, or in 
slowly compressing, or stretching, a spiral spring. 




Elastic Strings. Hooke's Law. 

The tension of an elastic string varies as its extension 
beyond its unstretched length. 



EXAMPLES. Xb. 

1. An elastic string is stretched through one inch by a force of 
6 lbs. wt. Find the work done in slowly stretching it through 
3 inches. 

2. A force of 40 lbs. wt. is required to slowly compress a spiral 
spring through one inch. Find the work done in compressing it 
through 5 inches. 
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3. A uniform chain AB 20 ft. long, and weighing 50 lbs., hangs 
vertically, suspended from A. Draw a diagram to represent the work 
done in slowly lifting the end B to the end A, Find the amount of 
work done. 

4. A chain 200 ft. long and weighing 3 lbs. a foot hangs suspended 
from one end to a windlass. Draw a diagram to show the amount of 
work done in rolling the chain up on the windlass, and find the amount 
of work in ft.-lbs. 

78. Energy. The energy of a body is its capacity 
for doing work. 

Any moving body has the power of overcoming resistance 
whilst its velocity is being destroyed; therefore every 
moving body has the capacity of doing work, i.e. it possesses 
energy. 

Again, some bodies when at rest possess a capacity for 
doing work (i.e. they possess energy) hy virtue of their 
position. Thus a stone held at a height from the ground 
will do work if it is allowed to fall : a coiled-up clock spring 
is capable of doing work. 

Hence we have two kinds of energy. 

The Kinetic energy of a body is the energy it 
possesses by virtue of its motion. It is sometimes called 
▼is-viva. 

The Potential energy of a body is the energy it 
possesses by virtue of its position. 

We may look upon the Potential Energy of a body as 
the energy stored up in it ; and we shall see that there is 
no Potential Energy unless work has previously been done 
on the body. 

79. Measurement of Kinetic Energy. 

The kinetic energy of a body is measured by the work 
which it is capable of performing against impressed forces 
whilst its velocity is being destroyed. 
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Let a body, mass m, moving with velocity u, be brought 
to rest by a uniform force P. Let / be the retardation 
produced by this force, and let the body move through space 
s in coming to rest. 

Then P = m/, 

and 0=w«-2/», (t)« = w* + 2/») 

Therefore the kinetic energy of the body 

= the work done whilst the body is being reduced to rest 
= P.« 

The kinetic energy of a body is therefore equal to half the 
jyroduct of its mass and the square of its velocity. 

80. Measurement of Potential Energy. 

The Potential Energy of a body is measured by the work 
it is capable of doing in moving from its initial position to 
some standard position. 

Thus in the case of a body of mass m possessing potential 
energy in virtue of its position at a height h from the ground, 
the energy is measured by the work done by the Dody in 
coming to the ground and is therefore equal to mgh. 

Now the work done in lifting the body to height h = mgh ; 
hence we see that the 

Potential energy of a body (the energy stored up in it) 
= the work which ha^ been done on the body, 

81. The cho^nge of kinetic energy of a body is equal to 
the work done on it 

Let a force P act on a mass w, and change its velocity 
from u to V whilst the body moves through space s. Let / 
be the acceleration produced, so that P = mf. 
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Then the change in the kinetic energy of the body 

= m/i 

= the work done on the body. 

82. For a falling body the sum of the kinetic and 
potential energies is constant. 

Let m be the mass of the body, h its original height from 
the ground, x its height at the instant during its fall when 
its velocity is v. 

When the body is at height x, the sum of its kinetic and 
potential energies 

= Jmi;^ + mgx 

= ^m.2g{h-x) + mgx^ for i^ = 2g{h — x) 

^mgh 

= a constant quantity. 

This is a very simple case of what is known as the 
Principle of the Conservation of Energy, 

83. Principle of Conservation of Energy. 

On this point one cannot do better than read what 
Professor Clerk Maxwell says in his small book on '' Matter 
and Motion/' He says : ** When the nature of a material 
" system is such that if after the system has undergone a/ny 
" series of changes, it is brought back in any mamier to its 
" original state, the whole work done by external agents on the 
" system is equal to the whole work done by the system in over- 
" coming external forces, the system is called a Conservative 
" System. 

" The progress of physical science has led to the discovery 
"and investigation of different forms of energy, and to the 



« 
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** establishment of the doctrine that all material systems may 
" be regarded as conservative systems, provided that all the 
" diflPerent forms of energy which exist in these systems are 
" taken into account. 

" This doctrine, considered as a deduction from observa- 
"tion and experiment, can, of course, assert no more than 
" that no instance of a non-conservative system has hitherto 
" been discovered. 

" As a scientific or science-producing doctrine, however, it 
"is always acquiring additional credibility from the constantly 
"increasing number of deductions which have been drawn 
" from it, and which are found in all cases to be verified by 
" experiment. 

General statement of the Principle of Conserva- 
tion of Energy. 

"The total energy of any material system is a 
" quantity which can neither be increased nor dimin- 
" ished by any action between the parts of the system^ 
" though it may be transformed into any of the forms 
" of which energy is susceptible. 

" If, by the action of some agent external to the sjrstem, 
" the configuration of the system is changed, while the forces 
" of the system resist this change of configuration, the external 
"force is said to do work on the system. In this case the 
" energy of the system is increased by the amount of work 
" done on it by the external agent. 

" If, on the contrary, the forces of the system produce a 
"change of configuration which is resisted by the external 
" agent, the system is said to do work on the external agent, 
"and the energy of the system is diminished by the amount 
"of work which it does. 

"Work, therefore, is a transference of energy from one 
" system to another ; the system which gives out energy is 
" said to do work on the system which receives it, and the 
" amount of energy given out by the first system is always 
" exactly equal to that received by the second. 

"If, therefore, we include both systems in one larger 
" system, the energy of the total system is neither increased 
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" nor diminished by the action of the one partial system on 
" the other." 



84. Ex. L A train is moving on a horizontal rail at 30 mUes an 
hour : if the steam he suddenly turned off^ how far vnll it run before it 
stops, the resistances being taken at 8 lbs, wt. per ton / 

oA 1 u 30x1760x3 .... 

30 miles an nour= — j^ — ^^ — =44 ft. per sec. 

60 X dO ^ 

Let m tons be the mass of the train, and x feet the distance 
required. 

The total resistance =8m^poun<Jals. 

The work done on the train after the steam is shut off 

= kinetic energy destroyed. 

.-. 8m^.^=J.m.22|a..(44)3, 



(Ps=lm 



1120.(44)2- 

= 70x121 feet 
70 X 121 



5280 



miles 



=2=lJ§mUes. 

Ex. ii. A heavy ring^ of mass tw, slides on a smooth vertical rod, and 

is attached to a light string, which passes over a smooth peg distant a 

from the rod, and which has a mass M{>m) fastcTied to its other end. 

The ring is dropped from a point in the rod in the same horizontal plane 

as the peg : find what distance it will descend before coming to rest. 

Let A be the peg, C the initial position of the ring, B its position at 
rest when it has descended through space x 
on the vertical rod GB, Cjl 

The work done on the ring 

=^mgx. 

The work done on the mass M 

^MgiAB^-a) 

= Mg ( v/a^ + ^2 _ Qjj^ 

But the work done on the ring = the work 
done on the mass M. 
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mx + Ma=M^a^-\-a^y 
2Mma 



• • X -^ 



M^-m^' 



ENERGY. EXAMPLES Xe. 

1. How many British absolute units of energy are there in an oz. 
bullet moving with a velocity of 1200 fb. per second ? 

To what height must it be carried to have the same amount of 
potential energy ? 

2. A bullet moving with a velocity of 1000 ft per see. loses 
20 per cent, of its velocity in passing through a plank : how many 
such planks will it pass through if they are placed together ? 

3. How many foot-pounds of work are required to change the 
velocity of a body of F lbs. weight from t; to «;' ft. per second ? 

4. A five-ton hammer falls through 8 ft, and thereby compresses 
a mass of iron ^ in., the resistance of the iron being uniform throughout 
the compression. What steady pressure exerted by a hydraulic press 
would produce the same effect 1 

6. A truck runs from rest down an incline of 1 in 100 for a distance 
of 1 mile : it then runs up an equal gradient with its acquired velocity 
for a distance of 600 yds. before stopping. Assuming that it loBes no 
velocity in moving from one incline to the other, find the total 
resistance, frictional or other, in pounds weight per ton, which has 
been opposing the motion. 

6. Find the kinetic energy after 2 sees, of a body of mass 20 lbs. 
projected vertically upwards with a velocity of 128 ft per second. 

7. A body of mass 10 lbs. is projected vertically upwards with a 
velocity of 256 ft. per sec. ; find its kinetic energy when it is at a height 
of 64 feet 

8. A body weighing 10 lbs. slides down an inclined plane whose 
height is 25 feet ; it reaches the foot of the plane with a velocity of 
30 ft. per sec. : how many foot-poimds of energy have been expended 
during the motion on friction and other resistances? 

9. An engine pumps water through a hose, and the water leaves 
the hose with a velocity v : shew that kinetic energy is imparted to the 
water at a rate which varies as v^. 
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10. A bicyclist, working at the rate of one-twelfth of a horse-power, 
goes 10 miles an hour on a level road : find the resistance of the road. 

11. The mass of a fly-wheel is 10,000 lbs. and it is of such a size 
that it may all be supposed concentrated on the circumference of a 
circle 12 ft. in radius : what is its kinetic energy, in ft. -lbs., when 
making 15 revolutions a minute? (w^^.) 

12. How many turns would the fly-wheel in the previous question 
make before coming to rest if the steam were cut off* and it moved 
against a friction of 400 lbs. wt. exerted on the circumference of an 
axle 1 ft. in diameter? (n=^.) 

13. A railway train is moving on a horizontal road at the rate 
of 30 miles an hour, when the steam is suddenly turned off^ ; how far 
will the train run before it stops, the resistances being estimated at 
7 lbs. wt. per ton ? 

14. A truck runs from rest down an incline of 1 in 100 for a 
distance of 1740 yards; and then runs up an equal gradient with its 
acquired velocity for a distance of 500 yds. before stopping. Assuming 
the principle of work, find the total resistance, frictional or other, in 
lbs.-wt. per ton, which has been opposing the motion. 

15. A bullet with an initial velocity of 1500 ft. per sec. strikes a 
target 1200 yds. distant with a velocity of 900 ft. per sec, the range of 
the bullet being assumed to be horizontal : compare the mean resistance 
of the air with the weight of the bullet. 

16. An engine whose efficiency is '4 projects 1000 gallons of water 
a minute with a velocity of 88 ft. per second. Find its H.-P. 

17. If a particle whose mass is 4 ounces has a velocity of 1000 ft. 
per sec., through what distance will it overcome a force of 360 lbs. wt. 
Defore coming to rest ? 

18. A particle, whose mass is 40 lbs., moves in a straight line ; its 
velocity is diminished from 50 ft. per sec. to 30 ft. per sec. ; find how 
many foot-poundals of kinetic energy it has lost. If the loss is due to 
the action of a constant force, while the particle passes over 40 ft., find 
the value of the force in lbs. wt. 

19. A body, whose weight is capable of exerting a downward force 
of 320 poundals, is held at a height above the groimd, such that its 
potential energy is 4,800 British absolute units of energy. If the body 
is allowed to fall, determine its potential and kinetic energies after it 
has fallen one foot. 

20. Two particles, whose masses are 12 lbs. and 9 lbs., are connected 
by a fine thread which passes over a smooth pulley (as in Atwood's 
machine) ; if the system moves through 5 ft. from rest, find its kinetic 
energy in foot-poundals. 

What will be the numerical value of the change in the potential 
energy of the system, and will it be an increase or a decrease ? 
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21. A train of mass 160 tons, running down a smooth incline of 

1 in 120, has just attained a velocity of 30 miles an hour : find the 
resistance necessary to stop the train in a quarter of a mile. 

22. What is the h.-p. of an engine which can project 10,000 lbs. of 
water per minute with a velocity of 80 ft. per sec., twenty per cent, of 
the whole work done being wasted by friction etc. ? 

23. A blacksmith wielding a 14 lb. sledge strikes an iron bar 25 
times a minute, bringing the sledge to rest upon the iron at each 
blow. If the velocity of the sledge on striking the iron be . 32 ft. per 
sec, compare the rate at which the smith works with a horse-power. 

24. Find the work done per second by a waterfall 30 yds. high, 
a quarter of a mile broad, where the mass of water is 20 ft. deep, and 
has a velocity of 7J miles per hour when it arrives at the falL 

25. A heavy wheel of 5 ft. radius revolves on a horizontal axle 

2 inches in diameter, coefficient of friction ^, making 10 turns a 
minute ; its mass being supposed collected in the rim. If left to itself, 
how many revolutions will it make before stopping ? 

26. A chain 300 ft. long and weighing 3 lbs. a foot is wound on a 
windlass. Find the difference of its potential energy in this position, 
and in its position when 200 ft. of the rope are imwound, neglecting 
friction and the weight of the roller, and supposing that no part of the 
rope touches the ground. 

27. A train whose mass is 60 tons starts from rest at the top of an 
incline of 1 in 100. After it has gone 400 yards its velocitv is 12 yds. 
per sec. Find (neglecting the effect of friction) the work done by the 
engine in foot-poimds. 

28. A mass of half-a-pound falls from rest upon some dough, the 
surface of which is 18 inches below the starting point, and it penetrates 

3 inches. What is the work done on the dough? and what is the 
average pressure which it has exerted? 

29. Find the number of foot-poimds of work done by a man, who 
picks up a stone of mass 4 lbs. and throws it with a velocity of 48 ft. 
per sec. ; the man's hand, at the instant when the stone leaves it, being 
6 ft. above the ground. 

30. A bicyclist who works at a imiform rate and whose mass to- 
gether with that of his machine is 175 lbs., rides at the rate of 30 ft. 
per sec. on the level and 20 ft. per sec. up an incline of 1 in 100. That 
part of the force opposing the motion of the machine which is in- 
dependent of the inclination of the road being assumed to be constant 
and equal to Fy determine the constant velocity down an incline of 1 in 
200, and prove that F is equal to 3^ lbs. wt. 

31. The roughness of an inclined plane is just sufficient to prevent 
a body placed on it from sliding down. Prove that the work done in 
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pushing the body up the plane would be double of that done in lifting 
it through the vertical space by which it is raised. 

32. Find the tensions of the coupling of a locomotive (1) when it 
is drawing a train 30 miles an hour and doing work upon it at the rate 
of 100 horse-power ; (2) when it is generating an acceleration of J a foot 
per sec. per sec. in a train of 80 tons reckoning the resistance due 
to friction etc. at 10 lbs. wt. per ton, 

« 

33. Find the amount of work accumulated in ft. -tons in a train of 
120 tons mass when its velocity is sufficient to carry it a quarter of a 
mile up an incline of 1 in 100, the resistances on level road being equal 
to a weight of 8 lbs. per ton. 

34. Prove that a train travelling at 45 miles an hour will be brought 
to rest in about 284 yds. by the brakes, supposing them to press on the 
wheels with half the weight of the train, and that the coefficient of 
friction is 0*16. 

35. A ball of mass m after falling through h feet strikes a mud-bank 
and penetrates it to a depth s ft. before being brought to rest. Prove 
that the work done on the ball by the pressure of the mud is equal to 

36. In the previous question find the work done by the pressure of 
the mud if the ball strikes it with the same velocity but in a horizontal 
direction. 

37. A weight of 6 lbs. is placed upon a rough horizontal table, and 
is moved along the table by a weight of 4 lbs. which hangs over the 
edge and is attached to the 6 lb. mass by a light inelastic string. Find 
the kinetic energy (in ft. -lbs. to two significant digits) of the system 
after it has moved for 3 sees, from rest, the coefficient of friction 
being 0*4. 

38. A steam hammer weighing 6 tons falls through 4 feet from 
rest. Find the steady force necessary to bring it to rest in the next 
3 inches. 

39. A 2oz. bullet, moving horizontally with a velocity of 1200 ft. 
per sec, strikes a sand-bank and penetrates to a depth of 6 inches. 
Find the average resistance (in lbs. wt.) of the sand to penetration. 

40. A man having a light rope attached to a mass mlbs. at the 
bottom of a shaft h ft. deep, pulls with a steady force until the mass is 
half way up, and then ceases. The mass just arrives at the top of the 
shaft : find the force with which the man pulls. 

41. A given weight W is hoisted up to a given height A by a 
workman. Dimng the first third of the height the weight is made to 
move upwards with a constant acceleration, during the second third 
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with a constant velocity, during the last third it is brought gradually 
to rest with a constant retardation. Supposing that the resistances 
(including gravity) are represented by a constant retarding force i2, and 
that the whole time of the ascent is equal to that of falling from rest 
through a height nhy prove that the difi&rence of the works done by the 
man in the first and third portions of the ascent is 

2b Wh 
ISn • 

State also the whole work done. 



Ill 



CHAPTER IX. 



RELATIVE MOTION. 



85. When the distance between two points changes 
in magnitude or in direction, or in both, the points are said 
to have Relative velocity. 

Thus a person seated in a moving railway carriage has 
velocity relative to the station he is approaching or leaving 
but none relative to the carriage in which he is seated. 

When two points move in the same straight line with 
diflPerent velocities, the distance between them changes in 
magnitude but not in direction, and the points have relative 
velocity. 

When a point moves on the circumference of a circle, the 
line joining it to the centre changes in direction but not in 
magnitude, and the point therefore has velocity relative to 
the centre. 

We must also remember that all motion is relative. Thus 
when we talk of a man walking at the rate of 4 miles an 
hour, we mean that he is moving at that rate relative to the 
earth. 

If two points are in motion it is most important to 
notice that their relative motion is unaltered if the 
same additional velocity or acceleration be impressed 
upon both. 

Thus in the case of the motion of two points on the 
earth's surface, their relative motion is the same whatever 
the speed of rotation of the earth may be about its axis ; 
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nor will it vary with the speed of the earth in its annual 
path round the sun. 

86. Two particles are moving in given directions with 
given velocities ; to jvnd their relative velocity. 

Let ABy AC represent the velocities u and v of the 
particles, and let ZBAG= 0. 

Give to each particle a ve- 
locity equal but opposite to the 
velocity v along AG. 

Since we do the same to both 
particles this does not alter their 
relative velocity. 

The particle moving in the direction AC is now reduced 
to rest, and the other particle has velocity u along AB, and 
velocity v along CA produced. 

Produce CA to D making AD equal to AC, and complete 
the parallelogram ADEB, 

By the parallelogram of velocities, AE is the resultant 
velocity of the second body, and the first body being now at 
rest AE represents the relative velocity required ; 

AE^^ AD" + AB'^-2.AD.ABqo&DAB 

= 1^2 + t;2 — 2UV COS Of 

.\ AE= "Jv? ■\-v^- 2uv cos 0. 

Join BC. Then CB is parallel and equal to AE, for EB 
is equal and parallel to AC. 

Hence if AB^ AC^ drawn fi*om the point A repre- 
sent two velocities, BC represents their relative 
velocity. 

Also BC represents the velocity of the point relative to 
the point 5, and CB represents the velocity of the point B 
relative to the point C, 

Cor. We see that if u and v be in the same straight 
line, or parallel, the relative velocity becomes u±v, according 
as the points are moving in opposite or the same directioiuk 
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87. By substituting the word * acceleration' for the word 
'velocity' throughout the previous article, we obtain the 
relative acceleration of two particles moving with given 
accelerations. 

88. Ex. i A ship steams due west at the rate of 15 miles an hour 
relative to a cu/rrent which is flowing at the rate of 6 miles an hour due 
souths What is the velocity relative to the ship of a train goin>g due 
north at the rate of 30 miles an hour ? 

Draw OA due south from 0, 6 units in length, to represent the 
velocity of the current ; AB due west from A^ 15 
units m length, to represent the veloci^ of the q 

ship relative to the current. Join OB, Then 
OB represents the actual velocity of the ship. 
(Art. 86.) /e 

Again draw 00 due north from 0, 30 units in 
length, to represent the velocity of the train ; then 
by the same article BG represents the velocity of 
the train relative to the ship. 

Also ^^2=^^ + ^(72=152+362 

=32 [52+122] 

= 32. 132, 

.-. J5C=39. 




Andif Z.J5C^ = ^, 



tan^=-^=Jf=iV 



Therefore the velocity of the train relative to the ship is 39 miles 
per hour in a direction tan'"^(^) east of north. 

Ex. ii. A steamer is going due east with velocity u ; its smoke-track 
points 30° north of west. If the wind be from the south-east^ find its 
velocity. [See also Art. 89.] 

[In problems of this nature it is assumed that the smoke, on 
leaving the steamer, moves off in the direction of the wind. If the 
motion took place in a vacuum, the smoke on leaving the steamer 
would retain the velocity of the steamer. The atmosphere is supposed 
to destroy this velocity of the smoke.] 

Draw ^jB to represent in magnitude and direction the velocity, u, of 
the steamer. Let BC represent the smoke-track when the steamer 
is at 5, so that L ABC=Z(f. Draw AC making an angle of 45° with 
BA produced, so that AG'm the direction of the wind. 

Hence since BG is the smoke- track, the particle of smoke at G 
must have left the steamer when it was at A; i.e. this particle of 

B.D. 8 
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smoke has travelled from Ato C whilst the steamer has travelled from 
il to^. 

C 




Since then AB represents the velocity of the steamer, AC represents 
the velocity of the smoke, i.e. of the wind. Let AC=v^ 

v_AC Bm^QT _ n/2 \/2 (\^+ 1) 
u~ AB~ HinW ^^l"^ 2 

Therefore the velocity of the wind 

_ \/2(V3+l) 



Ex. iii. On hoard a ship steaming dtie east with velocity 2m, the wind 
appears to blow from tlie sotUh-east; whilst on board a ship steaming due 
north iDvth velocity u, it appears to blow from the west : find the actual 
velocity and direction of the wind. 




Let AB represent the velocity {2u) of the first ship, AC the velocity 
(u) of the second ship, AJD the actual velocity of the wind. It is 
required to find the magnitude and direction of AD, 

Join BD, CD ; and let lDAB^Q. 

BD represents the velocity of the wind relative to the first ship ; 

.\LDBA=^h\ 
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Also CD represents the velocity of the wind relative to the second 
ship ; 

From lAGD ^^=^-^n7v=-^ (!)• 

sm^ZX/ sin^ ^ ' 

From lADB - — twt\^- — TfTh* 

aiuABD Bin ADB' 

- ,^v u^ 2u 

• '• ^^^^ ^^^sm6. sii 45'* ^ sin {6 + 45°) ' 

sin {3 + 45**) = 2 sin ^ sin 45". 

Expanding we see that sin ^= cos 6^ ; .'. ^=45* and AD=u>f2 from 
(1), i.e. the wind bbws from the south-west, with a velocity W2. 

Ex. iv. An inelastic string, passing over a stnooth puMeyy is attached 
at one end to a mane m^ , and at the other to another smooth pulley over 
lohich passes a second inelastic string carrying masses Wg, m, at its ends: 
jwd the tensions of the strings and the accelerations of the different masses, 
the masses of the pvZleys and strings being negligible. 

Let /i be the acceleration of the mass % upwards, 

/g wig downwards, 

/g TTig downwards, 

T the tension of the string over the moveable pulley, 

then ST' is fixed pulley. 

[This may be seen by considering the pulley B, whose mass by 
hypothesis is zero. Let T' be the tension of the upper string, then 
2T-y'=0, since P=mf\ i.e. r'=2T.] 




»^jg 



8—2 
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Considering the mass m^, 2T -m^g^m^fi (F^mf) (1), 

^, frhg-T "Wij/, (2X 

wi3, m^g-T '^mj^ (8). 

Again, the acceleration of the mass m^ relattve to miUey B=f^—fi 
downwards, and the acceleration of the mass nu rdative to puUey 
J5=/8-/i downwards. 

Also the string being inelastic these relative accelerations are equal 
hu opposite in direction; 

ie. /»+/.=2/i (4) 

Hence, from (2) and (3), 

T T 

=2/iby(4) 

whence ^1— + — + — 1=4^i 

By substituting this value of T in equations (1), (2), (3) we'determine 
the values of/1,/2,/3 » ^^^ ^® ^^^^ ^^^^ ^^^ tensions and accelerations 
required. 



EXAMPLES. XI a. 

1. One ship is sailing due west at 12 miles an hour, another due 

south at 12 V3 miles an hour ; find, in magnitude and direction, the 
velocity of the first ship relative to the second. 

2. A ship steams in a direction north-east with a velocity of 6 ^/2 
miles per hour relative to a current running due west at 6 miles per 
hour. Find the actual velocity in magnitude and direction, of the 
ship. 

3. In the preceding example find the actual velocity, in magnitade 
and direction, of the ship when the current runs due east. 

4 Two trains, each 132 feet long, pass one another in 6 seca. when 
they are going in the same direction, and in 2 sees, when they move in 
opposite directions : find their velocities. 



• • 
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5. Find the apparent velocity, in magnitude and direction, of rain 
falling vertically with a velocity of 44 ft. per second, to a passenger 
in a train moving at the rate of 60 miles per hour. 

6. To a man walking due west at 3 miles an hour, the wind appears 
to blow from the south at 4 miles an hour. Find the real velocity 
of the wind in magnitude and direction. 

7. P and Q are two points 5 miles apart. One man starting 
from F walks towards Q at 3 miles an hour, whilst another starting 
from Q at the same instant walks at right angles to QP at 4 miles 
an hour : what is their shortest distance apart, and their time of reach- 
ing it? 

8. To a passenger in a train, raindrops seem to be falling at 
an angle of 45" to the vertical : they are really falling vertically with a 
velocity of 88 ft. per second. Find the speed of the train. 

9. A ship sails N.E. at 10 miles an hour, and to a passenger on 

board the wind appears to blow from the north with a velocity of 10 v2 
miles an hour. Find the true velocity of the wind. 

10. Two trains whose lengths respectively were 130 and 110 ft., 
moving in opposite directions on parallel rails, were observed to be 
4 sees, in completely passing each other, the velocity of the longest 
train being douole that of the other ; find at what rate per hour each 
train is moving. 

11. Two particles move with velocities v and 2v respectively in 
opposite directions, in the circumference of a circle. In what positions 
is their relative velocity greatest and least respectively, and what 
values has it then ? 

12. A man walking 4 miles an hour is struck by the rain vertically. 
When he runs at eight miles an hour, the rain drives in his face at an 
angle of 45". Find the direction in which the rain is driven by the 
wind, and its velocity. 

13. Two trains start from the same spot, one due north at 
60 miles an hour, another due west at 25 miles an hour : find their 
relative velocity. 

14 To a man walking due west, the wind appears to come fix)m 
the north-west ; but when he walks due east at the same rate, it appears 
to come from the north-east. Compare the velocities of the wind and 
the man. 

15. An ironclad, steaming due north at 16 miles an hour, rams 
another steaming due east at 12 miles an hour. Find the direction of 
the blow as felt by the struck vessel. 

16. A ship is steaming in a direction 30* south of east; another, 
12 miles south of the first, is moving due north at the same speed 
Find their shortest distance apart. 
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17. A ship steams due north at 6 miles an hour, and a man runs 
across her deck so that his actual velocity is 6 miles an hour, and his 
actual direction in space is due west. Find his velocity relative to the 
ship, and the point of the compass he faces whilst running. 

18. A man, nmning with velocity v, passes through rain falling 
vertically with velocity 2v. He holds an open tube in such a position 
that a drop entering it passes through it along its axis : at what ^evation 
does he hold it ? 

19. A ship is steaming due east, and the apparent direction of 
the wind, as shown by a vane on the mast, is from the south. The 
wind is known to be blowing from a point 30" west of south ; prove 
that its velocity is twice that of the ship. 

20. One ship sailing east with a speed of 15 miles an hour passes a 
certain point at noon ; and a second ship sailing north at the same 
speed passes the same point at 1.30 p.nL At what time are they 
closest together, and what is then the distance between them ? 

21 . Two particles Pand Q start simultaneously from A, one sliding 
down the plane AB a.taii angle a to the horizon, and the other falling 
freely : prove that their relative vertical acceleration is ^ cos* a. Prove 
also that the line PQ is always perpendicular to AB, 

22. A light inextensible string, passing over a smooth fixed pulley, 
is attached at one end to a mass of 8 lbs., and at the other to a second 
smooth pulley over which passes another similar string carrying masses 
of 3 lbs. and 5 lbs. at its ends. Find the tensions of the stnngs, the 
masses of the pulleys being negligible. 

23. A light inextensible string, passing over a smooth fixed pulley, 
is attached at one end to a mass m, and at the other to a second smooth 
pulley of negligible mass, over which passes another similar string 
carrying masses of 2 lbs. and 4 lbs. at its extremities ; find the value of 
m when it descends with uniform velocity. 

24. A mass of 8 lbs. lying on a smooth horizontal table is attached 
to an inextensible string which, passing over the edge of the table at 
right angles, carries a smooth weightless pulley, over which hangs 
another inextensible string carrying masses of 3 lbs. and 6 lbs. at its 
ends : find the acceleration of the body on the table. 



Harder Pulley Problems, 

25. Equal weights each of mass m are attached to the end of a fine 
string which passes over two fixed smooth pulleys and under a smooth 
moveable pulley, also of mass m ; the pulleys being so arranged that all 
the parts of the string which are not in contact with the pulleys are 
vertical. Find the upward acceleration of the moveable pulley and the 
tension of the string. 
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26. In the system of pulleys described in the preceding question, 
find the acceleration of the moveable pulley and the tension of the 
string when masses of 5 and 3 lbs. are hung at the ends of the string, 
and 12 lbs. is the mass of the moveable pulley. 

27. An ordinary block and tackle (the system of pulleys in which 
there is one continuous string) has two pulleys in the lower block and 
two in the upper block. If a mass of m lbs. is attached to the free end 
of the string, and the mass of the lower block and attached weight is 
also m lbs., find the tension of the string and the acceleration of the 
lower block. 

28. A light string fastened at one end passes imder a smooth 
pulley of mass 12 lbs., and over a fixed smooth pulley, and carries a 
mass of 5 lbs. at its free end. The different parts of the string not in 
contact with the pulleys being vertical, find the tension of the string 
and the acceleration of the moveable pulley. 

29. Solve the preceding problem when rrii is the mass of the 
moveable pulley, and ttij that of the attached weight. 

What will be the acceleration of Wj if its mass is very small compared 
with that of mg ? 

What will be the acceleration of wig if its mass is very small compared 
with that of m^ ? Give your reasons in each case. 

30. A light string passing over a smooth pulley has a spring 
balance weighing 4 oz. attached to one end and a weight of 12 oz. to 
the other. A weight of 4 oz. is placed in the balance and the system 
is allowed to move freely. What weight is indicated by the balance ? 



Trail of Smoke Problems. 

89. In such problems as the following, it is assumed 
that when the smoke leaves the funnel of the engine it 
immediately loses the velocity of the engine by reason 
of the atmospheric resistance, and takes on the velocity of 
the wind. 

Let AB he the path of an engine travelling uniformly, 
and BG its trail of smoke at any instant. 

Suppose the particles of smoke now at G left the engine 
at A. Then AG is the direction of the wind and whilst the 
engine has travelled from A to £, the wind has carried these 
particles of smoke from A to (7. 
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Hence if u and v be the velocities of the train and wind, 
and t the time the train takes to travel from A to B, 

AB^ut, and AG^vt 




EXAMPLES. XI 6. 

1. A train is travelling northwards at 40 miles an hour, and the 
wind is blowing from the south-west at 20 miles an hour. Shew in a 
diagram, the direction of the trail of smoke of the engine. Give 
explanations. 

2. A train runs in a north-easterly direction at 20 miles an hour, 
and the wind is blowing from the south. If the trail of smoke makes 
an angle of 20" with the direction of the train, find the velocity of the 
wind, and verify your result graphically. 

3. The trail of smoke from a steamer running east at 6 miles an 
hour is observed to extend in a direction 70** north of west, whilst that 
from another running west at the same speed is observed to be 40* 
north of east. Find graphically the velocity and direction of the 
wind. 

4. From a train travelling north with velocity v, the trail of smoke 
points 60** east of south, whilst from a train running east at the same 
speed the trail points north. Find the direction of the wind and verify 
your result graphically. 

5. A train travels due north at a imiform speed and its trail of 
smoke points in a direction 40" east of south when the wind blows in a 
direction 50" east of north. In what direction will the trail of smoke 
point when the velocity of the wind is doubled ? 

Find the direction in which the trail of smoke will point if the 
velocity of the wind is trebled instead of doubled. 
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90. A wedge of mass M and angle a is free to move on 
a smooth horizontal table ; a particle of mass m slides down 
its inclined face : find the acceleration of the wedge along the 
table. 

Let y* be the acceleration of the wedge. 

The forces acting on the wedge r^^ 
are 

(1) its own weight vertically 
downwards ; 

(2) the resistance of the table 

(3) the pressure (R) of the 
particle on the inclined face. 

These forces are shewn in continuous lines. 

The forces (shewn in dotted lines) acting on the particle 
are 

(1) its weight mg vertically downwards ; 

(2) the pressure of the inclined face. 

Considering the motion of the wedge, 

Rsina = Mf (P = mf) (1). 

Again, since the particle remains in contact with the 
wedge, its acceleration at right angles to the inclined face 
must be equal to that of the wedge in the same direction, 
i.e. equal to fsina. 

Also the resultant force on the particle at right angles to 
the inclined face 



= mg cos a — iJ, 
.'. m^r cos a — iJ = 77i/*sin a, 
i.e. from equation (1) 

mg sin a cos a — Mf= mfsin^ a, 

/•— ^^^ ^^^ ^ ^^® ^ 
* * "^ M + m sin* a ' 



(P = mf) 
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EXAMPLES. XI c. 

1. A smooth wedge whose slant side is 13 ft. and height 5 ft. is 
placed on a horizontal table, and a body whose mass is 1 lb. is placed 
on the wedge. If the mass of the wedge is 12 lbs., shew that it moves 

along the table with an acceleration j^tc^ . 

2. In the above problem prove that the pressm^ on the slant side 

1872 
of the wedge during motion is ^^—^ lbs. wt., and that the vertical 

acceleration of the 1 lb. mass is -^^pr^. 

jiiJOO 

How long will the 1 lb. mass take to slide down the whole slant 
face? 

[Leave your answer in surdic form.] 

3. A smooth inclined plane of mass 6 lbs. and elevation 46* is free 
to move on a horizontal table. A mass of 3 lbs. slides down its slant 
face. Find the horizontal force which acting on the inclined plane will 
prevent its motion. 

4. If, in the previous problem, the inclined plane is allowed to 
move freely, prove that the acceleration of the 3 lb. mass relative to 

the plane is — ^ , inclined at an angle tan"^ ^ to the vertical, 
o o 

5. A smooth incHned plane of mass 10 lbs. and elevation 45* is 
free to move along a horizontal plane. A mass of 5 lbs. slides down 
its slant face. How far will the plane move in the first second of its 
motion if the 5 lb. mass remains on it during that time ? 

If the 6 lb. mass leaves the plane after 2 seconds, how far will the 
plane move in the next 3 seconds ? 

6. A smooth inclined plane of mass m and elevation a is free to 
move along a horizontal table. A steady vertical force P acts upon 
its slant face : prove that the plane moves along the table with an 

p 

acceleration — sin a cos a. 
m 

7. A smooth inclined plane of elevation a is constrained to move 
with a uniform velocity in a horizontal direction, whilst a particle 
slides down its slant face. Find the acceleration of the particle. 
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Angular Velocity. 

91. Def. If in any 'plane, Obe a fixed point, P any other 
point, and OA a fixed straight line, then the rate at which the 
angle AOP changes is called the angular velocity of P 
about the point 0, 

Angular velocity is measured in radians. 

Thus the unit of angular velocity is that uniform 
velocity with which a point describes the unit angle (a 
radian) in the unit of time. 

Uniform angular velocity is measured by the number 
of unit angles (radians) described in the unit of time. 

Variable angular velocity is measured at any instant 
by the number of unit angles which would be described in 
the unit of time, if during that imit the angular velocity 
remained the same as at the instant under consideration. 

92. A point describes a circle with uniform velocity ; 
to express this linear velocity (v) in terms of the angular 
velocity (to) of the point about the centre of the circle. 

Let the point move from P to Q on the circumference 
of the circle, centre 0, radius r, in time 
t ; so that arc PQ = vt (s = vt) /^ ^P 

Then since to radians is the angular 
velocity of the point about 0, o)^ radians 
is the angle described by OP in time t, 
. '. Z POQ, = cot radians. 

But the number of radians in 

^POQ = ?^^. 

r 




i.e. 



/ 



v = rcci- 



X. 
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93. Ex. i. A 'point is moving in a circle of radius 10 feet with a 
wiiform velocity of ^Ofeet per second: find its angvlar velocity. 

Let (a radians per sec. be its angular velocity. 
Then sinc5e v=r<a, 

20=10q), 
i.e. a>=2 radians per second. 

Ex. ii. A wheel rolls uniformly along the ground without slippinffy 
its centre describing a straigM line; to find the velocity of any point on 
its rim. 



( ^ 


■~^ 


XP E ^., ^^ 




% 


/¥\'Y 




I 


J ' V 






B 



B^ 



Let V be the velocity of the centre of the wheel, radius r; and 
suppose the wheel to roll through one circumference, from the position 
aPb to the position A'FB', Then 00'=^^= circumference of the 
wheel, since there is no slipping ; i.e. whilst the centre has described 
a circumference, any point P on the wheel has, in the same time, also 
described, relative to the centre, one circumference. 

Hence the velocity of any point on the rim, relative to the centre, 
is equal to that of the centre itself. 

Thus any point P on the rim has two eqiuzl velocities, one in the 
direction of motion of the centre, and the other along the tangent to 
the circle at the point P. 

Draw NPE parallel to Oa, PF the tangent at P, PH bisecting the 
angle EPF, and let L PON =6. 

lEPF^^- lOPN^B. 



.-. lEPH^lFPeJ^. 







Therefore the resultant velocity of the point P=2v cos ^ along PH. 

Cor. 1. At the highest point of the wheel ^=0 and the velocity of 
the point A is therefore 2v in the direction of motion of the centre. At 
the lowest point B, the two velocities, parallel to OCX and relative to 
the centre, are equal and opposite ; the point B is therefore instanta- 
neously at rest (At this point B^ir.) 
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Cor. 2. i^BPH=l^OPF^% right ai^ie, ie^ Pis movii^ at right 
angles to BP. 

H^ioe its j^T^ gnljo' Telocitj aboot the point B 

^ ^ a. ^ 

SVOOS^ ZI^COB- 

2 2 r 

2rcoe- 

«=angaUr velocity of P aboat the cmtre. 

At the instant, the point P is moving at right angles to BP^ and 
hence B is aometinies caJled the uuUuUamMUi oem^ye of rotatum d the 

point P. 

Ex. iiL A pariicUy at tke point A, kou a vdocity u making an angU 
3 with the line OA : to find Ae amgular velocity of the particle at the 
instant about the point 0, 

Let 6> be the angular yelodtj required. 

The velocity u is equivalent to 

voos^ along AO, 

and «sin^ perpendicular to ^0. 

The component u cos 6 has no angular velocity about 0. •*. tt»the 
angular velocity of the component u sin 6 about 

tfsin^ 



AO 



(Art 92.) 



EXAMPLES. XI d. 

Angular Velocity. 
[Take*r = ^.] 

1. A line turns through three-quarters of a right angle in one 
second ; find its angular velocity. 

2. A point describes a circle of radius 5 feet with the unit of 
angular velocity ; find its linear velocity. 

3. A wheel makes 50 I'evolutions per minute about its centre: 
find the angular velocity of any point on the wheel about its centre. 

4. A point moves on the circumference of a circle of radius 8 foot 
with a velocity of 12 feet per sec. : find its anaular velocity, and tho 
angle (in degrees) its radius turns through in half a second. 

5. Compare the angular velocities of the hour-hand, tho minute- 
hand, and the second-hand of a watch. 

6. From a train moving with velocitv v. a carriage, on a road 
parallel to the line at a distance d from it, is ooserved to move so ns to 
appear always in a line with a more distant fixed object whose least 
distance from the railway is D. Find the velocity of the carriage. 
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7. The wheel of a carriage is 4 feet in diameter and it makes 3| 
revolutions per second; find the angular velocity and the linear 
velocity of any point in its circumference relative to the centre. 

8. A point describes a circle with uniform velocity ; show that its 
angular velocity about any point on the circumference of the circle is 
constant. 

9. A string has one end attached to a comer of an equilateral 
triangle placed on a smooth horizontal table, and is wound round the 
triangle carrying a particle at its other end ; the particle is projected 
with velocity u at right angles to the side (length a) of the triangle : if 
the length of the string be 3a, find the time that the string ts&es to 
unwrap itself from the triangle, assuming that the velocity of the 
particle remains the same throughout the motion. 

10. What is the angular velocity of the earth about its axis? 

11. The velocity of the extremity of the minute-hand of a clock is 
30 times that of the extremity of the hour-hand, which is 4 inches 
long : find the length of the minute-hand. 

12. What is the angular velocity of the earth about its axis if the 
unit of angular velocity is that of the minute-hand of a watch? 

13. A point moves uniformly along a straight line: show that its 
angular velocity about any point varies inversely as the square of its 
distance from that point. 

14 If at the equator a straight hollow tube were thrust vertically 
down to the centre of the earth, and a heavy particle were dropped 
from a point on the axis of the tube, it would soon strike one side : 
find which, and give a reason for yoiur answer. 

15. An engine travels at 45 miles an hour: find the velocities at 
any instant of the points on its driving wheel (6 ffc. diameter) at a 
height 3 ft. from the ground. 

16. In the previous example find at any instant the velocity of 
(1) the highest point of the driving wheel, (2) the point in contact with 
the ground. 

17. Two points describe the same circle in such a manner that the 
line joining them always passes through a fixed point : show that at 
any instant their velocities are proportional to their distances from 
that point. 

18. The highest point of a wheel at a distance of 4 feet from the 
point in contact with the ground is moving with an instantaneous 
velocity of 40 ft. per second: what is its angular velocity about its 
instantaneous centre, and what about the centre of the wheel? 

19. If a line turn round its extremity 0, which is a fixed point 
within a given circle, with uniform angular velocity, show that the 
velocity with which its intersection F with the circle travels along the 
circumference varies as Fff, which is a line drawn from F through the 
centre, to meet OM a perpendicular to OF. 
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20. What is the angular velocity of the earth if the unit of angular 
velocity is that of the hour-hand of a watch ? 

What is it in radians per hour ? 

21. A ring of radius a rolls on the concave side of the circumference 
of a fixed ring of radius wia, the point of contact having the velocity v. 
Shew that the angular velocity of the moving ring is 

m — \ V 
m ' a' 

If ?n=2, shew that every point on the moving ring descrihes a 
diameter of the fixed ring. 

22. If a railway carriage is moving at the rate of 30 miles an hour, 
and the radius of one of its wheels is 2 ft., what is the angular velocity 
of the wheel if there be no slipping 'i 

23. What is the relative angular velocity of the hour and minute- 
hands of a clock ? 

24 A rod OA revolves about in a plane with a uniform angular 

velocity of — radians per second. As the rod revolves a particle slides 

from A, 40 inches from 0, along the rod towards with a uniform 
velocity of 6 inches per sec. Draw a representation of the path of the 
particle for the first 8 sees, of its motion. 

26. Prove that if the velocity of a particle is resolved into several 
components in one plane, its angular velocity about any fixed point in 
the plane is the sum of the angular velocities due to the several 
components. 

94. Change of Velocity. We shall consider here the 
case of a moving point whose velocity is changing in direction 
as well as in magnitude. 




Let AB represent the velocity of the point at any time, 
and AG its velocity after any further time t Join BG, 
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Then AG represents the resultant of the two velocities 
represented by AB and BG (Triangle of Velocities) ; or the 
velocity AG h equivalent to the original velocity AB^ com- 
pounded with the velocity BG, 

Thus BG represents the change of velocity in the time t 

Moreover, if the rate of change of velocity is constant in 

BG 
magnitude and direction, -— = the change of velocity in unit 

time, or the acceleration. 

EXAMPLES. XI e. 

1. If ABC is a straight line and AB represents the velocity of a 
particle and BG represents its uniform acceleration, what does AC 
represent ? 

2. Two straight lines AB^ BG represent the velocity of a particle 
at a certain time, and its uniform acceleration in the direction of its 
velocity. Find the velocity of the particle in 3 seconds. 

3. A body has a velocity of 20 ft. per sec. and 3 sees, afterwards is 
found to have an equal velocity making an angle of 40" with its first 
direction. Find the change of velocity, and also its average acceleration 
in magnitude and direction. 

4. In 4 sees, the velocity of a body changes from 25 ft. per sec. to 
15 ft. per sec. making an angle of 50*" with its first direction, and the 
body is known to be subject to a uniform acceleration. Find the 
magnitude of the acceleration and the direction and magnitude of the 
velocity of the body after two seconds. (Graphical.) 

5. Straight lines OA, OB, DC, OD represent in magnitude and 
direction the velocities of a particle at intervals of one second. What 
do you know about the figure OABCD,., if the particle has a uniform 
acceleration in a straight line ? Give reasons. 

6. A particle has a velocity of 40 ft. per sec. due north, and 
6 seconds afterwards is found to have a velocity of 60 ft. per sec. due 
east. Assuming it to be subject to a constant acceleration in a straight 
line, find graphically the magnitude and direction of its velocity after 
1, 2, 3, 4, and 5 seconds. 

7. A particle travels with uniform velocity, v, round the perimeter 
of a regular polygon. If r is the radius of the circum-circle of the 
polygon, prove that at each angle of the polygon, the particle receives 
an additional velocity towards the centre of the circla Also prove that 

the additional velocity per unit time = — . 

T 
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8. Draw BAC an angle of 120**. A particle moves from B to A 
with a velocity of 16 ft. per second ; when it comes to ^ a new velocity 
is impressed on it and, in consequence, it next moves from AtoC with 
a velocity of 16 ft. per second ; find, by construction or calculation, the 
magnitude and direction of the impressed velocity. 

9. A body moving along a straight line AB with a velocity of 6 ft. 
per second, has, on arriving at B^ an additional velocity impressed on 
it, and then moves along BC with a velocity of 10 ft per second, where 

the angle A BC = cos'^ ( -^). Find the magnitude and direction of 

the impressed velocity. 



B. D. 
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CHAPTER XII. 

UNIFORM CIRCULAR MOTION. 

95. A particle describes a circle with v/niform velocity, 
to shew 

(1) that it is subject to an acceleration, 

(2) that this axiceleration is towards the centre of the circle, 

and (3) to find the magnitude [ — ] of thai acceleration. 

O 




(1) By the first Law of Motion, there must be some 
force acting upon the particle, or it would move uniformly in 
a straight line ; and therefore by the second Law of Motion, 
the particle is subject to an acceleration. 

(2) This acceleration can have no resolved part in the 
direction of motion; for if it had, this resolved part would 
produce a change of speed. Therefore the acceleration is 
at right angles to the direction of motion, i.e. towards the 
centre of the circle. 

(3) To iSnd the magnitude of this acceleration. 

Let r be the radius of the circle whose centre is 0, and 
let the pai'ticle move with velocity v. 

Also let © be its angular velocity, so that v = r®. 

Take two points P and Q on the path very close to one 
another, so that Z.POQ is very small, and let the particle 
move from P to Q in time A^, so that /.POQ=^ coAt, 
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Draw the tangents PT, QT to the circle at P and Q, and 
draw QR parallel to PO. 

When the particle is at P its velocity in the direction 
PO is zero. 

When it arrives at Q its velocity in the same direction is 

V cos RQT' = V sin {(oM), 

.', in time A^ a velocity v sin(©A^) has been generated in 
the direction PO. 

.'. the acceleration in that direction 

XT- T 'J.' 1 nVsm(co^t) /Av\ 

= the limitmg value of -^- ^ ( a7 ) > 

when the angle ©A^, and the time A^ are indefinitely small. 
But when the angle is very small, 

sin (ft)A^) = caAt (sin 6 = 6). 

.*. the acceleration = the limitinsf value of —r-r- 

® A* 

V 

r 

= - 

r ' 

Cor. 1. If m be the mass of the particle, 



the force towards the centre = 



mv^ 



V'' 



Cor. 2. The acceleration — may be written in the form 

rft)^ for V = r(o, 

96. Thus if a particle of mass m lbs. move on a smooth 
horizontal table with velocity v ft. per sec. being attached to 
a fixed point on the table by a string of length r, the tension 
of the string is the force which prevents the particle from 
leaving the circle. 

Therefore the tension of the string is poundals. 

The force exerted upon the particle by the string is 
towards the centre and is called a centripetal force, 

9—2 
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The force exerted upon the string by the particle is 
directed from the centre and is called a ceiitrifugajL force. 

By the third Law of Motion these two forc^ are equal 
and opposite. 

The student must be very careful to notice that the 
force acting on the particle is towards the centre and there- 
fore centripetal. The centrifugal force does not act on the 
particle. 

97. Conical Pendulum. A particle P, of mass m, 
is tied by a string of length I to a fixed point A, and is made 
to describe a horizontal circle with uniform velocity, st(^h 
that it makes n complete revolutions per second, the string 
generating a cone whose axis is the vertical line throv^gh A : 
to find (T) the tension of the string, and its inclination {$) 
to the vertical. 

Let be the centre of the circle described by the particle, 
r its radius, v the velocity of the particle. 

r = lsm0 since Z AOP is a right angle, 

.'. V = 2n7rr = 2n7rl sin (1). 

The only forces acting upon the particle are the tension 

T of the string along PA, and the weight 
mg of the particle. 

The particle has no vertical motion. 

Therefore resolving in that direction 

T COS = mg^ (2). 

Also since the particle describes a 
circle, radius r, with uniform velocity v, 
the resultant force towards the centre 

= m — . 
r 

mv^ m . 4nV2p sin^ 




• • 



Tam0 = -^^ = 



< 
from (1), 



I sin 
= m . 4in^'7rH sin 0, 

T-m.Mir'l poundals (3). 
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Also from equations (2) and (3) by division 

cos ^ = 7-^— 7 



V 



9 



(4), 



We have thus found both T and 0. 

Cor. Since the particle makes n revolutions in one 
second, the time of one revolution 



= - sees. 
n 






4i7rH cos 6 



from equation (4) 



VA 

_9 ' 

oc VO-4. 

Hence the time of revolution of a particle moving in 
a conical pendulum varies as the square root of the depth of 
the particle below its point of suspension. 

98. A smooth hollow tube, bent into a circular form, 
rotates with uniform angular velocity (©) about a vertical 
diameter ; to show that a heavy particle placed in the tube 
will remain at rest relative to the tube in one particular 
position, • 

Let APB be the tube, AB the B 

vertical diameter of rotation, the 
centre of the tube. 

Suppose that when the particle, 
mass m, is placed at P, it rotates 
with the tube, remaining at rest rela- 
tive to the tube. Let /.AOP = 0y 
r be the radius OP. Draw PN 
horizontally to meet the axis AB 



hj^ 

Jx 1 
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The only forces acting on the particle are 

(1) its weight mg vertically downwards; 

(2) the pressure of the tube. 

Considering the position of the particle at P in the plane 
of the paper, we see that the pressure of the tube on the 
particle can have no component at right angles to the plane 
of the paper, for in that case the particle's velocity would 
change. 

The pressure of the tube must therefore act in the plane 
of the paper and therefore along the normal PO at P, the 
tube being smooth. 

Let R poundals be this pressure. 

By hypothesis the particle has no vertical motion, there- 
fore resolving in that direction 

RQo^6 = mg (1). 

Also the particle (by hypothesis) describes a horizontal 
circle radius PNy with uniform angular velocity, 

.-. JJ sin 5 = m . ay'PN (Art. 95, Cor. 2) 

= m . o>V sin 6. 

Therefore either (1) J? = mo>¥ or (2) sin 6 = 0, 

(1) If iJ = mwhr, we have from equation (i) 

cos ^ = -4- . 

Hence if a < wV we can find an angle cos""^ [-—] , and 

the particle will rest relative to the tube at the point P, 
where 



^P04=co^>(J^). 



(2) If sin ^ = or if gr > ©V the particle will rest at the 
lowest point of the tube. 
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99. A heavy uniform ring revolves in a horizontal plane 
with v/niform angular velocity about its centre, to find the 
stress at any point of the ring. 

Let m be the mass of the ring, r its radius, so that 
r — = the mass of unit length of 

the ring. 

Consider a small portion, AB, 
of the ring, which subtends an 
angle 6 at the centre ; and let 
T be the stress at each end of the 
portion along the tangents at A 
and B. The mass of AB is 

m. AB 

Since AB describes a circle with uniform angular velocity 
©, the resultant force towards the centre 




m. AB 
27rr 



(r©2). 



rt,-, . m. AB . rco* 
_ m . r0(o^ 



But ^ is a small angle, therefore sin ^ = ^ . 



Hence 



1.6. 



T,0 = 



T^ 



mr0(o^ 
mrco^ 



m 



In the above, the mass of unit length = ^ — = m' suppose. 

Then T=m\f^co* 

= m\if^ 
where v is the linear velocity of the unit mass. 
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Hence the stress at any point of a revolving wheel varies 
as the square of the velocity of the point: and this 
offers an explanation of the fact that wheels running at a 
great speed sometimes fly to pieces. 

Ex. i. A carriage whose mass is 4 tons, moving at the rate of 
30 miles an hour^ goes round a curve whose radius is a quarter of a 
mile: find the horizontal outward pressure on the rails. 

The velocity of the train =30 miles an hour 

= 44 feet per sec. 

The mass of the carriage =4. 2240 lbs. 

The radius of the circle described = 1320 feet. 

Therefore the horizontal outward pressure on the rails 

"the force which keeps the carriage in the circle 

4.2240.(44)2 , , /mtA 

^ 1320 P^^^^^^ \T) 

4.2240.(44)2, 

^ 1320.32 ^^^'^^ 

«410§ lbs. wt. 

Ex. ii. A particle of mass 2m is fastened to the end of a string 
of length 2r, and a mass m to its middle pointy the other end being 
attached to a point on a sTnooth horizontal table. The masses are then 
projected so that they revolve in circles on the toMe with uniform 
velocities, and such that the portions of the string remain in a straight 
lin£. Find the ratios of the tensions of the tv)o portions of the string. 

Let V be the velocity of the smaller particle. Then since the 

larger describes a circle of twice the radius 
I < ■ > ' T' , (^^^ therefore twice the circumference) 

4 ^ ♦ of the smaller circle in the same time, 

^^ ^'^^i its velocity = 2i;. 

Let Ti be the tension of the part of the string between the masses, 
T^ that of the other part. 

The resultant force acting on the smaller particle towards the 
centre of the circle ^T^— T^, 

.■.T,-T,J^ (1). 

Also since T^ is the only force acting on the larger particle towards 
the centre of its circle, 



^ __ 2m (2t>)2 ^ 4mv^ 
1 2r r~ 



.(2). 
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Adding equations (1) and (2) 



T — 



6mv'^ 



Ex. iii. A train is travelling at the rate of 60 miles an hour on 
a curve whose radiics is 880 yards. When the distance between the rails 
is 5 ft, find to two decimal places how many inches the outer rail must 
he raised above the inner, so that there inay be no lateral pressure on 
the rails. 

Let m be the mass of the train, R the resultant normal pressure 
on the rails, inclined at an angle 6 to the verti- 
cal, so that 6 is the inclination of the floor of Rl 
the carriage to the horizon. 

There is no vertical motion, therefore re- 
solving in that direction 

-flcos d^mg (1). 

Since the carriage describes a circle of 
radius 2640 ft. with a velocity of 88 ft. per 
sec. ( = 60 miles an hour), the resultant force 
towards the centre of the circle 




m.882 
2640 



RBmB= 



m.88' 
2640 



(2). 



From equations (1) and (2) by division, 
tan^ = 



QQ2 11 

2640732 = 120='^^^^ *PP"^^- 



*. ^ = 5° 14' (from Tables). 

And the required height = 60 sin ^ 

= 60 sin 5" 14' 
= 60 X -0912 
= 6*47 inches. 
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EXAMPLES. XII. 
[7r=^ unless otherwise inferred in the question.] 

1. A mass of 4 lbs. is tied to the end of a string 3 feet long, and 
made to revolve 7 times in 22 seconds in a circle; find the tension 
of the string. 

2. A point describes the circumference of a circle whose radius is 
4 feet with a velocity of 8 feet per sec. ; find its acceleration. 

3. A railway carriage, whose mass is 3 tons, moves at the rate of 
20 miles an hour round a curve whose radius is 110 yards; find the 
outward pressure against the rails. 

4. A railway carriage, moving at the rate of 30 miles an hour, goes 
round a curve whose radius is 880 feet. A mass of 6 lbs. hangs by a 
string from the roof ; what horizontal force will keep the string vertical 
while the carriage is rounding the curve ? 

5. How many times a minute must a mass of 6 lbs. revolve 
horizontally at the end of a string 7 ft. long, so that the tension of the 
string may be equal to the weight of 17^ 1^. ? 

6. A mass of 14 lbs. revolves in a horizontal plane at the end of a 
string 7 ft. long ; find the tension of the string when 2 sees, is the time 
of one revolution. 

7. A mass of 5 lbs. is suspended by a string firom the roof of a 
railway carriage moving at 15 miles an hour round a curve whose 
radius is 220 feet ; find the inclination of the string to the vertical 

8. An engine runs roimd a curve of radius r with velocity v; at 
what angle must the *way' be inclined to the horizon so that there may 
be no lateral pressure on the rails ? 

9. A train travels round a cm^e whose radius is 1210 feet with a 
speed of 30 miles an hour. If the distance between the rails be 5 fL, 
how much must the outer rail be raised above the inner so that there 
may be no lateral pressure on the rails ? 

10. A railway carriage is moving at the rate of 45 miles an hour 
on a curve of radius 1320 yards, and a mass is suspended from the roof 
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of the carriage by means of a string 4 ft. long ; show that the mass will 
move through 1*65 inches approximately from the vertical 

11. A train travels romid a curve whose radius is 121 feet at a 
speed of 15 miles an hour ; show that the outer rail must be raised 
7*44 inches approximately above the inner if there is no lateral pressure 
on the rails, the distance between the rails being 6 feet. 

12. A mass of 4 lbs. revolves in a horizontal circle at the end of a 
string 4 feet long. The string can just bear a strain of 8 lbs. wt. ; find 
the greatest number of complete revolutions a minute the mass can 
make. 

13. A skater, whose weight is 12 stone, cuts on the outside edge a 
circle of 12 ft. diameter with a uniform velocity of 8 ft. per sec. ; find 
the magnitude and direction of his pressure on the ice. 

14. A mass of 6 lbs., attached to a string 4 \/3 ft. long, revolves as 
a conical pendulum with a speed of 8 ft. per second ; find the tension of 
the string and its inclination to the vertical. 

16. A string 3 ft. long has a mass of 4 lbs. attached to one end and 
revolves, as a conical pendulum, 7 times in 1 1 seconds ; find the tension 
of the string and its inclination to the vertical. 

16. A particle of mass 7n on a smooth horizontal table is fastened 
to one end of a fine string which passes through a small hole in the 
table, and supports at its other end a particle of mass 2m, the particle 
m being held at a distance c from the hole. Find the velocity with 
which m must be projected horizontally so as to describe a circle of 
radius c, 

17. If different points be describing different circles with uniform 
velocities, and with accelerations proportional to the radii, the periodic 
times will be the same. 

18. A skater describes a circle 100 ft. in radius with a velocity of 
18 ft. per sec. What is the cotangent of his inclination to the ice ? 

19. Two masses m^ and m^ are placed on a smooth table, and 
connected together by a string passing through a small fixed ring 
on the table. If they are projected with velocities v^ and v^ at right 
angles to the string, find the ratio in which the string must be divided 
in order that both masses may describe circles round the ring as 
centre. 

20. A smooth straight tube, inclined at an angle a to the vertical, 
revolves round a vertical axis with angular velocity a> ; at what point 
in the tube will a particle rest in equihbrium relative to the tube ? 

21. A mass of 10 lbs. is fastened by a string which passes through 
a hole in a smooth horizontal table to a mass of 1 lb., which hangs 
vertically ; the first weight is revolving on the table about the hole as 
centre ; how many revolutions are there per minute if the horizontal 
portion of the string is 15 inches long ? 
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22. If a conical pendulum be 10 feet long, the half angle of the 
cone 30", and the mass of the bob 12 lbs., fiiid the tension of the 
thread and the time of one revolution. 

23. A thin hollow cylinder 30 inches in circumference, and closed 
at the lower end, is revolving about its axis, which is vertical, once in 
every second. A rough flexible chain, made into a ring of the same 
radius, is dropped into the cy Under. If the mass of the chain is 
3*75 ozs., find the ultimate pressure on the cylinder per foot. 

24. Show that the vertical depth of the centre of gravity of a 
conical pendulum below its point of support depends only on its 
speed of rotation and the intensity of gravity, and is independent 
of its length. 

25. A wet open umbrella is held with the handle upright and made 
to rotate round that handle at the rate of 14 revolutions in 33 sees. If 
the rim of the umbrella be a circle of one yard diameter, prove that the 
force required to keep a drop of water weighing '01 oz. attached to the 
rim is '0105 oz. wt. making an angle tan"^ J with the vertical. 

26. A string passing through a small hole in a smooth horizontal 
table has a small sphere of mass m attached to each end of it; the 
upper sphere revolves in a circle on the table, when suddenly it strikes 
an obstacle and loses half its velocity ; find what diminution must be 
made in the weight of the lower sphere in order that the upper sphere 
may continue moving in a circle. 

27. A mass m is fastened by a string 5 feet long to a point 3 feet 
above a smooth table ; if the particle be made to revolve as a conical 
pendulum on a table with a velocity of 4 feet per second, find the 
pressure on the table. 

28. A point P describes a circle with a given uniform velocity v. 
If Q be the projection of P on a given fixed diameter, show that the 
velocity of Q varies as P§, and that its acceleration varies as QOy where 
is the centre. 

29. If a train is running round a curve of radius r with velocity v, 
show that the weight of a carriage is divided between the outer and 
inner rails in the ratio of gra-\-'o^h to gra -t^h^ when h is the perpen- 
dicular distance of the c. G. of the carriage from the plane of the rails, 
and 2a the distance between the rails. 

30. A particle weighing \ oz. rests on a horizontal disc, and is 
attached by two strings 4 ft. long to the ends of a diameter. If the 
disc be made to revolve 100 times a minute about a vertical axis 
through its centre, find the tension of each string. 

31. A particle of mass m lbs. is attached by a light string 2 feet 
long to a fixed point ^ on a smooth horizontal table, and a particle of 
mass 2m lbs. is attached to the former particle by a light string 1 ft. 
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long. The system revolves uniformlv on the table making one revolu- 
tion per sec. round A, the strings oeing stretched and in the same 
straight line. Find the tension of each string in pounds' weight. 

32. A stone of 6 lbs. wt. is whirled round uniformly in a horizontal 
plane by a string two yards long, one end of the string being fixed ; find 
the time of a revolution when the tension of the string is equal to 

the weight of lbs. 

9 

33. Two particles of the same weight are fastened respectively to 
the middle point and one extremity of a weightless string, and laid 
upon a smooth table, the other extremity of the string being fastened 
to a point in that table. If the string be pulled straight and the 
particles so projected that they remain in a straight line, prove that the 
tensions in the two portions of the string will be as 3 : 2. 

34. A uniform ring of radius 1J| ft. and weighing 4 lbs. a foot 
revolves horizontally about its centre 100 times a second. Show that 
it must be able to bear a stress of 126,000 lbs. wt. or it will fly to 
pieces. 

35. A string, 4 ft. long, in the form of a circle and weighing 2 lbs. 
revolves about its centre 6 times a second ; find its tension. 

36. The fly-wheel of an engine revolves 49 times in 11 sees. ; if the 
wheel be 8 ft. in diameter and be made of iron weighing 480 lbs. per 
cubic foot, find the stress at any point on the rim of the wheel 

37. A particle, of mass 4 lbs., is attached by a light string, 4\/3 ft. 
long, to the vertex of a right cone, whose vertical angle is 60°. The 
cone is held with its axis vertical, and the particle revolves as a conical 
pendulum on the cone, making 140 revolutions in 11 minutes. Find 
the pressure of the particle on the cone. 

38. Assuming the velocity of a point on the equator to be 1520 feet 
per second, prove that a body loses ^J^ of its weight approximately by 
reason of this velocity. 

(Radius of earth =4000 miles.) 
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CHAPTER XL 



PROJECTILES. 



100. In this chapter we shall consider the motion of 
bodies projected with any velocity in any direction and 
acted on by gravity only. A body thus projected is termed 
a Projectile; the angle that the direction of projection 
makes with the horizontal plane through the point of pro- 
jection is called the angle of projection or angle of 
elevation ; the path of the body is termed its trajectory. 

The distance from the point of projection to the point 
where the trajectory meets any plane through the point of 
projection is called the range on that plane ; and the time 
of flight is the interval between its projection and its strik- 
ing the plane. 

We shall assume throughout that the resistance of the 
air may be neglected, i.e. that the motion is in vacuo. It is 
well however to state that the resistance of the air to a 
projectile is very considerable, and alters the character of 
the trajectory. 

We shall also assume that the motion is so near the 
surface of the earth that the acceleration due to gravity may 
be considered constant in value. 

It is found that a projectile describes a curve, and later 
on we shall prove that this curve is a parabola. * 

101. Let the body be projected from the point with 
velocity u, and let a be the angle of projection. Let P be 
the position of the body after t sees., v the velocity then, and 
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the ansfle its direction of motion at P makes with the 
horizon. ^ 




By the principle of the Physical Independence of Forces 
the effect of gravity on the motion of the body is entirely in 
a vertical direction ; it has no effect in a horizontal direction. 
The initial horizontal velocity therefore remains constant, 
and we have: 

Horizontal velocity at time t = u cos a = constant. 
Therefore also horizontal space described in time t 

= u cos at. {s = ut) 

Again, vertically, the body is subject to an acceleration g 
dotimwards and it has initially a velocity u sin a vertically 
upwards. 

Therefore vertical velocity at time t 

= u sin a — gt, {v = u -{-ft) 

and vertical space described in time t 

= u sin at - ^gt^ {s^ut^- ^fe") 

Thus from the figure 

vcos0=^u cos a, 

V sin = usm a — gt, 

ON = u cos at, 

PN = w sin a^ — \gt\ 

Also if s be the vertical space described in time t 

v^ sin« tf = u^ sin^ a - 2gs. (t;« = i^« + %fs) 
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102. To find the velocity and direction of motion dt a 
given time. 

Let V be the velocity required, and the angle its direc- 
tion makes with the horizon. 

Then v cos = horizontal velocity at time t 

= ucosa (1), (Art. 101) 

and t; sin tf = vertical velocity at time t 

=:usma-gt (2). (Art 101) 

Squaring (1) and (2), and adding 

i;2 = u^ cos' a + (i* sin a — gty, 

,\ V = Ju^ — 2usijia. gt + g^^. 
By division, from (1) and (2) 



uco8a 



I 



103. To find the velocity and direction of motion a;t^a 
given vertical height 

Let h be the given vertical height, then with the same 
notation as in the preceding article, 

i;cosd = wcosa (1), 

t;2 sin' = u^ sin' a - 2gh, 

.\ v sin ^ = V^' sin^ a - 2gh (2). 

By division, from (1) and (2) 

u COS a 

Squaring (1) and (2), and adding 

^ = 11^- 2gh, 

/. v = Jvr- 2gh. 
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104. To find the greatest height attained. 

Let h be the height required. At the highest point of 
its trajectory the body is moving horizontally; hence its 
vertical velocity is then zero. 

. • . = w'* sia2 a - 2gh, \f sin« ^ = u« sin^ a - 2g8, Art. 101] 

, _ w' sin^ a 
2g 

105. To find the time to the highest point 

As in the preceding, at the highest point the vertical 
velocity is zero ; hence if t be the required time, 

= ifc sin a — ^, [vert. vel. = w sin a — ^r^. Art. 101] 

w sin a 
• • r ^ • 

9 

Cor. The vertical velocity at the highest point is zero ; 
therefore the velocity of the body at the highest point 
= horiaontal velocity = u cos a. 

106. To find the range and time of flight on the horizontal 
plane through the point of projection, 

•Let jB be the required range, and t the required time of 
flight. When the body reaches the horizontal plane again, 
the total vertical space described is zero. 

.'. = u8mat — ^gt\ 

. ^ 2u sin a 
whence t = . 

9 
•'. JK = horizontal space described in time t 

2w* sin a cos a 
= u cos at = 

9 
u^ sin 2a 
9 

B. D. 10 
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Cor. 1. At the end of the horizontal range, the vertical 
velocity of the body 

= t*sina— ^^ 

= t^ sin a — 2iA sin a 

= — t^ sin a 

= the initial vertical velocity reversed in direction. 

Cor. 2. There are two directions of projection which will 
give the same range ; viz. when the angles of projection are 

a and 5- — a. 

IT 

For the range when ^ — a is the angle of projection 



= — sm 2 hr -- « = — sin (tt — 2a) 
g \2 J g ^ ' 



v? 



= — sin 2a 
9 

= the range when a is the angle of projection. 

107. Given the initial velocity, to find when the horizontal 
range is a maximum. 

If u be the velocity and a the angle of projection, the 
range 

__ v? sin 2a 

and is therefore greatest when sin 2a is greatest, 

i.e. when sin 2a = 1, 

i.e. when 2a = 90^ .'. a = 45^ 

Therefore the maximum range is greatest when the angle of 
projection is 45°, and the value of the maximum range is 

9 
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108. The motion of a body projected horizontally. 

Let the body be projected horizontally from the point A 
with velocity u\ let P be its position 
at time t, y the vertical space, x the 
horizontal space it has then described ; 
V its velocity at P, and the angle 
its direction of motion then makes 
with the horizon. By the principle of 
the Physical Independence of Forces, 
the effect of gravity is entirely in a 
vertical direction, and does not affect 
the horizontal motion. 

Therefore for the horizontal mo- 
tion we have: 

V cos = horizontal velocity at time t = u = constant, 

X = horizontal space described in time t = ut. (s = ut) 

And for the vertical motion : 

V sin ^ = vertical velocity at time t = gt, (v = u -^ft) 
y = vertical space described in time t = ^gt^. (s = ut + ^ft) 
Also t;2 sin^ = 2gy. (v^ =^u^ + 2fs) 

109. Ex. i. A body is projected at an elevation 8in~^{^) with a 
velocity of 200 ft, per sec. ; find the greatest height attained^ and the 
distance of the body from the point of projection in 3 seconds. 

Let a be the angle of projection, so that the initial vertical velocity 

= 200 sin a ft. per sec. 

When the body is at its highest point, the vertical velocity is zero, 

.-. 0=2002sinaa-2^A, 
where h is the height required. 

900* 

.-. A=^x(A)3=9feet 

Again, let x be the horizontal space, and y the vertical space 
described in 3 sees. ; then 



x=200x3cosa, 
y»200x3Bina-i^.9. 



(s^ut) 

10—2 



148 



DYNAMICS. 



Therefore the distance of the body from the point of projection in 3 sees. 
s= \/iHy ^ V(200 X 3 cos a)2 + (200 x 3 sin a - 16 X 9)2 
= [(200x 3)2-32 X9x200x3sina+(16x9)2]* 

200x3x3 



= 3[(200)«-?ai^ 

= 3 [(200)2 - 2304 + 2304]* 
= 600 feet. 



+ (16x3)2? 



Ex. ii. A body is projected at an elevation of 30° Jrom the top of a 
diff with a velocity of 60 ft. per seCy and falls into the sea in 6 seconds; 
find the height of point of projection above the level of the sea. 

Let h feet be the height required, then the body describes a vertical 
height of h ft. dovmwards in 5 seconds, 

.-. -A=60sin30"x6-i^.25 {s^hi+\ffi) 

60x5 



2 



16.25 



= 150-400 
= - 250 feet. 
.-. A= 250 feet. 

Ex. iii. A tennis hall is served horizontally Jrom a height of 6 feety 
and just clears the net 3 feet high and distant 39 feet from the server. 
Find the initial velocity of the haUy and the point where it strikes 
the ground. 

Let ti sees, be the time to the net, ^2 sees, the time to the ground, u 

the initial velocity of the ball, x the hori- 
zontal distance from the server of the point 
where the ball strikes the ground. When 
the ball reaches the net the horizontal space 
described is 39 ft. and the vertical space 
3 ft. 



-^u 




X'39 



and 

Squaring (1), 
therefore multiplying across 



.-. 39=w«i (1), 

392=^2^^2^ 

32^2^i2=16x392^«. 
16x392 



(«»1K) 



W2 = 



3 

4x39 



u=^—;^==b2*i/3 

\/3 

*s90 ft. per sec. approz. 
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Again the horizontal space described in time ^2=^ ft., 

and the vertical =6 ft. 

.'. x^ut^ (2), 

and ^=\gt^=^m^, 

therefore squaring (2) and multiplying across 

16^2=6^2^ 

.'. ^=39^2=55-15 ft. approx. 



EXAMPLES. XIITa. 

1. A body is projected at an elevation of 30° with a velocity of 
200 ft. per sec. : find its velocity after 2 sees, and the greatest height 
attained. 

2. A body is projected at an elevation of 75° with a velocity of 
100 ft. per sec. : find the horizontal range. 

3. A body is projected at an elevation of 30", and in 3 sees, passes 
horizontally over a wall : find its initial velocity. 

4. A body projected with a velocity of 640 ft. per sec. has a hori- 
zontal range of 6400 feet : find the angle of projection. 

5. A man throws a cricket-ball at an elevation of 45° with a 
velocity of 96 ft. per sec. : how far does he throw it % 

6. A cannon-ball is fired horizontally from the top of a tower 
256 ft. high with a velocity of 300 ft. per sec. : at what distance from 
the tower will the ball strike the groimd ? 

7. The horizontal range of a projectile is equal to four times the 
greatest height attained : find the angle of projection. 

8. If the greatest height attained by a projectile be equal to three- 
quarters of the height due to the velocity of projection, find the angle 
of projection. 

9. If the greatest horizontal range of a projectile be 6272 feet, find 
the velocity of projection. 

10. If a be the greatest height, and h the horizontal range of a 
projectile, find the angle of projection. 

11. A particle is projected such that its initial vertical and hori- 
zontal velocities are respectively Zg and g ft. per sec. : shew as accurately 
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as |K)ssible in a diagram the positions of the particle at the end of each 
of the first 6 seconds of its motion, and sketch its path during that 
time. 

12. A particle is projected from a given point in a given direc- 
tion OA with a velocity of g ft. per sec. ; sketch its path by means of a 
diagram showing the positions of the particle at the end of each of the 
first 4 seconds of its motion. 

13. A body is projected with velocity u and elevation o; prove 
that it will be moving in a direction at right angles to the direction of 

u 
projection in — : — seconds. 
^ •* ^ sm a 

14. A body is projected with a velocity of 75 ft. per sec. at an 
elevation co8~i(^) ; find the direction of its motion when its velocity is 
30 ft. per second. 

16. Prove that the velocity of a projectile projected with a given 
velocity is least when it reaches its highest point. 

16. Prove that a body projected with velocity u, and elevation o, 

is moving in a direction making an angle fi with the horizon after 

u sin (a-B) , 

^ — -^ seconds. 

^cos/3 

17. If ^ be the time taken by a projectile to reach a point at a 
horizontal distance a? and vertical distance y from the point of projec- 
tion, show that ^^2—2 (^_y) if it be projected at an angle of 45°. 

18. A man can throw a ball 49 yards vertically upwards : fiind the 
greatest horizontal distance he can throw it. 

19. A bullet is discharged vertically upwards with a velocity of 
352 ft. per sec. from a train which is travelling horizontally at the rate 
of 60 miles an hour. Neglecting the resistance of the atmosphere, find 
after what times the bullet will be moving (1) horizontally, (2) in a 
direction inclined at an angle of 45** to the horizon. Also find the 
vertical height of the bullet at each of the times above the horizontal 
plane from which it is fired. 

20. A particle is projected at an elevation of 30° with a velocity of 
128 ft. per sec. : find (1) the direction of its motion after 2 sees., (2) the 
greatest height to which it rises. 

21. A particle is projected with a velocity whose horizontal and 
vertical components are 60 and 40 ft. per sec. respectively : find the 
horizontal range. 

22. A bullet is fired with a velocity of 800 ft. per sec. : at what 
elevation must it be fired in order that it may strike a point in the 
same horizontal plane at a distance of 10,000 ft. ? 
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23L A bodj is projected horusontallj from the top of a tower 8^ fb. 
high with a Telocitj 4^ ft. pest sea : find how far from the foot of the 
tower it strikes the gnHmdy and the direction of its motion at that 
instant. 

24w If the horizontal range of a projectile is equal to the height 
dae to the Tdocitj of projecticm, find the an^e of projection. 

25l a hodj is drc^^qped from a balloon moving horizontaUj witii a 
▼docxty- (^ 35 IL per sec. and reaches the ground in 3| secs^ : find ^M 
he^t of the halUxxi, and the velodt j of the body on striking the 
ground. 

26. A prcjeetzle just clears a yertical wall kit high and distant 
k ft. from the p<Hnt ^ {vojection : determine the angle of {ffojedkn, 
and the Y^ocity of jsojeirtion. 

27. A bodj ^ {ffo^ected with a velocitj of 80 ft. per sea at an 
elevation of 45** ; with what vdocitj must a second stone be |»ojected 
▼erticaDj upwards so that both stones may rise to the same hog^t I 

28. A ban is projected with a Telocitj whose horizontal and 
vertical compcsients are 40 and 94 ft. per sea respectivdj : find the 
magnitade of its T^ocxty after two seconds. 

29. The greatest distazkce to which a boj can throw a cndcet-baH 
is 96} jaids : how hmg m "/jc? ball in the air I 

30. A bod J is projected with a TeS^ydtj €4 S2tL per see, at an 
elevation of 3tX* from the top of a tower d3X> tL high- Find wher«} ti 

strikes the gnxmd. 

31. The tzmeof S^fadiof apri^eet£]leofkalififT2i(<>^^ 
and the rai^ is a FnaTfrmnm : fimei the r^jidtj of ytfjjindlkm* 

32. A ballet i& %s&A hovsasodtallj fmm a nfle ^iih «- ^^4ofMy f4 
1200ft. per sea aoii strikeft the ^nmsnd adl A ^ii$AMte» t4 l^/> yta4^ ■■ 
find ilM^ha^DA€£lix'BSe:9&i0^p^1^pri9mA^ 

33w Shew that for sblj ii<iSBKa4&iX f^us^ wA lJ^ lf*f*%U*^mf4^ ll^^ 
are two dircddbos^ «f^saMj itu^a^ t^ 1t&^ ($m^f^^ p^ u^ifhmfM yfH-- 
jection, at whoc^t » pAStsdis: vas^ W f^K^^t^^^M^ W^ f$ f^m M^M 
velocitj. 

34. The iBxfiffib£ ^ummaXiiiL ^*^irt*MiR^ ^u ^la^^^ ^ u^ i^ A«gifV/M^ 
range is a : riiew I^Ktii t^ tixfMk w1M««4i <Mi^^ l^^^A^ ^ kmr^ ^ 
initial pontoKsm smti cC* h^k^ ^ ;^ '^^(^a^M Wii^ U i^i^$i^ i^ *,Mf it^U M^^ 
of the equatwMat wfji^^'W^^^^iHiU^^^.- 

35. A rsier wftau <^iW5t«M3 fW fSv^ ;*»^^ #>l*v^ ^^^ ^ f^^ ^ * P(*>j^ 
of 900yaid§-^i5isiiBwm«mMU4^{>i4m*^;; <*H«^fqU^^,A*^Wqt}U^&*^, i|U»ii«oe 
of the aii^ ifi* msaa^ ^ii^i^ i*r *^^^<*^s^^tW^^ (^tr4»t?c> 



38. A stone is thrown with a i^locity 32 ft. p«r seo. from the top 
of a tower 32 ft. hi^h at an angle of elevation of 30°. Find where and 
with what velocity it will strike the horizontal plane thro»igh the foot 
of the tower. 

37. How should a stone be thrown from the eununit of a Tertical 
cliff 200 ft. high so as to strike the ground at a distance of SOOft. &om 
the foot of the cliff after an interval of 6 seconds ) 

38. Find the two directions in which a stone can be thrown with a 
velocity of 40 ft per sec so as to hit a mark 26 ft. distant in the hori- 
zontal plane through the point of projection. 

110. A particle is projected with a velocity u, at an 
t ; to represent its path graphically. 




Draw OA,A.... in the direction of projection, making 

OA,^A,A,^A,A,... = u. 
The particle if unaccelerated would arrive at j1, in 1 sec., 
at Af in 2 sees., at A, m 3 sees, and bo on. 

But its vertical acceleration, g, brings ib down through a 
vertical space \gt^ in time t. 

Hence draw vertical Hues A^P^, AtP^ ... through .4,4, ..., 
and make 

A,P, = \g. (ij,Pwhen( = l). 

4.P, = i?x4. {^gP „ „ 2). 

-1.-P, = isx9. (iffP , „ S). 

and so on. 
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Pi, Pg, Ps, P4 ... are the positions of the particle after 
1, 2, 3, 4 ... sees. 

Joining these by an even curve, we have a representation 
of the path of the projectile. 

111. A particle is projected in a given direction with a 
given velocity : to draw a diagram from which to determine 
the magnitude and direction of its velocity at any time. 

Draw OA to represent the initial velocity of the particle 
in magnitude and direction, and from A draw AP vertically 
downwards to represent gty the velocity of the particle at 
time t due to gravity. 

Then by the Triangle of Velocities, OP represents the 
velocity of the particle at time t in magnitude and direction. 

Thus if AAi = g, AA^ = ^g^ AA^ = ^g and so on, 

OA^ represents the velocity of the particle after one second, 

OA^ „ „ „ „ two seconds, 

and so on. 




112. Having plotted the path of a particle projected in a 
given manner y to determine the magnitude and direction of its 
velocity at any point 
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Let OP be the path, and OB the direction of projection. 

It is required to find the magnitude and direction of the 
velocity of the particle when it is at P. 




Draw PB vertically to meet OB at J5, and bisect OB 
at a Join CP. 

From BO cut off BH = u the given initial velocity, and 
draw HK parallel to GP to meet PB at K. 

HK will represent in magnitude and direction the 
velocity of the particle at P. 

Let t be the time to the point P, so that OB = ut, 
BP = ^gt\ 

lit 

HBGB 2 u 

BK BP'igt^'gt' 

But HB = u, 

.', BK = gt = the velocity due to gravity in time t 

.•.by the Triangle of velocities, 

HK represents their resultant velocity in magnitude 
and direction, the velocity of the particle at P. 

Or, the particle when at P is moving along GP with a 
velocity equal to HK. 



Then 
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EXAMPLES. XIII 6. 

1. Two particles are projected horizontally towards one another 
with velocities of g and 2g ft. per sec. from two points ^g feet apart. 
Draw a figure to represent their paths and hence determine when and 
where they meet. 

2. Two particles are projected from the same point, at the same 
instant with different velocities, u, v, in the same direction. Draw 
curves representing their paths and hence shew that the line joining 
their positions at any instant is parallel to their direction of projection. 

3. ^ is a point distant 40 ft. horizontally and 30 ft. vertically from 
A, and above it. Two particles are projected simultaneously from 
A and B towards one another with equal velocities of 10 ft. per sea 
Prove that the particles meet and find when and where they do so. 

4. A man in a railway carriage travelling 30 miles an hour throws 
a ball vertically upwards with a velocity of 16 ft. per sec. How far 
does the train travel before the ball returns to his hand ? Draw an 
accurate diagram to represent the path of the ball in space. 

5. A particle is projected horizontally with a velocity of g ft. per sec. 
Draw a figure to represent its path during the first 6 seconds of its 
motion. 

6. A balloon is travelling horizontally with a velocity of g ft. per sec. 
From it a man throws a ball with a vertical velocity of 2a ft. per sec. 
Neglecting the atmospheric resistance, draw the path of the ball in space 
for the first 5 sees, after it leaves the balloon. 

7. A body is projected horizontally with a velocity of g ft. per sec. 
From a diagram determine the directions of its motion after 1, 2, 3, 4 
seconds respectively. 
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113. From a point on a plane inclined at an angle 13 to 
the horizon, a particle is projected with velocity u, at an angle 
a with the horizontal, in a vertical plane through the line of 
greatest slope: to find (i) the time qf flight, (ii) the range on 
the plane, (iii) the greatest distance of the body from the 
plane. 

Let t be the time of flight, and R the range. 



U'sinfa-i 




Velocity u is equivalent to u cos (a — /3) along the plane, 
and u sin (a — /S) at right angles to the plane. 

The acceleration g of gravity is equivalent to gsm/S 
along the plane and g cos fi at right angles to the plane. 

Also the motion along the plane may be considered 
independently of the motion at right angles to the plane. 

(i) Time of flight 

1st method. When the body reaches the point P on 
the plane, the space described at right angles to the plane 



is zero. 
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.-. = 2* sin (a - /3) < - J^r cos ^t\ (« = t*< + \ft^ 

2tA sin (a — /S) 
gcoBp 

2nd method. 

PN = vertical distance described in time t, 

ON = horizontal distance described in time L 

r._ PN _ u sin at — \gt^ _ 2u sin ol — gt 
ON u cos a< "" 2m cos a ' 

, ^ 2m sin (a — B) 

whence t = ^ ^ ■■ 

^cosp 

as before. 

(ii) Range, 

R = OP = ON sec )8 = w cos a sec fi.t 

__ 2u^ cos a sin (a — /8) 
g cos* /8 

(iii) TAe greatest distance from the plane. 
Let Y be the distance required. 

When the body is at its greatest distance from the plane, 
its velocity at right angles to the plane is zero. 

.-. = a*sin2(a-^)-2^cosi8.F. (v* = m2+2/5) 

. y^ M«sin«(g-^) ^ 
25rcos^ 

114 Maximum Range. To find the direction of pro- 
jection for the maximum range on an inclined plane. 

By the preceding article, the range 

_ 2M*cosg.sin(tt — )8) 
"" g cos* fi 

^ M« [sin (2a - ^) ~ sin 13] 
"" g cos" /3 
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Hence, u and 13 being given, we see that the range is 
greatest when 

sin (2a — ^) is greatest, 
i.e. when sin (2a — ^) = 1, 

i.e. when 2a — ^ = - , 

in which case a - /8 = -^ — a 

Thus we see from the figure that the direction of projection 
for the maximum range bisects the angle between the pla/ne 
and the vei^tical. 

The length of the maximum range 

_ v? (1 - sin ^) _ V? 

gcos^fi ~ g (1 + sin j3y 

115. To shew that there are generally two directions in 

which a body can be projected from a given point with a given 
velocity so as to pass through another given point 

Let be the point of projection, u the given velocity, a 
the angle of projection, P the point the 
body is to pass through. 

Through draw ON horizontally and 
let angle PON = fi. 

Then as in Article 113, 

np_ 2it*cos asin(a — )8) 
"" g cos'* fi 




u^ 



- - ^ [sin (2a - ^) - sin ^]. 
^rcos^^"- ^ ■* 

Hence sin (2a - /3) = ^ + sm 13, 

an equation for 2a — /8 and therefore for a. 



PROJECTILES. 169 

Also, since sin ^ =s sin (tt — 0), two values of 2a — 13, each 
less than tt, can be found to satisfy this equation, and if ai 
and tta be the two values of a thus found 

2a,-/9 = 7r-(2ax-/9), 

TT r> 

.*. 02 = 2 +^^~^i- 

Also since ai must obviously be greater than )8, eta will 
be an acute angle, and we therefore have two directions in 
which the body may be projected so as to pass through P. 

It will be found that these two directions make equal 
angles with the line bisecting the angle between OP and the 
vertical. 

116. A body is projected horizontally from a given point: 
to prove that it describes a parabola. 

Let the body be projected horizontally from the point -4, 

with velocity u, and let P be its 
position at time t 

Draw AN vertically downwards 
and PN horizontally, to meet at N. 

The vertical space described in 
time t = AN = \gt\ (Art. 108.) 

The horizontal space described in 
time t = PN = ut. (Art. 108.) 

.-. PN^ = uH' = — AN. 

9 

Comparing this with the property of the parabola 

PN^ = ^AS.AN, 

we see that the body describes a parabola whose vertex is A, 

whose axis is vertical, and whose latus-rectum = — . 

9 

117. To prove that the path of a body projected in any 
direction is a parabola. 
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Let P be the position at any time of a projectile travel- 
ling with velocity u and angular elevation a. 




It would, if unaccelerated, travel in time t to the point R, 
where PR = ut. 

But its vertical acceleration, g, brings it down through a 
distance RQ which = \gt\ 

,', Q is its position after a time t. 

Complete the parallelogram PRQV. 

Now QV = PR = ut, 

and PV=RQ=igt\ 

Comparing this with the property of the parabola 

QF» = 4/SP.PF, 

we see that the path of the particle is a parabola, whose axis 
is vertical, and whose focus S is at a distance from P equal 

to jr-. 
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118. The velocity at any point of the parabolic path of a 
projectile is that due to a fall from the directrix to that point 

In the figure of the preceding article, draw a vertical 
PM to meet the directrix in M, 

Suppose a particle to fall from ^ to P ; then its velocity 
atP 

= V2^7pF= y2^:SP = y 25f . g = u 

= the velocity of the projectile at P. 

119. To find the latus-rectum of the parabolic path of a 
projectile. 

Using the notation and figure of the two previous articles 
draw SAX vertically to meet the path in A and the directrix 
in X. 

Then the velocity at the vertex A of the parabola 
= that due to a fall through height XA, 

/, J2g . AX = velocity at vertex (the highest point) 

= constant horizontal velocity 

= u cos 0. 

2^" cos» a 



• • 



latus-rectum = 4ilX = 



9 
120. To find the focus of the parabolic path of a projectile. 

With the figure of Art. 117, on the opposite side of PR 
make the angle BPS equal to the angle MPR, and cut oflf 



u^ 



8P equal to ^ . 

S shall be the focus. 

For since the tangent to a parabola bisects the angle 
between the focal radius and the perpendicular on the 
directrix, the focus lies in PS, 

Also the focal distance of P = x- (Art. 117). 

,•. S is the focus required. 

B.D. 11 
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121. To find the equation of the path of a projectile 
referred to horizontal and vertical a^es through the point 
of projection. 

Taking P as the point of projection, and using the 
notation and figure of Art. 11 7, let (x, y) be the co-ordmates 
ofQ. 

Then x = horizontal distance described in time t = u cos cct, 
y = vertical distance described in time ^ = w sin a^ — \gt\ 

Hence eliminating t by substitution from the first equa- 
tion 

qx^ sec^ a 

the required equation. 

Cor. The above equation may be written 

ga^ sec* a — 2xu^ tan a = ~ 2u^y, 

. vJ^ . ^ 2u^ycos^a 
I.e. AT — a;— sm 2a = ^ , 

9 9 



V? sin 2a\* 2u^ cos* 
I.e. I a? — - 



a r w*sin'al 



^9 
From this we see that the latus-rectum of the parabola is 

and that its vertex is at the point 

9 ^ 

fv? sin 2g vJ^ sin* a\ 
\^9~~' ~W^)' 

122. A particle^ starting with velocity u in a given 
direction^ is subject to a constant acceleration f in a constant 
direction other than that of its initial velocity: to prove that it 
describes a parabola. 

The proof of Art. 117 holds for this throughout, if we 
write '/' instead of 'g* the acceleration of gravity; and 
remember that * vertical * now becomes ' the direction of the 
constant acceleration /' 
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As an example of motion of this kind, we may take the 
case of a body projected along an inclined plane of elevation 
)8, at an angle 7 with the line of greatest slope. 

The component of the acceleration of gravity at right 
angles to the plane {g cos ^8) is balanced by the pressure on 
the plane, and the body moves on the plane subject to an 
acceleration g sin )8 parallel to the line of greatest slope. 

Thus, if t^ be the initial velocity, 

the horizontal velocity at time t = t^ sin 7, 

the horizontal -space described in time f = w sin 7^, 

the velocity at time t parallel to the line of greatest slope 

= u cos 7 — gr sin ^t^ 

the space described in time t parallel to the line of greatest 
slope 

= u cos 7^ — i^g sin 6t\ 

123. Ex. i. A hall projected with velocity u strikes a vertical wall at 
right angles. If the wall be at a horizontal distance kfrom the point of 
projection^ Jmd the direction of projection of the hall. 

Let the ball be projected at elevation a, and let t be the time to the 
wall. 

When the ball strikes the wall the motion is horizontal, therefore 
the vertical velocity is then zero, hence 

0=UB^jia-gt, (v=su+ft) 

wsina 

Also it = the horizontal distance described in time t 



UC03at = 



v^ sin a cos a 



9 



.*. sin 2a = 



_2gh 



u^' 



.'. a=i8in-i(^). 



Ex. ii. A body is projected fr(m, a point on an inclined plane of 
elevation .30° with a velocity of 36 ft, per second^ at am, angle of 30° with 
the horizontal : find the range down the plane, 

11—2 
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Let t be the time of flight, and PQ the range as shewn in the figure. 
Draw QN horizontally, F^ vertically. 

The acceleration at right angles to the 
plane =-'g cos 30**. 

Also when the body arrives at §, the space 
described at right angles to the plane is zero. 

.-. = 36 sin 60" ^-J^ cos 30** <^ (s=ut+yt^) 
whence ^= J seconds. 

Also the range 

= PQ = Q]}^ sec 30" 

=:sec 30** X (horizontal dist. described in time t) 

= sec. 30'' X 36 cos 30** < 

= 36« 

=81 feet. 




124. Second Method (See Art. 115) of proving that: 

There are generally two directions in which a body can be 
projected from a given point with a given velocity so as to 
pass through another given point. 

The equation of the path in Art. 121 may be written 
2u'y = 2u^x tsi,na-gos^(l+ tan« a) 
i.e. ga^ tan^ a — 2u^oc tan a + gx^ + 2u^y = 0. 

This is a quadratic for tan a, therefore if the point (x, y) 
is given we generally obtain two values of tan a. 



125. Third method (Geometrical) of proving the same 
proposition. 

Let the particle projected from P with velocity u be 
required to pass through the point Q. 

Draw PM vertically upwards and equal to ^ . Also draw 

MX horizontally. MX is the directrix of the path of the 
particle. 



les 



Draw QK perpendicular to MX. 



With centres P and Q and ladii PJi, QK describe 

circles. 

Two circles generally cut at two pcHnts. Let these cot 

at Si and S^. 

Then since S^P = PM, and S,Q = QK, a ponbob 

described with focus Sj and directrix MK 
P and Q. 




Also the tangent to this parabola at P hm^^tm Z H-J'H. 

.'. if a particle is projected sdfAig XknB tac^geot vitli ti^^ 
given velocity it will pass through Q. 

In the same way, if the partide is prr/)eetol witi^ tiK; 
given velocity along the line bisectiog Z H^PM, it wiU 
through Q, which proves the prc^KMHtioou 



126. J. particle is projedUdfrom a j^fe^n jowrf P •rfflfc « 
velocity represented in magnituae cmd Srediom hy PQ^ To 
find, geometrically, the focus, directrix and hxtns ref!imm ^jfiUf 
parabolic path, the greatest height to wkiKk tkeparti^ rljf^, 
and its hoiizanial range on iite piane ikrf/m^ ik^^ yAifd ^/f 
projection. 

If A is the height of the directrix above tfaf; yhul Pf 

^^IgK 
i a Pif^tgh, 
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and to determine h we have to find a third proportional to 
2flr, and PQ. 

Draw PB vertically upwards, making PB = PQ. 

Along PQ take P(7= 2^^. Join BG, and draw QM parallel 
to GB meeting PB at M. 




PM PO 
From the similar As PMQ, PBG, -p^ = 75^- 



.-. PM = 



PQ'^y? 

PG 2g' 



i.e.Pif = A. 



.'. the str. line MX drawn horizontally through if, is the 
directrix. 

Again, PQ, the tangent at P to the path, bisects the 
angle between PM the pei^pendicular on the directrix and 
the focal distance of P. 

.'. on the opposite side of PQ to the point Jf, making 
the angle QPS^zQPM, and cutting ofif SP^PM, 8 is 
the focus. 

Through S draw SX perpendicular to the directrix and 
bisect it at -4. 

Also draw PN horizontally to meet XS produced at N. 
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A being the vertex of the parabola, AN \^ the greatest 
height to which the particle rises, and its range on the 
horizontal plane through P = 2PN, 

Lastly, 2SX = the latus-rectum of the path. 

127. A number of particles are projected from the same 
point P in different directions but with equal velocities. To 
prove that their parabolic paths have a common directrix. 

Let the particles be projected from the point P with 
velocity w. 

Draw PM vertically upwards 



u 
equal to ^, and draw MX hori- 

zontally. 

Then ilf is a point on the directrix 
of the path of each particle, for the 
magnitude and direction of PM are 
independent of the direction of projection of each particle. 

.'. MX is a common directrix to all the paths. 

A number of particles are projected from the same point 
P in different directions but with equal velocities. To prove 
that the locus of the foci of their parabolic paths is a circle 
whose centre is P. 

With the same construction as above, describe a circle 
MS with centre P and radius PM, 

Let PQ be the direction of projection of any one of the 
particles, aud on the opposite side of PQ to M, make 

Z QPS = Z QPM. 

Then since SP = PM and Z SPQ = Z MPQ, S is the 
focus of the path of this particle. 

.-. the circle MS is the locus of the foci of the paths of 
all the particles, for PM is constant. 
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128. A particle is projected from a point P with a given 
velocity in a given direction, to find geometrically its range on 
an inclined plane PQ through the point of projection. 

Let the particle be projected in direction PC. 




As in Art. 126 find MX the directrix and 8 the focus of 
its path. 

Let PQ meet the directrix in F, Join SF. 

Producing PS to R, make Z FSQ = Z F8R. 

Draw QK perpendicular to the directrix. 

SO FQ 
Since SF bisects the ext. z RSQ, -^p = -pp 

= g (from similar As FQK, FPM). 

But SP^PM, .-. SQ = QK, 

.•. Q is a point on the path of the particle. 

.*. PQ is the range required. 

N.B. The construction employed here may be found in 
any text-book on Geometrical Conies. 
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If the particle in the previous article is projected in 
any direction^ we see that its range PQ on the inclined 
plane is a maximum when PSQ is a straight line, i.e. when 
S lies in PQ. 

In this case the direction of projection bisects the angle 
MPQy as proved by another method in Art. 114. 



EXAMPLES. XIV. 

1. A plane is inclined to the horizon at an angle of 30° ; from a 
point on it a body is projected at an elevation of 60" with the horizon, 
and with a velocity of 48 ft. ^r second : find the time of flight and the 
range on the plane. 

2. From a point on a plane inclined at 30° to the horizon a particle 
is projected at right angles to the plane with velocity u : find its range 
on the plane. 

3. A particle is projected horizontally with velocity u from a point 
on a plane inclined at 45° to the horizon : find its time of flight, and 
range on the plane. 

4. A particle is projected with velocity u^ and elevation a, from a 
point on a plane inclined at angle /3 to the horizon : find when it is 
moving parallel to the plane, and its distance from the plane at that 
instant. 

6. A particle is projected from a point on a plane inclined to the 
horizon at an angle of 30° with a velocity of 160 ft. per sec. : find its 
greatest range on the plane. 

6. Find the range and time of flight of a particle projected with a 
velocity of 80 ft. per sec. from a point on a plane inclined at an angle 
tan~i j to the horizon ; the angle of elevation of the projectile being 

45°. 

7. A particle is projected in vacuo under the action of gravity at 
an elevation a up an inclined plane of elevation ft and strikes the plane 
at right angles. Prove that 

tan a sin j8 cos j8 = 1 + sin* ft 
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Let P be the position at any time of a projectile travel 
ling with velocity u and angular elevation a. 




It would, if unaccelerated, travel in time t to the point U, 
where PR = ut 

But its vertical acceleration, g, brings it down through a 
distance RQ which = ^gt\ 

.*. Q is its position after a time t 
Complete the parallelogram PRQV, 

Now QV = PR = v^, 

and PV=RQ=^gtK 



.\ QV'=^uH' = — PV^ 

9 



'O^- 



Comparing this with the property of the parabola 

we see that the path of the particle is a parabola, whose axis 
is vertical, and whose focus S is at a distance from P equal 

to ^. 
^9 
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118. The velocity at any point of the parabolic path of a 
projectile is that due to a fall from the directrix to that point. 

In the figure of the preceding article, draw a vertical 
PM to meet the directrix in M. 

Suppose a particle to fall from ^ to P ; then its velocity 
atP 



= j2g.PM=^2g.SP=^2g.^ = u 

= the velocity of the projectile at P. 

119. To find the lotus-rectum of the parabolic path of a 
projectile. 

Using the notation and figure of the two previous articles 
draw SAX vertically to meet the path in A and the directrix 
in X. 

Then the velocity at the vertex A of the parabola 
= that due to a fall through height XA. 

/, J2g .AX = velocity at vertex (the highest point) 

= constant horizontal velocity 
= u cos ou 

1 X i. ^ >! XT 2i*2 cos^ a 
/. latus-rectum =:^AX = . 

9 

120. To find the focus of the parabolic path of a projectile. 

With the figure of Art. 117, on the opposite side of PR 

make the angle RPS equal to the angle MPR, and cut oflf 

u^ 
8P equal to ^ . 

8 shall be the focus. 

For since the tangent to a parabola bisects the angle 
between the focal radius and the perpendicular on the 
directrix, the focus lies in PS. 

u? 
Also the focal distance of P = ^ (Art. 117). 

,•. S is the focus required. 

B.D. 11 
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26. The angular elevation of a fort on a hill h fb. high is : shew 
that in order to hit it the initial velocity of a projectile must not be less 
than 

sjgh (1 + cosec ff), 

27. Prove that the locus of the foci of the paths of all projectiles 
passing through two given points is an hyperbola. 

28. A particle is projected with a velocity of 40 ft. per sea and 
when 10 ft. above the horizontal plane through the point of projection 
its vertical velocity is 10 ft. per sea Shew that the latus rectum of its 
path is about 53*75 feet. 

29. A number of particles are projected in a vertical plane from 
the same point with the same velocity but with different angles of 
projection : find the locus of the foci of their paths. 

30. Two bodies are projected in the same vertical plane simul- 
taneously from the same point, with velocities Vj, v^y and angles of 
elevation a^^a^. Shew that their distance apart after a time t is 

W V + ^2^ ~ ^^1^2 ^^^ (^1 ~ "2)' 

31. In a parabolic orbit find the equation of the focal chord through 
the point of projection, referred to horizontal and vertical axes through 
that point. Find also the time of flight between the two extremities of 
this chord. 

32. Two heavy particles are projected in the same vertical plane at 
the same instant with equal velocities from two fixed points, and meet. 
Shew that the sum of the inclinations to the horizon of the directions of 
projection of the two particles must be constant, 

33. Each of two projectiles is moving directly towards the other 
at a certain instant ; shew that they must ultimately meet. 

34. Two projectiles are describing the same parabola, in the same 
direction ; prove that their horizontal distance asunder remains always 
the same. 

35. A projectile is shot with a velocity of a mile per minute at an 
elevation of 30" : find its greatest height. 

How much less would the greatest height attained be, if the angle of 
elevation were 10" less ? 

36. Give a construction for the direction in which a body may be 
projected with a given velocity from a given point that its path may 
pass through another given point. Shew that the problem is not always 
possible. 

*37. A coach wheel, rolling with uniform velocity, throws off con- 
tinually small particles of dust at a tangent to its circumference : find 
the position on the wheel from which the particles will rise to the 
greatest height. 
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[The following problems are to he solved geometricaXly.'] 

38. PQ is a line of greatest slope on an inclined plane. A particle 
projected from P impinges on the plane at Q at right angles ; find the 
direction of projection and the directrix of the path of the particle. 

39. A particle projected from P in the given direction PR passes 
through Q. Bisect PQ at F, and draw VR vertically to meet PR at R. 
Prove that RQ is the direction of the particle's motion when at Q, 

40. A particle is projected from a given point with a given 
velocity represented by OA, Give a simple geometrical construction 
to determine the time when the particle is moving in a given direction 
00. 

41. PQ is a given inclined plane, and PQ is the maximum range 
of a particle projected from P with a given velocity. Find geometrically 
the direction of the particle's motion when it is at Q, 

42. ^P is a chord of a vertical circle, A being its highest point. 
A particle slides down AP from rest at Ay and leaves the chord at P. 
Prove that the horizontal line thi'ough A is the directrix of its 
parabolic path, and that the focus lies in the radius of the circle 
through P. 

43. A particle is projected from a given point P in a given 
direction, and its path touches the given line QR. Find geometrically 
the point where it touches QR. Find also the directrix of the path. 
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CHAPTER XV. 

REVISION PAPER. XV a. 

1. Two trains, of lengths 108 feet and 90 feet, moving in opposite 
directions on parallel rails were observed to be 3 seconds in completely 
passing one another, the velocity of the longer being double that of the 
other. Find the velocity of each train in miles per hour. 

2. A ball starts with a imiform velocity of 3 ft. per second, and at 
the end of each second has a new velocity impressed upon it, at right 
angles to its direction of motion and equal in magnitude to its velocity 
during that second. Draw accurately the path of the ball, using 
squared paper, and determine its distance from the starting point after 
4 seconds. 

3. A man raises a bucket whose mass is mlbs. from the bottom of 
a well. When the bucket has risen h ft. its velocity is v feet per sec. 
How much work has the man done up to this time ? 

4. A point P is moving along a plane curve with velocity i; ; at a 
certain instant the point and the tangent to the curve through it are at 
distances r, p respectively from a fixed point 0. What is then its 
angular velocity about 01 

6. A body whose mass is 4 lbs. is fastened to a string 8 ft. long, and 
is whirled round so that the string describes a horizontal circle ; if the 
string would break under a tension of 10 lbs. wt., what is the greatest 
speed in integral ft. per sec. which can be given to the body ? 

6. A particle is projected with a velocity of 128 ft. per sec. at an 
angle at 45° with the horizon. Find graphically the magnitude and 
direction of its velocity after 1 sec, after 2 sees., and after 3 sees. Verify 
one result by calculation. 

REVISION PAPER. XV 6. 

1. Two candles stand on a table, one of which is lighted and bums 
down at the rate of 2 inches an hour. Find the rate at which the 
shadow of the other rises on a vertical wall, the plane of the candles 
being perpendicular to the wall, and the distance of the unlighted 
candle from the wall being nine-tenths of the distance of the lighted 
candle. 
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2. Particles are let fall from the same spot at intervals of half-a- 
second. How far has one fallen when the next starts, and how far 
apart are these two when the first has fallen 32 feet ? 

3. A train of 150 tons wt., moving with a velocity of 50 miles an 
hour, has its steam shut off and its brakes applied, and is stopped in 
363 yds. Supposing the resistance to its motion to be uniform, find its 
value, and find also the mechanical work done by it measured in 
foot-pounds, to the nearest thousand. 

4. Supposing the resistance of the air on a falling raindrop to be 
proportional to the square of its speed, show that for a certain speed 
the acceleration is zero, so that a drop that has attained this speed will 
continue to fall with constant speed. 

If the resistance of the air lessens the downward acceleration of the 
drop by 2 ft. -sec. units when the speed is 10 ft. per sec., what is the 
constant speed? 

5. The moon has a mass of 1*7 xlO^* pounds, and describes a 
circular orbit about the earth of radius 1*26x10^ feet in 27 days 
8 hours. Calculate the moon's acceleration and the force that 
produces it. State your units. 

6. A particle in vacuo has an initial velocity v, and is projected 
from a given point P. Give a geometrical construction for finding the 
direction of projection when the particle passes through a given 
point Q. 

REVISION PAPER. XV c. 

1. A and B are two points 15 feet apart. A ball moves from By at 
right angles to AB, with a uniform velocity of 4 ft. per sec., and starting 
at the same instant a second ball travels from A with a uniform velocity 
of 5 ft. per sec. If the balls collide, find the direction in which the 
second ball travels. 

2. The mass of a body is 15 lbs. and its velocity is 20 ft. per second ; 
find its kinetic energy in foot-poundals. Find also the mmiber of 
lbs. wt. in the force which would bring it to rest in one-tenth of a 
second. 

3. Equal weights each of mass 2m are attached to the ends of a fine 
string which passes over two fixed smooth pulleys and under a smooth 
moveable pulley of mass m ; the pulleys being so arranged that all the 
parts of the string which are not in contact with the pulleys are vertical. 
Find the upward acceleration of the moveable pulley, and the tension of 
the string. 

4. A point is observed to have a velocity of 26 ft. per sec. in a 
certain direction, and three seconds afterwards to have a velocity of 
21 ft. per sec. making an angle of 48° with its original direction. Find 
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the magnitude and direction of the additional velocity impressed upon 
it during the three seconds, and assuming it is subject to a uniform 
acceleration, find the value of that acceleration. 

m 

6. A watt is 10^ ergs per second. Show that a kilowatt is approxi- 
mately equal to Ij horse-power. [1 lb. =460 grams, 1 foot =30 cms., 
5^=32.] 

6. A light string 13 ft. long is fastened at one end to a fixed point 
5 ft. above a smooth horizontal table, and at the other to a mass of 4 lbs. 
The mass describes a circle on the table at a imiform speed of 6 ft 
per sec. Find the pressure on the table. 

REVISION PAPER XV c^. 

1. A train is travelling at the rate of 15 miles an hour, when a man 
jumps out of it at right angles to its direction with a velocity of 4 ft. 
per second. In what direction does he fall ? 

2. A particle moves from a given point in a straight line with a 
uniform velocity of 4 ffc. per sec., and one second after it has started a 
second particle starts from rest at the same point in the same straight 
line with an acceleration of 2 ft. -sec. units. Find graphically when the 
second particle overtakes the first. Give your result to the nearest 
tenth of a second. 

3. Water at 750 lbs. per sq. in. pressure acts on a piston one sq. ft. 
in area, through a stroke of one foot ; what is the work that such water 
does per cubic foot ] and per gallon ? If an hydraulic company charges 
18 pence for a thousand gallons of such water, how much work is given 
for each penny ? [1 gal. = 10 lbs. wt., 1 c. ft. = 1000 oz. wt.] 

4. A man in a moving lift finds that a weight of 10 lbs. only 
indicates 9 lbs. when weighed by means of a spring balance. Investigate 
the motion of the lift. 

5. A stone is projected from the top of a tower with velocity v, and 
at an angle of elevation a; at the same instant, another stone is 
dropped from the same place. Find the relative velocity and acceleration 
of the first stone with respect to the second. 

6. A particle is projected from a point A with a given velocity in 
a given direction. If B is any point in its path, G the middle point of 
AB, and D the point where the vertical through C cuts the path, prove 

that CD = f t% where t is the time from A to D, 

REVISION PAPER. XV e. 

1. Two ships collide, their directions of motion immediately before 
collision making an angle of 105* with one another. If the yelocities 
of the ships are equal, find the direction of the blow. 
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2. At A, B masses of 4 and 5 lbs. are respectively placed, and each 
mass is acted upon by a force equal to the weight of the other, and in 
a direction from it towards the other. If they start at the same 
moment, and meet at the end of 2^ seconds, find the distance A By and 
the velocities of the masses at the moment of striking. 

3. An hydraulic company charges 18 pence per thousand gallons 
of water at 750 lbs. pressure per sq. inch ; how much is this per horse- 
power hour ? [1 gal. = 10 lbs. wt., 1 c. ft. = 1000 oz. wt. J 

4. A body hangs from the roof of a railway carriage by equal 
strings attached to two points one directly in front of the other so that 
the strings are at right angles. If the acceleration of the train is 
4 ft. -sec. units, find the ratio of the tensions of the strings. 

5. Find the greatest velocity (in miles per hour) at which an 
engine of 192 horse- power can pull a train of 150 tons mass along the 
level, the frictional and other resistances to motion being 16 lbs. wt. 
per ton. 

6. A shot is fired from a gun at the top of a cliflF of height h with 
a velocity of u ft. per sec. Prove that if the range measured from the 
foot of the cUfi" is as great as possible, the elevation a is given by the 
equation 

cos2a= o . . . 
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1. A man in a railway carriage drops a ball from a height of 4 feet 
above the floor. If the train is travelling at the rate of 30 miles an 
hour, find the direction of the ball in space at the instant of striking 
the floor. 

2. A weight of W tons is moved from rest by a force of P tons, 
till its velocity is » ; it is then brought to rest by a force of Q tons, and 
altogether has passed over a ft. in t seconds. 

Prove (1) that ^=^-^(1 + ^^^ 

(2) that its kinetic energy, when its velocity is v, is 

3. A body which weighs 10 lbs. is attached to a cord passing over 
a fixed smooth pulley, and the cord is drawn over the pulley at a 
unifoim rate of 3 ft. per sea What is the magnitude of the tension of 
the string ? 

If the pulley is rigidly attached to a moving platform, which is 
ascending with an acceleration of 4 ft.-sec. units, and the cord is drawn 
over the pulley as before, what change is made in the tension ? 

B. D. 12 
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4. The position of a point P on a straight line is given by 
x=2t'^-Zt-\-6, where t denotes the number of seconds after a fixed 
instant of time, and x the distance in feet of P from a fixed point 
on the line. Find the velocity of the point at the end of t seconds, 
and its acceleration. 

5. A steamer at A which cannot sail more than 8 knots, wishes to 
intercept a steamer at B doing 11 knots in a direction making an angle 
of 40° with BA, Find how much choice of direction she has without 
failing to intercept, and give to the nearest degree, the angle within 
which her com^e must lie. 

6. A mass m is placed at a distance r from the centre of a rough 
horizontal revolving disc. If fi is the coeflScient of friction, find the 
greatest angular velocity the disc can have if the mass is not to change 
its position on the disc. 

REVISION PAPER. XV ^. 

1. A particle moves in a straight line under a retardation of 
6 ft.-sec. units, starting with a velocity of 24 ft. per second. Draw a 
graph of its velocity-time equation, and from your diagram determine 
the space described in 4 sees, and in 6 sees. 

2. A mass of 12 lbs. is attached to a string which is held in the 
hand ; if the hand be lowered with a uniform acceleration of 10 ft. per 
second per second, what is the force tending to stretch the string ? 

3. A turbine is driven by a stream flowing at the rate of 5 miles 
an hour, the size of the stream being such that 300 gallons of water 
enter the turbine every second. Find the horse-power of the turbine, 
its efficiency being taken to be 60 per cent. [1 gal. = 10 lbs. wt.] 

4. A particle moves in a straight line with a uniform acceleration 
of 0*5 ft.-sec. units, the initial velocity being 0*7 ft. per sec. Construct 
on squared paper a diagram, in which the ordinate represents the space 
passed over in a given time, 2 inches on the paper representing a foot, 
and also representing a second. 

Show that the tangent of the inclination to the time-axis of a line 
through the points on the diagram corresponding to ^and 1^ seconds 
is equal numerically to the velocity at the end of one second. Give 
reasons for this equality. 

5. When one of the keys of a pianoforte is depressed through ^ of 
an inch, the hammer on the pianoforte is raised through a vertical 
height of 2 inches. A force of 2 ozs. wt. will just depress the key. 
Find the weight of the hammer. (Neglect all weights except that of 
the hammer.) 

If the key is depressed through the distance mentioned with a 
uniform force of 6 ounces wt., find the velocity imparted to the 
hammer. 
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6. Two particles. are simultaneously projected from the same point 
A with equal velocities in directions AT, AT', where AT' makes the 
lesser angle with the vertical, and the parabolas intersect at B, 
Determine which particle arrives first at B. 

Prove also that the product of their times of transit from ^ to 5 is 
equal to the square of the time occupied by a particle falling from rest 
vertically through a space equal to AB, 
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1. A rope unwinds from a drum, and the hanging end descends 
vertically at the rate of 10 ft. per sec. ; with what velocity does the 
centre of gravity of the hanging part of the rope descend ? 

2. A train runs from rest at one station and stops at the next. 
During the first quarter of the journey the motion is uniformly accele- 
rated, and during the last quarter it is uniformly retarded, the middle 
portion being performed at a uniform full speed. Prove that the average 
speed of the train is § of the full speed. 

3. Six equal weights ( TTlbs.) are fastened to a rope in such a way 
that one follows another at distances of one foot. The rope hangs 
vertically with the lowest weight 3 ft. above the ground ; if the rope is 
gradually lowered, draw a diagram for the work done on the bodies, 
when all have come to the ground. 

4. A mass of 1000 lbs. is moving in a straight line at a speed of 
30 miles an hour. Its energy is reduced to 500 ft.-lbs. in 12 seconds. 
Calculate the retardation and the force which acted to produce it. 

• 

5. A particle of 24 lbs. is fastened to the vertex of a cone by a 
string 8 ft. long. If the semi-vertical angle of the cone is cos~^^ and 
the particles revolve on the surface of the cone (whose axis is vertical) 
at a uniform speed of 8 ft. per second, find the pressure on the cone. 

» 

6. A particle is projected at an elevation a and strikes an inclined 
plane through the point of projection at right angles : prove that the 
inclination 6 of the plane to the horizontal is given by the equation 

2tan(a-^)=cot^. 
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CHAPTER XVI. 



IMPULSE AND COLLISIOMT. 



129. Def. An impulsive force is a very great force which 
acts for a very short time, and its effect is measured by the 
change of momentum produced. 

Thus if an impulsive force, acting upon a body of mass 
m, change its velocity from u to v, the efifect of the impulsive 
force, or its impulse (/) as it is usually called, is measured 
by mv — m^u, 

i.e. I^mv—mu, 

The Second Law of Motion justifies the above definition, 
for it tells us that the total effect of a force is measured by 
the change of momentum produced. 

Since the time during which an impulsive force acts is 
very short, the change in position of the bqdy in the time 
during, which the force acts may be neglected. 

It must be remembered that impulsive forces are of 
precisely the same nature as ordinary forces, but they have 
to be treated differently on account of our inability to 
measure very small intervals of time and to observe what 
takes place during those intervals. 

As illustrations of impulsive forces we may take any 
sudden blow, as the blow of a hammer ; two balls colliding 
with one another ; or a bullet striking a target. 

130. If any force P act for an interval of time t on sl 
mass m, and change its velocity from i^ to i; in that time, its 
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total effect is measured (according to the Second Law of 
Motion) by the change of momentum produced in that time, 

i.e. by mv — mu, 

= m(v—u) 

= mft, where P = mf. (v = u-\-Ji) 

= PL 

This holds good for all values of P and ^, and hence if P 
be a very large force acting for a very short time t its total 
effect or its impulse / will still be 

mv — mu = PL 

Example. A 1 oz. biillet strikes a wooden target with velocity of 
1600 ft. per secoiid, and is brought to rest in ^ second. 

The measure of the impulse 

c=/= momentum destroyed 

=tJj.1600 

= 100 units of impulsa 

Also if P be the average force exerted by the bullet on the target 
whilst it is being brought to rest, 

/=P.^(/=Pft Le. P=1000poundals. 

It is well to notice the fact that the product of two 
quantities, one infinitely large and the other infinitely small, 
may be finite. 

Thus the product of 10000 and jjj^j^ is unity, ie. measure 
of the impulse of 10000 poundals acting for y^^th part of 
a second is unity. (/ = Pt) 

1 

In the same way if 10^*^ poundals act for ^^^ of a second 

its total effect is measured by unity. 

131. Motion of shot and gun. 

In this case the explosion of the powder produces the 
impulsive force. By the Third Law of Motion the action on 
the shot is equal and opposite to the reaction on the gun. 
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Le. the impulse on the shot is equal and opposite to that on 
the gun. 

Hence the momentum of the shot forwards 

= the momentum of the gun backwards. 

132. Ex. i. A body of mass 10 lbs, has its velocity suddenly changed 
from 12 to 16 /iJ. per sec. Find {\) the measure of the impulse^ (2) the 
measure of the force if the blow lasted for j^th of a second. 

Let / be the impulse, and P the force required. Then 

/= change of momentum produced 

= 10(16-12) 

=40 units of impulse. 

Also since I=^Pty 

P=40-rTfe=4000 poundals. 

Ex. ii. A shot of lb lbs, mass leaves a gun of 1500 lbs, m/iss with a 
muzde velocity of 1000 ft, per sec,; how fa/r will the giin recoil up an 
inclined plane rising \in%? 

Let V be the initial velocity of recoil of the gun, a the angular 
elevation of the plane, s the space required. 

The momentum of the gun equals momentum of shot, therefore 

1600v= 15x1000, 

v=10 ft. per sec. 

Also the acceleration of the gim on the plane 

= —g sin a= - ^= - 4 ft. -sec. units, 

.-. 0=102-2.4.*, ('»8=tt«+2» 

i.e. «=12ifb. 



EXAMPLES. XVI a. 

1. A mass of 5 lbs. at rest is struck and moves off with a velocity 
of 20 ft. per sec. : find the impulse, and the mean value of the force if 
the blow lasted for y^ sec. 

2. An impulse, whose measure is 360, changes the velocity of a 
body from 12 ft. per sec. to 36 ft. per sec. : find the mass of the body. 
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3. A body of mass 12 lbs. moving with a velocity of 15 ffc. per sec. 
has its velocity reversed in direction but unaltered in magnitude by a 
blow : find the measure of the impulse. 

4. A ball, of mass m, strikes a wall and rebounds with a velocity 
equal to one-half of its striking velocity (u) ; find the impulse, and the 

average value of the force if the blow lasted for -th of a second. 

n 

5. A marble of mass 2 ozs., let fall upon a pavement from a height 
of 9 feet, rebounds to a height of 4 feet; find the measure of the 
impulse. 

6. A mass starts with a velocity of 20 ft. per sec. : with what 
velocity will a mass four times as great start under the action of an 
impulse twice as great? 

7. Two bodies move off with velocities of 30 and 25 ft. per sec. 
under the action of two impulses whose measures are as 45 is to 50 : 
compare the masses of the bodies. 

8. A ball of mass m falling from rest under gravity strikes the 
ground after a certain time t, and on its rebound rises to half its original 
height. Find the measure of the impulse of the ground. 

9. Two masses of 3 lbs. and 4 lbs. are fired from the same gun with 
equal charges of powder : compare the velocities with which they leave 
the gun. 

10. A mass projected vertically upwards under a given impulse 
rises to a height of 64 ft. and a second mass under an impulse 4 times 
as great takes 3 sees, to reach its highest point: compare the two 
masses. 

11. A shot of mass 1 lb. is projected from a gun of mass 140 lbs. 
with a muzzle velocity of 2000 ft. per sec. : find the initial velocity of 
recoil of the gun. 

ly 12. A shot of 800 lbs. is fired from a 40-ton gim with a velocity of 
2100 ft. per sec. : find the steady pressure which will destroy the 
velocity of recoil of the gun in 6 feet. 

13. A gun, of mass half-a-ton, fires a shot of 14 lbs. with a velocity 
of 1200 ft. per sec. : how far will the velocity of recoil carry the gun up 
a plane rising 1 in 4? 

14. A steam hammer weighing 15 tons falls from a height of 4 feet 
upon a mass of red-hot iron, and is brought to rest in t^th of a second 
after touching the iron. Find the impulse, the mean force exerted by 
the hammer, and how much it flattens the iron. 

15. A gun of 60 tons projects a bolt of 4 cwt. The gim recoils 
2 ft. up an inclined plane of 30" ; find the initial velocity of the shot. 
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16. A shot weighing 500 lbs. is fired with a velocity of 1600 ft. per 
sec. from a gun weighing 35 tons. Find the velocity with which the 
gun recoils. If the recoil be resisted by a steady pressure equal to a 
weight of 10 tons, to what distance will the gun move? 

133. Elasticity. When a body is compressed it has a 
tendency to resume its original shape as soon as the com- 
pressing force is removed, and it is found that all bodies 
possess this property in a greater or less degree; ie. all 
bodies are more or less elastic. 

The internal force which a body thus brings into play in 
order to resume its original shape is called the Force of 
Restitution. 

When two spheres collide or impinge, the line joining 
their centres at the instant of impact is called the line of 
impact If the centres of the spheres move in the line of 
impact, the impact is said to be direct; if not, the impact is 
said to be ohligue, 

134. Newton's Experimental Law of Elasticity. 

Newton discovered, by experiment, that when two bodies 
impinge their relative velocity in the line of impact 
after the collision bears a constant ratio to their 
relative velocity in the same direction before the 
collision^ but is opposite in direction^ i.e. opposite 
in sign. 

This constant ratio is known as ' the Coefficient of Elas- 
ticity , 'the Modulus of Elasticity! * the Coeffijdent of Restitu- 
tion or Resilience! and is generally denoted by e. It varies 
with the substances of which the bodies are made, but is 
independent of their masses. Thus if two steel balls impinge, 
e will be constant whatever the size of the balls ; but it will 
have a different value when two cork balls are used, or when 
one ball is ivory and the other steel. 

When the coefficient of restitution is zero the body is 
said to be inelastic, and when the coefficient is equal to unity 
the body is said to be perfectly elastic. 

In nature no bodies are perfectly elastic or perfectly 
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inelastic, and in all cases the value of e is found to lie 
between 1 and 0. 

We shall in this chapter consider the impact of spheres 
and particles against one another and against planes only. 
In all cases we shall suppose the bodies to be smooth. 

135. Direct impact on a fixed plane. 

A smooth hall or particle whose coefficient of elasticity is e, 
impinges directly on a fixed plane with velocity u ; to find its 
velocity on- leaving the plane. 

The eflFect of the impact is entirely in the line of impact, 
therefore the ball after striking the plane will return along 
its line of impact. 

Let it return with velocity v. 

Since the plane is fixed, the relative velocity of the ball 
to the plane after impact = i;, and the relative velocity of 
the ball to the plane before impact = t^, and these are in 
opposite directions. 

Therefore by Newton's Experimental Law of Elasticity, 

V = en, 

i.e. the ball after impact returns along its line of impact with 
velocity eu. 

Cor. 1. If the body be inelastic, e=0 and therefore i; = 0, 
i.e. the body will not leave the plane after striking it. 

If the body be perfectly elastic, e = 1 and therefore v = w, 
i.e. the velocity of the body is reversed but unchanged in 
value by the impact. 

Cor. 2. If m be the mass of the particle, when the body 
strikes the plane its momentum mu is destroyed, and mo- 
mentum mv is generated in the opposite direction. 

Therefore the measure of the impulse of the ball = total 
change of momentum 

= mu -\-mv = mu (1 + e). 
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136. Oblique impact on a fixed plane. 

Let a ball A impinge on a fixed smooth plane CBD 
striking it at B, 

Let the ball move with velo- 
city u along FA, making angle a f" 
with the normal to the plane, 
before impact, and with velocity v 
along AO, making angle with 
the normal, after impact. 

The eflFect of the impact is 
entirely along the line of impact, 
i.e. at right angles to the plane. 

Therefore the motion parallel to the plane is unaltered 
by the impact. 

Hence vsmd = umna (i). 

Also by Newton's Experimental Law of Elasticity, 

vcos ^ = 62^ cos a (ii). 

[The velocity of the ball relative to the plane before 
impact is u cos a, and the velocity of the ball relative to the 
plane after impact is v cos in the opposite direction.] 



By division, from (i) and (ii) 



tan ^ = 



tan a 



or cot 0=^6 cot ou 

Also squaring and adding (i) and (ii) 

t;« = u^ (sin^ a + e^ cos' a) 
v = u Vsin* a + e^ cos* a. 

We have thus found the velocity, in magnitude and 
direction, of the ball after impact. 

Cor. 1. If the ball be inelastic e = 0, 

.'. V cos ^ = 0, 
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i.e. cos ^ = and ^ = o > which shews that the body will not 

leave the plane after impact. 

From equation (i) we see that it will move along the 
plane with velocity u sin a. 

Cor. 2. If the ball be perfectly elastic e = l, and we 
have from equations (i) and (ii) 

tan = tan a, 

= a and v = t*. 

Hence if a perfectly elastic body impinge on a fixed smooth 
plane its velocity is unaltered in magnitude by the impact^ 
and the angle of reflection is equal to the angle of incidence. 

Cor. 3. The impulse on the plane is measured by the 
change of momentum on the ball, the change of momentum 
being measured in the line of impact. 

Now momentum mu cos a before impact is destroyed, and 
momentum mv cos = meu cos a after impact is generated in 
the opposite direction. 

Therefore / (the impulse) = total change of momentum 

= mu cos a + meu cos a 
= mu cos a (1 -f e). 

137. When two masses impinge, the action on one is 
equal and opposite to the action on the other, by the Third 
Law of Motion, therefore the impulse on one is equal and 
opposite to the impulse on the other, i.e. the change of 
momentum (measured in the line of impact) of the one is 
equal and opposite to the change of momentum (also 
measured in the line of impact) in the other. Hence the 
sum of these two changes, measured in the same direction, is 
zero. 

Thus the total change of momentum produced by the 
impact is zero. 

Therefore when two smooth ma4iBe8 impinge the 
total momentum (measured in the line of impact) 
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after impact is equal to their total momentitm 
(measured in the same direction) before impact. 

Again, the impulse produces no eflfect in a direction at 
right angles to the line of impulse, and there is therefore no 
change of momentum in that direction. It follows therefore 
that the momentum after impact in any direction is equal to 
that before impact in the same direction. 

138. The preceding may be very easily proved analyti- 
cally thus. Let Ui,U2 be the velocities of the bodies in the 
line of impact before the collision, Vi, % their velocities in 
the same direction after collision, m^, m^ their masses; / the 
measure of the impulse between them. 

Considering the mass ^i, 

/ = change of momentum produced 
= mi (^*l — Vi), 

Considering the other mass ma 

— / = change of momentum produced 

= ma (t^a - Va), 

. •. rriiUi — rriiVi = — m^u^ + ni^v^y 

Le. mi^i + Tihjo^ = m^Ui + rn^n^t 

or Total momentum after impact = total TruymerUum be/ore 
impact 

139. Direct impact of two smooth balls. 



«, -^a. 




.2/, ^V^ 



A smooth ball, of mass m^, moving with velocity t«i, 
impinges directly on another smooth ball, of mass m^, moving 
in the same direction with velocity t^g. To find the velocities 
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of the balls after impact, the coeflScient of restitution 
being e. 

Let Vi, Va be the velocities of the balls after impact. 

By Newton's Law of Elasticity, the relative velocity after 
impact = (— e) times that before impact. 

.•. Vi — '^2 = — ^('Wi — t^) (i). 

By the Third Law of Motion, there is no momentum lost 
in the line of impact (Art. 100). 

.•. 7nxVi-\- m2V2 = ^i'Wi -hniiU^ (ii). 

Multiply (i) by ni2 and adding 

(mi + nii) Vi = (mi — ema) i^i 4- mg (e -f 1) Wg* 
__ (^ — ^^2) Wi + ma (e H- 1) 2*2 

. * . 1^1 — ; • 

mi + ma 
Also multiplying (i) by m^ and subtracting 

(mi + ma) V2 = mi(e + l)Ui-^ (7/I2 — enii) v^, 

_ mi (e + 1) Wi + (ma — emi) u^ 

• . 1/3 — —————— ^—~—— , 

mi H- ma 

We have thus found v^ and v^ the velocities of the balls 
after impact. 

N.B. If the balls be moving in opposite directions before 
impact, their relative velocity will then be Wi + i/a> ^^^ ^^^ 
momentum before impact will be m{iii — m^u^. 

Cor. i. If / = the impulse on the first ball, 

/ = mi (i^ — Vi) 



miTTla 



(^-Wa)(l+e). 



mi + ma 

Cor. ii If the balls be inelastic e = 0, and equation (i) 
becomes 

Vj — Vj = 0. 

This sh«rws us that when two inelastic balls impinge 
directly, they move on together after impact. 
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It will be seen later on (Arts. 149, 150) that when an 
impulse takes place^ some Energy is dissipated or 
lost, except when the elasticity is perfect. Such dissipated 
energy is expended in the generation of heat and sound. 
The point for the student to remember is that in Impulse 
Problems the Principle of Conservation of Energy is in- 
applicable, except when the elasticity is perfect 

The Principle of Conservation of Momentum can be 
applied universally. 

EXAMPLES. XVI 6. 

1. Two balls impinge directly and move on together after impact. 
What do you deduce i 

2. A traction engine moving with a certain velocity runs into a 
wall and knocks it down. Why does not a man have the same effect 
on the wall if he runs into it with the same velocity ? 

3. A mass of 5 oz. impinges on a smooth fixed plane at right angles 
with a velocity of 26 ft. per sec, and rebounds with a velocity of 10 ft. 
per sec. What is the measure of the impulse ? 

4. A ball of elasticity e is dropped from' a height h above a fixed 
horizontal plane. To what height will it rebound from the plane? 
Deduce the height to which it will rebound after striking the plane a 
second time. 

5. A ball A impinges obliquely upon a ball B at rest. In which 
direction will the ball B move off ? 

6. Prove that if a perfectly elastic ball impinges obliquely upon a 
smooth fixed plane, its angle of reflection is equal to its angle of 
incidence, and its velocity is unchanged in magnitude. 

7. An inelastic ball impinges upon a smooth fixed plane with a 
velocity u and at an angle a with the normal to the plane. Find its 
velocity after impact. 

8. A perfectly elastic ball impinges at right angles to a fixed smooth 
plane with a velocity u. Find the measvu^ of the impulse. 

9. A perfectly elastic ball impinges obliquely upon a fixed smooth 
plane with a velocity u, at an angle a with the normal to the plane. 
Find the measure of the impulse. 

10. Two balls moving at right angles impinge so that the line of 
impact is in the direction of the motion of one of the balls. What do 
you see as to the direction of the motion of this ball after impact ? 

11. A By BG are lines of greatest slope of two inclined planes facing 
one another, ABC being an obtuse angle. An inelastic ball slides down 
AB, and strikes BG with velocity u. Find its velocity after impact. 

12. How could a ball be made to travel along the sides of a regular 
hexagon with uniform velocity ? 
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13. A projectile strikes a vertical plane. What difference does the 
impact make in the time of flight of the ball from its starting point to 
the ground again ? 

14. If a man were placed upon a perfectly smooth horizontal table, 
and could not reach an edge with either hand or foot, how could he get 
off the table ? 

15. A ball of mass 5 lbs. moving with a velocity of 8 ft. per sec, 
impinges directly on a ball of mass 4 lbs. moving in the same direction 
with a velocity of 4 ft. per sec. : find the velocities of the balls after 
impact when e=J. 

16. A ball of mass 4m, moving with a velocity of 8 ft. per sec, 
impinges directly on a ball of mass m moving in the opposite direction 
with a velocity of 4 ft. per sec. : find the velocities of the balls after 
impact when e=J. 

17. Two balls, of masses 2m and m, moving with velocities of 6 ft. 
per sec. and 4 ft. per sec. respectively in opposite directions, impinge 
directly, and the heavier ball is reduced to rest : find the coefficient of 
restitution. 

18. A ball impinges directly upon an equal ball at rest ; shew that 
the velocities of the balls after impact are as 1 — e : 1 +e, where e is the 
coefficient of elasticity. 

19. Two balls, whose masses are as 2 to 1, whose respective velocities 
before impact are as 1 to 2 in opposite directions, and whose elasticity 
is f , impinge directly : shew that each ball will move back after impact 
with f ths of its original velocity. 

20. Three perfectly elastic balls, whose masses are as 1:3:6, move 
with equal momenta in a straight line. Shew that each of the two 
smaller balls will be reduced to rest when it overtakes the ball in front 
of it. 

21. Three inelastic balls,' of masses m, 2m, 3m respectively are 
placed (not in contact) in a straight line. The first impinges on the 
second with velocity 6m ; find the velocity acquired by the third when 
it is struck. 

22. Two balls impinge directly, and the impact interchanges their 
velocities : prove that they are perfectly elastic, and of equal mass. 

23. Two perfectly elastic balls, masses m and m', moving in the 
same direction, strike each other. If the hindmost ball be reduced to 
rest by the blow, shew that its velocity must have been more than 
double that of the other. 

24. A number of perfectly elastic equal balls is placed in a straight 
line ; the first is made to impinge on the second with velocity u, the 
second strikes the third, and so on : find the velocity of the wth ball. 

25. A number of perfectly elastic balls, of masses m, 2m, 4m, 87?i..., 
is placed in a straight line ; the first impinges directly on the second 
with velocity t*, the second strikes the third, and so on ; find the velocity 
of the nth ball. 
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140. Oblique impact of two smooth balls. 

Let nil and m.2 be their masses ; AB the line of impact 
through their centres Oi, Oaj e the coefficient of elasticity. 
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Given t^i, Wa their velocities before impact, ttj, eca the 
inclinations of their directions to AB before impact: to find 
Vij V2 their velocities after impact, and 0i, 6^ the inclinations 
of their directions to AB after impact. 

The effect of the impact is entirely in the line of impact, 
i.e. the velocities of the balls at right angles to AB are 
unaltered by the impact, 

.*. Vjsin^i =t^isinai (i),- 

and Vasin ^2 = ^ sin a^ (ii). 

By Newton's Law of Elasticity, 

[Relative velocity in the line of impact after impact 
= (— e) times that before.] 

Vi cos 01 — ^2 cos ^2 = — e (i^i cos ai — Wa cos a^ (iii). 

By the Third Law of Motion, there is no momentum lost, 
in the line of impact : therefore 

TTiiVi cos 01 + ma^a COS 02 = m^v^ cos Oi + wijt^ cos a,. . .(iv). 

We thus have four equations from which to determine 
the four unknowns Vi, v^y 0i, 02- 

Multiplying (iii) by m^ and adding to (iv) we have, 

>j _ miVq cos ai + m.//2 cos Oa — evh (ih. cos ai — t^ cos ««) 

Wj + Tna 

(V). 
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Similarly 

^, /^/^o a _ ^^ ^^^ ^1 "^ ^^ ^^^ ^ + ^^ (^ cos flti — ttj cos Oa) 

1/2 COS vg — ' — — — ■ ^ 

mj + TWj 

(vi). 

We now obtain v^ by squaring and adding (i) and (v), 
Va by squaring and adding (ii) and (vi). 

Dividing (i) by (v) we obtain tan ^i, and dividing (ii) by 
(Vi) we obtain tan ^a- . 

Thus all four quantities Vi, Vg, 6^, 0^ are determined. 

Cor. 1. The impulse on the mass mi = its change of 
momentum in the line of impact 

= nil {ui cos ai — Vi cos 0i) 

= (ui cos ai — tUi cos Oo) (1 + e) 

= the impulse on the mass m^ in the opposite direction. 

Cor. 2. If the ball m^ be at rest before impact t^^ = 0, 

.'. sin^2~0, i.e. ^a = from (ii), 

or the mass rwj will move off in the line of impact. 

We might see this also from first principles ; for a ball at 
rest when struck must move off in the direction of the blow. 

141. Action during impact. When two bodies im- 
pinge, each becomes compressed to a certain extent, and 
subsequently if they be elastic they recover to a greater or 
less degree their original shapes. We may therefore divide 
the action during impact into two periods, (1) the period of 
compression, (2) the period of restitution. The action between 
the bodies during the former period is called the force of 
compression, that during the latter period the force of restitu- 
tion. At the instant of greatest compression the bodies have 
a common velocity. 

To show that the force of restitution = e tim£s the force of 
compression, where e is the coefficient of elasticity between two 
balls. 

B.D. 13 
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Let / denote the force of cojnpression and /' the force of 
restitution; i^, v^ the velocities of the balls before impact; 
Vi, Vj their velocities after impact ; u their common velocity 
at the instant of greatest compression ; mi, m^ the masses of 
the balls. 

Then 

/ = loss of momentum of mj during the period of compression 

= mi(t*i~?0 (i) 

= gain of momentum of m^ during the period of compression 
= ina(w-t*a) (ii). 

From (i) i^ — t^ = — , 

rrii 

J 
(ii) w - t/a = — ; 

therefore adding (to eliminate u) 

"•-"'=^(^+^ <^>- 

Again, 

/' = loss of momentum of 7% during the period of restitution 
= mj (u — Vi) 

= gain of momentum of rwa during the period of restitution 
= wis (Vj — u). 
Hence, as before, 

t;a-Vi=/'f— +— ) (iv), 

therefore from (iii) and (iv) 

/' Va — Vi 

i tLi — V^ 

i.e. r = e.L 
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142. Example. Two balls of mass 2 lbs. and 1 lb. inomng with 
velocities o/ 13 and b feet per sec. impinge obliquely. If their coefficient 
of elasticity is % and they make angles sin'"^-^, and sin~^% with the 
line of impact before striking, fmd their velocities and directions after 
impact. 




J5 

IS / ^/*^ / 



^, 



Let Vj, V, be their velocities after impact making angles d^, B^ with 
their line of impact. 

sin~^i^=a=cos~i j§. sin~if =/3=cos~i^. 

The effect of the impact is entirely in the line of impact, 

.*. Vjsin ^1=13 sin a = 5 (1), 

and v^sxnB^^ 6sin/3=3 (2). 

By Newton's Law of Elasticity, 

i;iCos^i-V2^^s^2= -i(13cosa-5cos^) 

= -i(13xl|-5xi) 
= -4 (3). 

There is no momentum lost in the line of impact, 

.'. 2i;iCOs^i+V2<^^^2==2xl3cosa+5cos/3 

=:2xl3xJ|+5xi 
= 28 (4). 

Adding (3) and (4) SVj cos 6i = 24, 

v^cos ^1=8 (5), 

. *. from (1), by division, tan 6i = |= '625 

and ^1=32** (from MathL Tables). 

Squaring (1) and (5) and adding, 

V=64+25=89. 
.*. i;i=9*43ft. per sec. 

13—2 
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Again, from (3) and (5) V2^'^^2='^^ (^X 

. •. from (2) and (6) tan ^j=^= -25 

aud ^2= 14* 2'. 

Squaring (2) and (6) and adding, 

V= 9 + 144 =153, 
, *. Vj,= 12-37 ft. per sec. 

EXAMPLES. XVI (J. 

1. A ball, moving with velocity w, impinges obliquely, at an angle 
of 30° with the line of centres, on a ball of equal mass at rest ; find ttie 
velocities and directions of the balls after impact, when the balls are 
perfectly elastic. 

2. A ball, of mass 2m, impinges obliquely at an angle of 45** with 
the line of centres on a ball of mass m at rest ; shew that after impact 
its direction makes an angle tan~i f with the line of impact^ the bcdls 
being inelastic. 

3. Two perfectly elastic equal balls move in directions at ri^ht 
angles to each other and impinge : shew that their directions of motion 
after impact are at right angles to one another. 

4. Two perfectly elastic balls, of masses 2m and m, impinge 
obliquely with equal velocities, their directions before impact making 
angles of 60** with the line of centres and with one another:' find 
the velocities and directions of the balls after impact. 

5. Two perfectly elastic equal balls impinge obliquely ; their 
velocities are equal, and make angles of 30" and 60" with the line of 
impact : find the magnitude and direction of their subsequent 
velocities. 

V 

6. ABGD is a square, and two particles P and Q are moving from 
Bio A and from Z> to ^ respectively ; the mutual action takes place 
along the line BA, the restitution is perfect, and the masses and 
velocities are equal : shew that P will oe brought to rest and that 
Q will move along GA produced. 

7. One imperfectly elastic ball strikes another at rest ; what must 
be the ratio of their masses in order that the two balls may move in 
directions at right angles to one another after impact ? 

8. Two equal imperfectly elastic balls moving with equal velocities 
{u) in opposite parallel directions impinge on each other, their lines of 
motion Deing inclined at an angle a to the line joining their centres at 
the instant of impact. Determine their subsequent motions, and find 
the value of a when the path of each is deviated through a right angle. 
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9. The diameter of each of two equal balls is 2 inches, and the 
balls are moving in opposite directions, each with velocity w, along two 
parallel straight lines 1 inch apart. If the coefficient of elasticity be j, 
find the velocity and direction of motion of each ball after impact. 

10. Find the direction and magnitude of the impulse which will 
change the direction of motion of a mass m by a given an^le a, without 
altering the magnitude of its velocity, u being the magnitude of that 

velocity. 

11. Two equal particles, having elasticity e, are projected towards 
one another in the same vertical plane with the same velocity u and at 
the same elevation a from two points in a horizontal plane at a distance 
a apart. Prove that each ball makes an angle 

_i /^ sin a cos a - ag\ 
\ ewcos^a / 

with the horizon immediately after they impinge. 

12. Two balls impinge obliquely. If t^, u^ are their velocities 
immediately before impact, malang angles a^, oj with their line of 
impact, prove that their relative velocity immediately after impact 
makes an angle 

\e (^2 cos 02 — Wj cos Oi)/ 
with their line of impact. 



Jerks of Inelastic Strings. 

143. Example, A mass of 4 lbs, after falling vertically thr(mgh 
16 feet^ jerks a mass of 6 Ihs. off a table hy means of an inelastic string 
passing oyer a smooth pulley. Both portions of the string being vertical 
at the time of the jerk, find the velocity with which the 6 lb, mass leaves 
the table, and the impulsive tensian of the string. 

The velocity of the falling ball immediately before the jerk 

= >/2g . 16 = 32 ft. per sec. 

The string being inelastic, the balls have a common velocity after 
the jerk. Let v b6 this velocity immediately after the jerk. No 
momentum is lost by the jerk, 

.-. (6+4)v=4x32 

and v= 12-8 ft. per second. 

The impulsive tension of the string = the momentum generated in 
the 61b. mass=6x 12*8= 76*8 units of momentum. 
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EXAMPLES. XVI d 

1. Masses of 6 and 8 lbs. lie on a smooth table side by side and are 
attached to the ends of a light inelastic string. If the 81b. mass is 
projected along the table with a velocity of 10 ft. per sec., find the 
velocity of each body after the string tightens. 

2. A ball is projected vertically upwards with a velocity of 40 ft. 
per sec. and, after it has risen 9 feet, Ufts an equal mass from rest by 
means of a light inelastic string. Find the velocity with which this 
latter mass starts. 

3. Masses of 7 and 8 lbs. lie on a smooth table side by side and are 
connected by a light inelastic string. If the 81b. mass is projected 
along the table with a velocity of 10 ft. per sec., find the velocity of 
each body after the string is taut. 

Also find the impulsive tension of the string. 

4. Masses of 6 and 2 lbs. lie close to one another on a table and are 
connected by a light string 7 ft. long. Another string is fastened to the 
6 lb. mass and passing over a smooth pulley is fastened at the other end 
to a mass of 8 lbs. When this string is just taut, the system is allowed 
to move. What is the velocity of each mass after the 2 lb. mass is 
jerked off the table ? The strings are supposed to be inelastic. 

5. A mass of 8 lbs. is attached to a mass of 4 lbs. by a light 
inelastic string. The 8 lb. mass is at rest vertically below a small 
pulley fixed at the top of a smooth inclined plane falling 3 in 10, and 
the string passes over this pulley. The 4 lb. mass slides down the plane 
from rest, and when it has been in motion for 5 seconds, the string 
tightens. Find the velocity of each body immediately after this. 

6. A mass of 4 lbs. after falling fireely through 4 feet lifts a mass of 
12 lbs. from rest vertically upwards by means of a light inelastic string 
p>assing over a smooth fixed pulley. How far will the 12 lb. mass 
rise? 

What is the impulsive tension of the string when the jerk takes 
place? 

144. A hall falls from a height h on a horizontal pla/ne 
and rebounds, falls again and rebounds, and so on : find the 
total space described, and the time before the ball ceases to 
rebound. 

Let e be the coefficient of restitution. 

The velocity acquired in falling from height h 

= V2^. (t;« = u8 + 2/i) 
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Let u = ^/2gL 

Therefore the velocity immediately after the first rebound 

Therefore the body strikes the plane a second time with 
velocity eu, and rebounds a second time with velocity ehi,. 

Similarly, it strikes the plane a third time with velocity 
efht, and rebounds a third time with velocity er^u, and so on. 

u 

The time taken to fall to the ground the first time = — . 

9 

(«) = tt +/t) 
The time taken by gravity to destroy velocity eu — — . 

if 

The time taken by gravity to destroy velocity e^u = — , 

if 

and so on. 

Therefore the total time required 

u 2eu 2€^u 2€hi , . ^ 

= -H f- — -\ h ad mf. 

9 9 9 9 

u 
= - [1 + 2e (1 + e + e^+ . . . )] (Geom. Progression) 



9 1 1-^ S'U-e/ 



-v/| 



2A /I 4 e' 



9\l-eJ- 

Again, the body leaves the ground after the first impact 
with velocity eu, therefore it rises to height 

^-^^ = ^h. («' = ««+2/s) 

Similarly after the second impact it rises to height 
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and after the third impact it rises to height 

and so on. 

Therefore the total space described 

= A + 2 [e»A + e*A.+ e«A + ... ad inf.] 
= A + 2e'A [1+6^ + 6* + ...] 

(Geom. Progression) 






146. Assuming that rain falls freely from a height of 
729 feet, find the pressure per acre due to a fall of 3 inches in 
24 hours, (A cubic foot of water weighs 1000 ozs,) 

[N.B. The pressure on an acre is equal to the total 
momentum per second destroyed by the reaction of the 
ground.] 

The velocity on striking the ground 

= ^2g X 729 (t;» = «« + 2/«) 

= 8 X 27 ft. per sec. 

The volume of rain that falls on an acre in 24 hours 

= 9 X 4840 X i cub. ft., 

therefore the mass of rain that falls on an acre in 24 hours 

_ 9 X 4840 X 1000 „ 
■" 4 X 16 ' 

therefore the mass that falls per sec. on an acre 

9 X 4840 X 1000 „ 

lbs., 



4x16x24x60x60 
therefore momentum destroyed per sec. 
9 X 4840 X 1000 x 8 x 27 



4 X 16 X 24 X 60 X 60 



units of momentum. 
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Therefore pressure on an acre 

9 X 4840 X 1000 x 8 x 27 
= 4x16x24x60x60 P^"°^^^' 

9 X 4840 X 1000 x 8 x 27 ,, 

lbs. wt. 



4 X 16 X 24 X 60 X 60 X 32 
= 53^ lbs. wt. 



146. A continuotis jet of water is thrown by a fire-engine 
so as to strike a wall at Hght angles with a velocity of 80 ft, 
per sec. If the section of the hose he 4 square inches^ cLnd the 
water rebound with a velocity of 10 ft, per sec, find tlie 
pressure on the wall. 

The mass of water that reaches the wall per second 

= ^1^ X 80 X J^ lbs. 

Total change of velocity due to the impact 

= 80 + 10 = 90 ft. per sec, 

therefore momentum destroyed per second 

4 X 80 X 1000 X 90 ., . 

= :rT-A — qt'TT units oi momentum. 

144 X 16 

Therefore pressure on the wall 

4 X 80 X 1000 X 90 , , 

= — r4-4iri6 — P""^^^^« 

4 X 80 X 1000 X 90 „ ^ 

= — m — 77^ — w^ — ^"^s. wt. 
144 X 16 X 32 

= 390f lbs. wt. 

147. A pile of mass 12 cwt, is driven vertically into 
the ground by a mass of 6 cwt, falling on it from rest through 
a space of 9 feet. If the mean resistance of the ground to 
penetration by the pile be eqibol to 2^^ tons wt, find the 
distance through which the pile is dmven at each blow, the pile 
being considered inelastic. 
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The velocity with which the falling mass strikes the pile 

= >/2flr.9=24 ft. per sea (t;» = w« + 2yi) 

Since the pile is inelastic, the falling mass and the pile 
have a common velocity immediately after impact ; let i; be 
this velocity. Total momentum after impact equals that 
before, therefore 

(6 + 12) 112t; = 6x112x24, 

whence v = 8 ft. per sec. 

Let / be the retardation of the pile during its penetra- 
tion. The total upward force acting upon the pile then 

= resistance of ground — total downward weight 

= 42 X 112 X flr — 18 X 112 x g poundals. 

.-. 112^ (42 -18) = 18x112/, {P = raf) 

whence ^^'^^'i' 

Hence, if o^ be the distance of penetration required 

= 8«-2/a?, (t;« = tt« + 2/«) 

64 X 3 a c *. 
.'. fl? = — ■ — = I feet 

Sg ^ 

= 9 inchea 

148. Impact on a rough plane. A heavy particle 
impinges on a given rough plane in a given direction and vntk 
a given velocity : to determine its direction and velocity after 
impact 

Let m be the mass of the particle, and ^ the coefficient 
of dynamical friction; e the coefficient 
of elasticity. Also let the particle im- 
pinge with velocity t/ at an angle a 
with the normal to the plane, and be 
reflected with velocity v at an angle 
with the normal. 
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By Newton's Law of Elasticity 

vcos d = euco?ia (i). 

The chaDge of momentum along the plane (due to 
friction) 

= mu sin a — mv sin 0, 

The change of momentum at right angles to the plane 

= mu cos a-{-mv cos 0, 
/. mu sin a — mv sm0 = fi (mu cos a + mv cos 0) 
or V [sin -\- fi cos 0]=^u [sin a — /^ cos a]. 

Therefore from (1) 

V sin ^ + efiu cos a=u (sin a — ^ cos a), 
i.e. V sin ^ = 1^ sin a — fi(l +e)u cos a 

and t; cos = eu cos a, 

whence, squaring and adding, we determine v ; and dividing 
we have tan 0, 

EXAMPLES. XVl6. 

1. A body of mass 4 lbs., moving with a velocity of 22 ft. per sec, 
overtakes and coalesces with a booy of mass 6 lbs. moving with a 
velocity of 12 ft. per sec. : find the velocity of this compound body 
after impact. 

2. Two equal marbles Ay B, lie in a horizontal circular groove at 

opposite ends of a diameter ; A is projected along the groove and after 

a time t impinges on B : shew that a second impact takes place after a 

2t 
further interval — . 

e 

3. A shell of mass 24 lbs., moving with a velocity of 1500 ft. per 
sec, suddenly explodes into two portions: if the smaller portion of 
mass 8 lbs. is reduced to rest, find the velocity of the larger. 

4. A ball at rest on a smooth horizontal plane, at the distance of 
one yard from a wall, is impinged on directly by another equal ball 
moving at right angles to the wall with a velocity of one yard in a 
minute. If the coefficients of elasticity between the balls, ana between 
the balls and wall, bo J, prove that the balls will impinge a second time 
after 2min. 24 sees., the radii of the balls being of inconsiderable 
length. 
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The velocity with which the falling mass strikes the pile 

= V25r.9 = 24 ft. per sea (t^ = t*« + 2/i) 

Since the pile is inelastic, the falling mass and the pile 
have a common velocity immediately after impact ; let i; be 
this velocity. Total momentum after impact equals that 
before, therefore 

(6 + 12) 112t; = 6x112x24, 

whence v = 8 ft. per sec. 

Let / be the retardation of the pile during its penetra- 
tion. The total upward force acting upon the pile then 

= resistance of ground — total downward weight 

= 42 X 112x5r— 18x 112 xg poundals. 

.-. 112^ (42 -18) = 18x112/ (P = m/) 

whence ^'^~^^~Z' 

Hence, if a? be the distance of penetration required 

= 8«-2>, (t;» = tt» + 2/i) 

64 X 3 « - . 
.'. «? = — ; — = I feet 
Sg ^ 

= 9 inches, 

148. Impact on a rough plane. A heavy particle 
impinges on a given rough plane in a given direction and with 
a given velocity : to determine its direction and velocity after 
impax^t 

Let m be the mass of the particle, and /i the coefficient 
of djmamical friction ; e the coefficient 
of elasticity. Also let the particle im- 
pinge with velocity u at an angle a 
with the normal to the plane, and be 
reflected with velocity v at an angle 
with the normal. 
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By Newton's Law of Elasticity 

vcos 0=euco?ia (i). 

The change of momentum along the plane (due to 
friction) 

= mu sin a — mv sin 0, 

The change of momentum at right angles to the plane 

= mu cos a + mv cos 0, 
.*. mu sin a — mv sin 6 = fi (mu cos a + mv cos 0) 
or V [sin 6 + fi cos 0]=u [sin a — fi cos a]. 

Therefore from (1) 

V sin ^ + e/MU cos a=u (sin ol — /i cos a), 
i.e. vsind = u sin a — fi{l +e)u cos a 

and V cos 6 = eu cos a, 

whence, squaring and adding, we determine v ; and dividing 
we have tan 0. 

EXAMPLES. XVIe. 

1. A body of mass 4 lbs., moving with a velocity of 22 ft. per sea, 
overtakes ana coalesces with a body of mass 6 lbs. moving with a 
velocity of 12 ft. per sec. : find the velocity of this compound body 
after impact. 

2. Two equal marbles Ay B, lie in a horizontal circulai* groove at 
opposite ends of a diameter ; A is projected along the groove and after 

a time t impinges on B : shew that a second impact takes place after a 

2i 
further interval — . 

e 

3. A shell of mass 24 lbs., moving with a velocity of 1500 ft. per 
sec, suddenly explod&s into two portions: if the smaller portion of 
mass 8 lbs. is reduced to rest, find the velocity of the larger. 

4. A ball at rest on a smooth horizontal plane, at the distance of 
one yard Ifrom a wall, is impinged on directly by another equal ball 
moving at right angles to the wall with a velocity of one yard in a 
minute. If the coefficients of elasticity between the balls, and between 
the balls and wall, be J, prove that the balls will impinge a second time 
after 2 min. 24 sees., the radii of the balls being of inconsiderable 
length. 
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5. A perfectly elastic ball falls vertically for one sec. and then 
strikes a plane inclined at 45** to the horizon. Shew that it will again 
strike the plane in 2 sees. more. 

6. Masses of 6 lbs. and 2 lbs. are connected by a light inextensible 
string over a fixed smooth pulley. The heavier mass, after movine 
through 8 ft. from rest, strikes a fixed inelastic horizontal plane : find 
the velocity with which it leaves the plane when next the string 
becomes taut. 

7. Two equal perfectly elastic spheres are travelling in paraDel 
directions, and one overtakes the other, the straight line joining their 
centres at the instant of impact making an angle 6 with their direction 
of motion. If a and jS be the angles which their directions of motion, 
after impact, make with the straight line joining their centres, prove 
that tanatan^=tan^^. 

8. A perfectly elastic ball is projected from a point on the ground, 
between two parallel vertical walls, at a distance a apart, and after 
rebounding, first from one wall and then from the other, returns to the 
point of projection. If t* be the velocity and a the angle of projection, 
prove that u^ sin 2a=2a^. 

9. Compare the masses of the two portions into which a shell is 
divided if the velocity of one portion is reversed, and that of the other 
is trebled by the explosion. 

10. Two small spheres, of masses 10m and 11m, are projected from 
the same point, with equal velocities, but in opposite directions, along 
a circular groove. Where will the second impact take place, e being 
equal to f ? 

11. Three perfectly elastic balls a, &, c, of masses 1, 2, 3, are moving 
in the same straight line with velocities 8, 2, 1 ft. per sec. respectively ; 
a impinges upon &, and h upon c ; shew that a and h are reduced to 
rest, and c moves on with a velocity of 6 ft. per sec. 

12. The head of a nail is struck a direct blow by a hammer of 
4 lbs. mass, which at the instant of striking is moving at the rate of 
20 ft. per sec. Supposing the nail to be driven into wood a distance of 
half an inch, and the stress between the hammer and the nail to be 
uniform, find its magnitude. 

13. A weight P after falling through 4? ft. begins to raise a greater 
weight Q connected with it by a fine inelastic string over a smooth 
pulley. Shew that Q will have returned to its position after an interval 



2P /2jp 
-P\/ g' 



Q 

14. Two balls, of equal mass, are connected by a light inextensible 
string over a smooth fixed pulley, above a fixed inelastic horizontal 
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plane. If they are started with a velocity of 16 ft. per sec., find the 
velocity of each ball after three impacts with the plane have taken 
place. 

15. A sphere, mass 16 lbs., at rest is struck by another of mass 
8 lbs., moving with a velocity of 20 miles an hour in a direction making 
an angle of 45° with the line of centres at the moment of impact ; the 
coefficient of elasticity being J. Determine the subsequent motion. 

16. To a mass of 10 lbs. placed upon a smooth horizontal table a 
light inextensible string is attached, which passes over a small pulley 
at the edge of the table, and supports a mass of 2 lbs. If the smaller 
mass fell freely through 9 ft. before the string became tight, with what 
velocity would the greater mass begin to move along the table : and if 
the table were not smooth, and the coefficient of friction were f , through 
what distance would the greater mass move before coming to rest ? 

17. A series of equal, perfectly elastic, balls of different densities 
are arranged in the same straight line ; one of them impinges on the 
next and so on. Prove that, if their masses form a geometrical pro- 
gression of which r is the common ratio, the velocities with which they 
successively impinge will form a geometrical progression of which the 

common ratio is r-— . 

1+r 

18. A billiard ball A^ moving parallel to one side of the table, 
strikes an equal ball B (initially at rest) in the centra After B has 
struck the cushion and then struck A again, the velocity of A is three- 
fourths of its initial velocity, but in the opposite direction. Shew that, 
if e is the coefficient of elasticity between the balls and also between a 
ball and the cushion, ^■^(^•\-^=^ 

19. If AC^ BG bisect the angles between AB and the verticals 
through A and B respectively, and if F is the foot of the perpendicular 
from G on A By the least velocity of projection which will carry a pro- 
jectile from il to jB is that due to a height equal to ^4^. 

*20. A shot of m lbs. mass is fired from a gun of if lbs. mass placed 
on a smooth horizontal plane, and elevated at an angle a ; if the direc- 
tion of projection of the shot make an angle 6 with the horizon, prove 
that if tan B = {M-{-m) tan a. 

21. If two perfectly elastic smooth spheres, A and 5, impinge 
upon each other directly or obliquely, prove that jB*s velocity relative 
to J, after impact, will make the same angle with the Hne of centres as 
the relative velocity of ^4 to 5 did before impact. 

22. From a given point in a railway carriage, moving with uniform 
velocity in a straight line, bullets are fired continuously with a constant 
velocity at right angles to the rails, and with a constant inclination to 
the horizon. Find the locus at any instant of all the bullets which 
have not reached the ground. 
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23. A projectile thrown at a small elevation (3**) gives a range* of 
1000 yaixls on a horizontal plane. If the plane, instead of being nori- 
zontal, bad an upward slope of 1**, what would be the range in yards, 
approximately ? 

24. To a mass 5m resting on a smooth horizontal table a lig^t 
inelastic string is attached, which passes over a small smooth pulley at 
the edge of the table and supports a mass 3m hanging freely. Aiber 
the mass 5m has moved 18 inches from rest a second similar string 
which is also attached to it becomes tight. This latter string passes 
over a similar pulley at the opposite edge of the table, and is attached 
to a mass 4m resting on the ground at a point vertically below the 
second pulley. Assmning that the horizontal portions of the strings 
are in a straight line, determine the additional distance through which 
the mass 5m will move before it begins to move back towards its start- 
ing point. 

25. A particle of elasticity e is projected with velocity v at an 
angle a to the horizon, and after striking a fixed vertical wall at a 
horizontal distance h feet, returns to the point of projection: prove 
that gh (1 + e) = eu^ sin 2a. 

26. A solid smooth cylinder, of radius r, lies on a smooth horizontal 
plane, to which it is fastened, and an imperfectly elastic sphere, of 
radius 2r, moves along the plane in a direction at right an^es to the 
axis of the cylinder ; prove that if the coefficient of elasticity be greater 
than J, it cannot in any case pass over the cylinder after impact. 

*27. If two small perfectly elastic balls are projected at the same 

instant with velocities which are as 2 tan/3 and (l + 4tan*i8) , one up 
an inclined plane (angle ff), another in the same vertical plane, but in a 
direction making an angle ^ with the plane such that 2 tan ^= cot /3, 
prove that they will return to the point of projection at the same 
mstant. 

28. From a point at a height (h) above the ground and at the same 
distance from a smooth vertical wall an imperfectly elastic ball is pro- 
jected against the latter with the velocity due to a fall through the 
height h. If e=^, find the direction of projection that the ball 

after impact may strike the ground at a distance - from the foot of the 

wall. 

29. A smooth circular table is surrounded by a smooth rim whose 
interior surface is vertical. Shew that a ball of elasticity e projected 
along the table from a point in this rim in a direction making an angle 

tan~i a/ o with the radius through the point will return after 

two impacts to the point of projection. Shew also that, when it returns 
to this point, its velocity will have been diminished in the ratio 1 : e*. 
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♦30. Two spheres A and B, equal in all respects, rest in contact on 
a smooth table, and are impinged upon by a third sphere C of equal 
radius with A and B, whose centre is moving horizontally in the 
common tangent plane of A and ^ in a direction perpendicular to their 
common axis, the elasticity being perfect. Prove that if C's mass be 
half as large again as either A or J5's mass, C will be reduced to rest by 
the impact. 

31. If a perfectly elastic ball be let fall on an inclined plane, and 
rebound, striking the plane again, shew that the interval of the two 
collisions of the ball with the plane is independent of the inclination of 
the plane. 

32. Two equal spheres A and B, lying at rest and in contact on a 
smooth horizontal table, are impinged upon simultaneously by a third 
equal sphere C. If G remain at rest after the impact, prove that the 
coefficient of elasticity is §. 

33. A small elastic ball moving on a smooth horizontal table, 

impinges directly on an equal ball at rest. If this latter aft«r being 

struck impinge directly on a vertical plane at a distance a from the 

point of impact, shew that the balls will be in collision again at a 

2ae^ 
distance from the plane equal to » , e the modulus of elasticity 

being the same at each impact. 

34. A ball whose modulus of elasticity is J is let fall from a height 
h above an inclined plane whose elevation is 30°; after striking the 
plane the ball rebounds and strikes it again ; shew that the range on 

the plane between the two points of impact is equal to -^ . 

35. An imperfectly elastic ball descends from rest from the top of 
an inclined plane whose height is A, and inclination 45" ; shew that the 
range after the rebound of the ball from the horizontal plane will be A, 
if ^ be the coefficient of elasticity. 

36. An inelastic ball sliding along a smooth horizontal plane with 
a velocity of 16 ft. per second, impinges upon a smooth horizontal rail 
at right angles to the direction of its motion ; if the height of the rail 
above the plane be half the radius of the ball, prove that the latus 
rectum of the parabola subsequently described is one foot in length. 

37. A ball, whose coefficient of elasticity is e, is projected from a 
point in a horizontal plane so as to strike a vertical wall at a distance 
i, and after once rebounding on the horizontal plane returns to the 
point of projection : find the relation between the velocity and the 
direction of projection. 

38. An imperfectly elastic ball is thrown from a point P so as to 
impinge directly upon a vertical wall at a point whose horizontal and 
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vertical distances from P are A, h. If the coefficient of elasticity be e, 
determine the distance of the ball from P at the instant when, after 
rebounding from the wall, it is vertically below P. 

39. An imperfectly elastic ball movine on a smooth horizonUvl 
plane, impinges on a smooth fixed vertical plane : ^ven the initial 
position of the ball, shew that, whatever be the velocity and direction 
of projection before impact, the line of motion of the centre of the baU 
after impact will pass through a fixed point. 

40. Two elastic spheres, equal in all respects, are moving towards 
each other with equal velocities, their centres being on two parallel 
lines whose distance apart is d^ (less than d^ the diameter of either 
sphere) : prove that after impact they will move away from, each other 
with eaual velocities, so that their centres are on two parallel lines 
whose distance apart, c^j) ^ given by the equation 

d^ [^d^ + (1 - e^) rfi2] = d^d^, 

41. A red ball is placed on a spot 6 inches from the top cushion, 
and 3 feet from either side cushion, of a billiard-table which is 12 ft. bv 
6 ft. ; the coefficient of restitution between the ball and the cushion is |. 
From what point on the side cushion must another ball be aimed 
straight at the red one so as to drive the latter after two reflexions 
exactly into a comer ? 



149. When two smooth bodies impinge directly, kinetic 
energy is dissipated or lost by the impact, unless the elasticity 
is perfect 

Let nil, ^a be the masses of the bodies, Wi impinging 
on TWa, 111, ih tbeir velocities before impact, i^i-a, tia+js 
their velocities after impact, so that a and fi are positive. 

No momentum is lost, 

.•. mi {ill - a) + ina (i^ + ^) = miUi + m^u^. 

Whence niia^m^fi (1). 

By Newton's Law of Elasticity 

(ici - a) - (T^a + /3) = - e(i^i - Wa) ; 

/. a + ^ = (ai-iia)(e + l) (2). 
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Kinetic Energy before impact — that after 

= m^UiOL — ma^aP 2 2~" 

= rn^a {u^-u^ ^ (a + ^) ' from (1) 

= mia (wi — t^) ^ (i^ — 2^)(e + 1) from (2) 

= "Y" (^ - '"a) (1 - «), 
a positive quantity unless e = 1, which proves the proposition. 

150. To prove that, when two smooth bodies impinge 
obliquely, kinetic energy is dissipated or lost, except when the 
ekisticity is perfect. 




Let rwi, 7w^ be the masses of the bodies, 

i^i, 1^2 their velocities before impact along the line of impact, 

UifUi „ „ „ „ perp. to „ „ 

ill — «, Wa + yS their velocities after impact along the line of 
impact, 

Vi , Fa their velocities after impact perp. to the line of impact. 
B. n. 14 
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As in the previous article we can prove that 

^K»-K-a)']+^[«^'-(«. + ;8)'] (1) 

is a positive quantity except when e = l, when it is zero. 

Also since the effect of the impact is entirely in the line 
of impact, 

Fi=C7i and F,= I7„ 



.'. from (1), by addition 

is a positive quantity, except when e = 1. 

But ^ [ui^ + Ui^] is the K. E. of the mass mi before impact, 

and ^ [(i^ - a)« + F,«] „ „ „ „ after „ 

and so on for the mass tw^, 

i.e. there is loss of Kinetic Energy except in the case when 
the elasticity is perfect. 

This dissipated energy is expended in the generation of 
heat and sound. 

151. If a feet be the penetration of a shot of mass- m lbs. 
striking a fixed iron plate horizontally with velocity t;, find its 
penetration when the iron plate of mass M is free to m^ve and 
the shot strikes it in a horizontal line with its centre of 

gravity. 

In the case when the plate is fixed, the work done 
against the shot = the kinetic energy destroyed, therefore 
Pa = ^mv^, where P poundals is the resistance to penetration. 
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When the plate is free to move, let V be the common 
velocity of the plate and shot as soon as the shot is at 
rest within the plate. 

By Newton's 3rd Law, there is no momentum lost, 

.-. {m-{-M)V=mv (1). 

Also if X ft. be the distance of penetration here, the work 
done against the shot = the change in the kinetic energy of 
the system, 

and hence a = -n feet. 



152. A heavy perfectly flexible uniform string hangs 
with its lowest end at a height h above an inelastic horizontal 
plane. If the string be allowed to fail, find the pressure on 
the table at any time during the motion. 

Let m be the mass of unit length of the string. 

There will be no tension in any portion of the string 
during its fall. 

This can be seen by considering any portion of the 
string: take a length I measured from the lowest end, and 
let T be the tension at the upper end of this portion. 

The moving force acting upon this = mg — T vertically 
downwards, 

.-. mg-T==mg, {P=.mf) 

.'. T = 0. 

Hence each particle of the string will fall freely and 
independently under the action of gravity. 

At time t the velocity of each particle = gt ; therefore if 
the striug has reached the table, the mass of string which 

14—2 
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reaches the table per sec. = mgt ; therefore momentum per 
second destroyed by the table 

= mgt . (gt) = mgH\ 

Also at this instant there will be lying on the table 
a mass of length ^gt^ — h ; and the pressure on the table of 
this portion 

= mg (igt^ - A). 

Therefore total pressure at time t on the table = momen- 
tum destroyed per sec. by the table + weight of portion on 
the table 

= mgH^ + mj {\gt^ - A) = %mgH^ - mgh. 



EXAMPLES. XVI /. 

1. An inelastic ball slides down a smooth inclined plane AB of 
elevation 30°, through a distance of 8 feet, and then strikes a horizontal 
plane BG, Prove that the ball runs along the plane BC with a velocity 
of 8^3 ft. per second. After a time the ball reaches a rough part of the 
plane BG where the coefficient of friction is ^. How much further will 
it run? 

2. AB, BG, GD are smooth planes, BG being horizontal, and AB, 
GD inclined at an angle of 30** to the horizon. An inelastic ball slides 
down AB through a distance of 2 feet. What is its velocity along BG^ 
and how far will it ascend GD \ 

3. An inelastic ball, after sliding down an inclined plane of 
elevation a, strikes a rough horizontal plane, coefficient of motion fi . 
with velocity u. Prove that the ball starts along this plane with velocity 
i^cosa — /it^sina. 

4. Two balls lying on a smooth table are connected by a light 
inelastic string. If the balls are of equal mass, m, and one is proiected 
along the table with velocity w, find the loss of kinetic energy due to 
the jerk of the string when it tightens. 

5. A pile weighing 4 cwt. is being driven into the ground by a weight 
of 3 cwt. let fall on it from a height of 13 feet. If each blow drives the 
pile } of an inch, show that the resistance of the earth to penetration 
is between 13 and 14 tons wt. (Assume this resistance to be a constant 
force and that after the blow, the weight and the pile move on together 
until stopped by this force.) 
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6. Two balls, of masses 4 lbs. and 2 lbs., moving in opposite 
directions with velocities 20 and 10 ft. per sec. respectively, impinge 
directly. Find in ft. -lbs. the kinetic energy dissipated by the impact, 
if the coefficient of elasticity be J. 

7. A smooth ball strikes a ball of equal mass lying at rest. If the 
moving ball makes before impact an angle of 30** with the line joining 
the centres at the instant of impact, find the total loss of kinetic energy 
caused by the impact. 

8. A perfectly inelastic body, of given mass and moving with a 
given velocity, is brought to rest by coming into direct collision with a 
second perfectly inelastic body moving in the opposite direction. Show 
that the kinetic energy of the second body must be inversely propor- 
tional to its mass. 

9. Prove that the resistance of the wood is 204 lbs. wt. to a nail 
weighing 1 oz., supposing a hammer weighing 1 lb. striking with a 
horizontal velocity of 34 ft. per sec. drives the nail 1 inch into a fixed 
block of wood. 

If the block is free to move, and weighs 68 lbs., prove that the 
hammer will drive the nail only || inch. 

10. A gun weighing 4 tons, fires a shot of 160 lbs. If the powder 
generates 10^ ft. -lbs. of mechanical energy, determine the muzzle velocity 
of the shot to the nearest 10 ft. per sec. Assume the gun horizontal ana 
free to recoil. 

11. A railway truck of mass m when moving with a velocity Zv 
strikes a truck of mass m! at rest, and moves after impact with a 
velocity v in the same direction as before. Determine the velocity of 
the second truck after impact, and the kinetic energy lost by the 
system. 

12. A force of 1200 tons wt. acts upon a shot weighing 700 lbs. whilst 
it moves through a distance of 12 feet in the direction of the force, and 
then ceases. Supj>osing the shot without diminution of velocity to 
strike a target and penetrate it to a depth of 12 inches, then coming to 
rest, find the pressure exerted by the shot on the target, supposing it 
to be uniform during penetration. 

13. A man of mass M standing on perfectly smooth ice picks up a 
stone of mass m as it is sliding towards him with velocity v. At what 
rate will the man begin to slide ? State precisely what he must do with 
the stone if he wishes to return to his original station at the same speed 
{xs that with which he left it. 

14. In the previous question how could the man bring himself to 
rest again ? 
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15. A bullet weighing 60 grammes is fired into a target with a 
velocity of 500 metres per sec. The target weighs a kilogramme, aud is 
free to move. Find m kilogram-metres the loss of energy in the 
impact. 

16. A gun is fired when it is moving forwards horizontally with a 
velocity of 6 fb. per sec., and the recoil brings it to rest The mass of 
the gun and carriage is 100 tons, of the shot 1000 lbs., and the mass of 
the powder may be neglected. Find the velocity with which the shot 
leaves the gun. 

17. A cannon ball, whose mass is 1 cwt., strikes a suspended target 
of mass 10 tons with a velocity of 1200 fL per sec. Find the velocity 
with which the target begins to move after the impact (1) when the 
shot is embedded in it, (2) when the shot just penetrates it. 

18. A 2 oz. bullet, striking a fixed block, penetrates it to a depth of 
6 inches ; prove that if the block, of mass 10 lbs., be free to move, the 
bullet will penetrate to a depth of |y feet, supposing the bullet to 
strike the block in a horizontal line through the o.a. of the block. 

19. A smooth tube is bent into the form r, so as to have a sharp 
comer. Two particles B and C joined to a third particle A by separate 
strings of lengths h feet, 6 -he feet respectively are placed in the hori- 
zontal tube. Initially A is placed at the top of the vertical tube, while 
B and C are as far from A as the strings permit. The three particles 
being of equal mass, find how many seconds will have elapsed before 
B reaches the top of the vertical tube. Show that if 3c is not 
greater than 26 then c will come to the top of the vertical tube 

^^ — .—S seconds after tlie motion begins. 
\f2bg ^ 

20. Two bodies whose masses are m and m' are connected by a 
cord passing over a smooth pulley. The pulley is at a height 2A above 
a table, on which is another body of mass m — m\ vertically under m\ 
and attached to m' by another cord of length h. The system is let go 

from a position in which m' is at a height - above the table, and the 

table does not interfere with the motion of m. Find the velocity of vC 
just before the second cord becomes tight. 

Find also the velocity of m just after the second cord becomes 

tight. 

21. Two scale pans of mass 2m and m are connected by a light 
inelastic string and hang over a smooth pulley. When the system is 
moving with velocity v, a ball of mass m falling at the instant with 
velocity v drops into the rising pan and sticks to it. Find the velocity 
of the system immediately after the impact. 

22. In the previous problem find the velocities immediately after 
impact of the various masses if e is the coefficient of elasticity of the 
falling ball. 
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CHAPTER XVII. 

MOTION ON A SMOOTH CURVE UNDEK THE ACTION 

OF GRAVITY. 



153. If a particle, having initial velocity u, glide doom 
an arc of a smooth curve in a vertical plane, wlien it has 
descended through a vertical height h, its velocity (v) vnU be 
given by the formula : — 

i^ = ii? + 2jrA. 

\st Proof; based on tfie Principle of the Conservation of 
Energy. 

The direction of motion at any point 
on the carve iis along the tangent at that 
point. The reaction of the curve \a per- 
pendicular to this fhre^c^iion. 

Therefore the reaction of the curve 
does no wort on the body. Heo45e 
the only work done i» that dr^ie by 
gravity. 

Let m be the mnm of the partide^ 

The chaoge of iU kinetic energy «tl»^ work dof)« by 
gravity. 
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Alternative Proof. 

Let the particle start down the arc AB from A with 

velocity u, and let t; be its velocity 
when it reaches B, a point at a vertacal 
distance h below A. Suppose the are 
divided into a large number (n) of equal 
arcs, so that each portion is very smaU, 
and therefore approximately a straight 
line. 

Let Pi, Pj...Pn_i be the points of 
division, and let Vi, i;^... be the velocities 
of the particle at these points reapec- 
tively. Consider the rth division 
PrPr+i- Draw PrN and Pr^iM horizontally and Pr+i-B 

vertically to meet P^iV at JB; then Pr+iB = -. PrPr+i 

ti 

being approximately a straight line, the acceleration along it 

is ^ cos PrPr+iiJ. 

.•. t;"r+i = V + 2g cos P^Pr+i R X PrPr+i 

•^ n 




Similarly at Pj 



t^« = i^«-f 2a-, and so on. 
^ n 



.-. t;a^ = t;x«+2flr-, 



t^,^i = 



t;»^ + 2flr-, 



ii'^v'n-i+2g-; 



therefore by addition t;» = w« + 2gK 
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Cor. If the body be projected up the curve with 
velocity u, instead of downwards, we have in the same 
manner 

v* = 14' - 2gh, 

where v is its velocity when it is at a vertical distance h 
above its point of projection. 

154. We notice that the vertical height through which 
the particle moves is independent of the shape of the curve. 
The particle may first ascend, then descend, ascend again, 
and so on. The time, of ascent or descent as the case may 
be, cannot in general be found without the help of the 
Differential Calculus. 

The theorem can also be applied to the motion of a 
particle at the end of an inelastic string fastened to a fixed 
point; for the constraining force, the tension of the string, 
will always be noraial to the path of the particle. 

155. A particle slides down the outside of a smooth 
vertical circle. To find where it leaves the curve, if it starts 
from rest at the highest point 

Let AB be the vertical diameter of the circle, C its 
centre, r its radius. 

Let P be the position of the 
particle, of mass m, at any instant, 
V its velocity at that point. 

Draw PN horizontally to meet 
AB di,i N. And let AN=h, anrie 
AGP = 0. 



The forces acting on the particle 



are:- 




(1) jR the normal pressure of the curve along the 
radius CP. 

(2) mg the weight of the particle vertically downwards. 
The total force in direction PG is, therefore, 

mg cos ^ — iJ. 
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But since the body is describing a circle, the resultant 
force must be — along PC. (Art. 95) 

/. mgcos0—K = — (1). 

Also since the body slides under the action of gravity on 
a smooth curve 

f^=:2g.AN= 2gh. (Art. 1 53) 

Hence from (1) R = m\ g cos — 

Now the reaction R acts outwards, and therefore the 
particle will remain on the curve as long as i2 is positive; 
and at the instant when it leaves the curve R = 0. 

Hence if P be the point where it leaves the curve 

T 

and A = ^ . 

Its velocity at that instant = *^2gh = a/ -^ . 

After leaving the curve the particle describes a parabola 

156. A particle, of mass m, is suspended by a string, 
of length r, from a fixed point It is then projected witii 
velocity u in a horizontal direction so that it describes a 
vertical circle : to find 

(1) the velocity of the particle at any point in its path ; 

(2) the tension of the string „ „ „ „ ; 

(3) the initial velocity if the particle just makes complete 
revolutions. 
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Let AGB be the vertical diameter of the circle, v the 
velocity of the particle when it is at 
P, T the tension of the string, 6 the 
angle FOB, h the vertical height of 
P above B the lowest point. 

Draw PN perpendicular to AB, 
so that BN=h. 

Then 

v^ = w'-2gh (i), 

/. V = Vw* - 2gh. 
Also since the particle is moving in a circle, the resultant 




force along the normal PG= 



mv^ 



(Art. 95) 



.*. T — mgcoaO^ 



mv^ 



T = mg cos + 



mv^ 



= ^\_9 (^-^) + '-'-^^ > from (i), 



m 



= -f[u^ + g(r-3k)] (ii). 

Thus we have found the velocity (v) and the tension (iT) 
at any point. 

Now T must remain positive throughout the motion, for 
a string cannot exert a thrust; also from equation (ii) we 
see that T is least when h is greatest, ie. at the highest 
point. 

Therefore the particle will just make complete revo- 
lutions if the tension at the highest point is zero. 

In this case, we have from equation (ii) 

i*'-f5r(r-6r) = 0. 
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/. u^ = 5gr, 



u=\5gr. 

Therefore the least velocity the particle can have at its 
lowest point, if it is to make complete revolutions, is VS^r. 

157. A ball is connected with a fixed point by means 
of an inelastic string of length 6 feet It is held, with the 
string taut, at a point 3 feet above the horizontal through 0, 
and then let fall : find its velocity immediately after ihe 
string becomes taut again, and the height, above 0, to which 
it subsequently rises. 

Let the body drop from P, so that the string becomes 

taut again when the body reaches 
Q ; we see that PQ = 6 feet. 

Let V be the velocity of the 
body at Q, 

tJ" = 2g X 6 = 12 xS2...(i). 

At Q the impulsive tension of 
the string destroys the component 
of Q*8 velocity in the direction QO ; 
and the velocity, v cos 30°, at right 
angles to the string is unaffected 
by the impulse. The velocity of the ball immediately after 

V3 
the string becomes taut is therefore t; cos 30** = v -^ along 

the tangent at Q The ball then describes the circle QMR, 
and the motion is equivalent to that on a smooth curve. 

Let the body rise to a height sc above the horizontal 
through 0, then we have a velocity v cos 30° destroyed by 
gravity in the vertical height {x 4- 3) feet. 

= (v cos 30°)» '-2g(x-\- 3), (v^ = ti> + 2fs) 

2g (a? + 3) = 12 X 32 x f , from (i), 

2a;+6 = 9, 

fl7= IJ feet. 
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EXAMPLES. XVII. 

1. A particle of mass 3 lbs. is attached to a fixed point by means 
of a string 4 ft. long ; it is held with the string horizontal and then let 
fall : find the tension of the string and the velocity of the particle when 
it reaches its lowest point. 

2. A particle of mass 8 lbs. hangs at one end of a string 4 ft. long, 
the other end being attached to a fixed point, and is projected horizon- 
tally with a velocity of 32 ft. per sec. : find the tension of the string 
when the particle has risen through a vertical distance of 6 feet. 

3. A heavy particle slides from rest at the highest point down the 
inside of a hemispherical bowl placed with its rim horizontal. Shew 
that the velocity at the lowest point varies as the square root of the 
radius of the bowL 

4. A bead slides on a wire bent into the form of a parabola whose 
axis is vertical and vertex upwards ; if the bead be just displaced from 
its position of equilibrium, then at any subsequent time its velocity 
will vary as its distance from the axis. 

5. A ring loosely strung on a smooth vertical circular wire slides 
from rest at any point: shew that its velocity at the lowest point 
varies as the chord of the arc of descent. 

6. One end of a string is fixed, and a weight of 1 lb. is attached to 
the other. If the weight be raised till the string is horizontal, and 
then let go, find the tension of the string when it becomes verticaL 

If the string is just able to bear a strain of 1 lb., find at what point 
of the fall it will break. 

7. If a heavy particle is allowed to fall from the edge down the 
interior of a smooth hemispherical bowl, prove that its pressmre on the 
surface at the lowest point is three times the weight of the particle. 

8. A heavy particle is tied to the end of a string 10 feet long, the 
other end of which is fastened to a point ^ ; at a distance 3 ft. below 
A J and in the same vertical line with it, is a peg B; the particle 
descends through an angle of 45°, when the string comes to the peg £; 
find the angle through which the particle will rise afterwards. 

9. A small heavy ring can slide upon a cord 34 ft. long which has 
its ends attached to two fixed points A, B in the same horizontal line 
and 30 ft. apart. The ring starts — the string being tight — from a point 
6 ft. from A ; show that, when it has described a length of the cord 
equal to 3 ft., its velocity will be 10*12 ft. per sec. nearly. 

10. A heavy particle is connected by an inextcnsible string 3 ft. 
long to a fixed point, and describes a circle in a vertical plane about 
that point, its velocity at its lowest point being that due to a fall 
through 10 ft. ; find the ratios of the tensions of the string at the 
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highest and lowest points of the circle, and when the string is hori- 
zontal 

11. A heavy ring slides down a smooth parabola whose axis is 
vertical and latus rectum 2^ ft., starting from rest at the vertex : find 
its velocity when it is 5 ft. from the starting point. 

12. A particle slides down an arc of a vertical circle from rest at 
one extremity of the horizontal diameter: find expressions for the 
acceleration along and perpendicular to the arc and for the velocity and 
for the pressure on the arc at any point. 

13. A weight P is attached to the extremity of an inextensible 
string OP fixed at the end 0. P is held so that OP is stretched at an 
angle a to the vertical and above 0. If P be then allow^ to fall, prove 
that when it next comes to rest its height above will be to its initial 
height as cos (ir — 2a) : 1. 

14. A cannon weighing 12 cwts. swinging horizontally by two 
vertical suspending ropes of equal length, 9 feet, projects a baU and 
is raised by the recoil 2*25 ft. above its lowest position. Find the 
momentum of the ball, and the tension of the ropes at the instant of 
discharge. Find also the tension of the ropes at the instant when the 
cannon reaches its highest point. 

15. A heavy bead, loosely strung on a smooth vertical drcular 
wire, falls down it from rest at the highest point 0. When at any 
assigned point, find the rate at which its distance from (in a straight 
line) is increasing. 

16. A heavy particle slides from rest at the highest point of the 
surface of a smooth fixed sphere of radius r. Find the latus rectum of 
the parabola described by the particle after leaving the sphere. 

17. A heavy particle is projected horizontally, with velocity «, 
from the highest point of a vertical circle of radius r: find where it 
leaves the curve. 

18. An elliptical wire of eccentricity \/| is placed in a vertical plane 
with its major axis inclined to the horizontal at an angle 60°. If a small 
heavy ring is allowed to slide along the wire from rest at the higher 
extremity of the major axis, shew that its velocities at the two enoiB of 

the minor axis are as \/2 : 1. 

19. A system of circles in the same vertical plane is drawn having 
a common highest point. Particles slide down the circles from rest at 
the highest point, and after a time leave the circles. Shew that the 
foci of the free paths all lie on a straight line, and find its inclination to 
the vertical. 

20. A heavy particle slides from rest at a point on a smooth fixed 

sphere, of radius r, at an angular distance a from its highest point. 

Show that the latus rectum of the parabola which the partide describee 

rx 1 • XI u • 16rcos3a 
alter leaving the sphere is — - - — , 
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CHAPTER XVIII. 



SIMPLE HARMONIC MOTION. PENDULUM. 



158. Simple Harmonic Motion. 

If a point move in a straight line so that its accele- 
ration is always directed towards a fixed point in 
that line, and varies directly as its distance firom 
that point, then the moving point is said to have 
a simple harmonic motion. 

A point P starting from A describes the circle ABA'B' 
with uniform velocity ; take the 
diameter AGA' of this circle 
and draw PQ perpendicular to 
it; to prove that while P de- 
scribes the circle uniformly, the 
point Q has a simple harmonic 
motion. 

We have to shew that the 
acceleration of Q is towards the 
centre C, and varies as CQ, 

Let V be the velocity of P in the circle, m its angular 
velocity about the centre G, so that v = r©, where r is the 
radius of the circle. Let Z PCQ = and draw the tangent 
PT at P to meet GA produced at 1\ 

Now since P describes the circle with uniform velocity v, 

its acceleration is along PC, and equal to — = wV. Hence, 
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since FQ is always at right angles to AA\ and Q moves 
alone AA\ the acceleration of Q is equal to the component 
of Ps acceleration in the direction QC; 

Le. Acceleration of Q 

= ft)V cos PCQ 

= a>V cos 

= (o^x, where CQ = x, 
OCX, since od is constant. 

Thus we have shewn that the acceleration of Q is towards 
the centre C, and varies directly as its distance from O, 

Therefore the point Q moves with a simple harmonic 
motion. 

169. To find the velocity of the point Q, and to shew thai 
it oscillates from A to A\ and back to -4, 

The velocity of F 

= v = ra} along TF, 
and the velocity of Q 

= the component of F'a velocity along QO 
= rto cos PTO 
= ro) sin 

= a>.FQ 

We see that as x diminishes the velocity of Q increases, 
and vice vers^. 

When P is at J. the velocity of Q = 0, for x = r. 
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As P moves from A to B the velocity of Q increases, for 
X diminishes. 

When P is at £ the velocity of Q = ©r, for a? = 0. 

As P moves from B to A' the velocity of Q decreases, for 
X increases. 

When P is at A' the velocity of Q = 0, for x = r. 

As P moves from A' to B the velocity of Q is reversed 
(for the acceleration is towards C always) and increases. 

When P is at B' the velocity of Q = cor, for a? = 0. 

As P moves from B' to A' the velocity of Q diminishes, 
for X increases. 

When P is again at A' the velocity of Q again = 0. 

After this the motion repeats itself 

We have thus shewn that the motion of Q is oscillatory 
from A io A' and back, that Q*s velocity is zero at A and A' 
and greatest (= ro)) at the centre C. 

160^ To find the time of a complete oscillation from 
A to A' y and hack to A, 

The time taken by Q to move from -4 to Q 
= the time taken by P to move in the circle from -4 to P 

= — , for 0) is the angular velocity of P in the circle ; 
therefore the time from A to -4' = — , 

0) 

and the time of a complete oscillation from A to A' and 
back to A 

_2^ 

Cor. The time from -4 to P may be expressed in terms 

of Xy for 

/) ^ 
cos a = - . 

r 

li.D. 15 



226 DYNAMICS. 

Hence, time from A to P 



= — = — COS"* 
Q) 0) 



161. In cases of Simple Harmonic Motion we usually 
take a)' = /A. 

This makes the acceleration fi, CQ (Art. 158) 

Amplitude. The range CA or CA' of the moving point 
on either side of the centre C is called the Amplitude of the 
oscillation. 

Periodic Time. The interval of time from the instant 
when the moving point leaves one position to the instant 
that it reaches the same position again, having the same 
velocity and direction as before, is called the Peiiodio 
Time. 

It will be seen from the preceding articles that we have 
established the following, for Simple Harmonic Motion : 

Acceleration towards the fixed point G—fix. 

Velocity at distance xfrom thefi^ed point 0=^'^fi (r* — «•). 

The velocity at A and also at A' is zero. 

Maocimum velocity = r V/I at G. 

Time from rest to a point Q distant xfrom 



= 7= = "7= cos M-l. 



Periodic Time = -j= . 

We also observe that the Periodic Time is independent 
of the Amplitude ; i.e. whether the oscillation be great or 
small, the periodic time is the same. 

Such an oscillation or vibration is said to be isochronoue* 
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. Pendulums. 

162. Simple Pendulum. A small heavy mass, termed 
be bob, suspended from a fixed point by means of a light 
}ring or wire, and made to oscillate in a vertical plane, is 
ailed a Simple Pendulum. 

The time of swinging from rest to rest is called its Time 
f Oscillation or Vibration, or a beat. 

The time of swinging from rest to rest, and back again to 
est (often termed a swing-swang), is called its Periodic Time, 

We shall only be concerned in this chapter with the 
scillations of simple pendulums of very small amplitude, 
nd by ' small ' we mean that the ratio of the arc of oscillation 
the length of the pendulum is small 

163. If I be the length of a simple pendulum oscillating 
hrough a smMl angle, the time of a complete oscillation 



swing-swang) is 27r a/ - . 



9 

Let be the point of suspension, m the mass of the bob, 
^Q the arc of oscillation. Draw OA ver- 
ically so that A is the lowest point of O 

he arc. 

Draw PT the tangent at P to meet 
M produced at T, and let /.AOP = 0. 

Since the arc AP iq very small, the 
:hord AP, the arc AP, and the tangent 
PT are approximately equal and coin- 
cident; also the angles OP A, OAP are 
lery nearly right angles. 

The only forces acting on the bob are the tension of the 
itring along PO, and the weight of the bob. 

15—2 
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Hence the only force in the direction of motion of the 
bob, i.e. along PA, is the component of mg in that direction, 

= mg sin 6 

= mgOy approximately 

_ mg . AP 
I ' 

Therefore the mass m has an acceleration towards A 
equal to 

g^AP 

I ' 

This varies as AP, the distance from A. 
Therefore we have a simple harmonic motion. 
Therefore the Period of oscillation (time of swing-swang) 

27r , / 27r 



= ^^ seconds (-^ . Art. 160 J 



7? 



seconds. 



Thus we see that provided the amplitude is small, the 
Period of oscillation of a simple pendulum is isochronous, 
and therefore independent of the amplitude. 

Also, under the same condition, the period of oscillation 
varies directly as the square root of the length of the 
pendulum. 

164. Simple Equivalent Pendulum. 

In the previous article we have neglected the mass of 
the string or wire, and we have considered the bob as a 
particle ; but with an ordinary pendulum, such as that used 
with a clock, the bob is of appreciable size, and the wire 
of appreciable mass. 

The length of a simple equivalent pendulum, is the length 
of that simple pendulum which has an equal periodic tima 
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165. The Seconds Pendulum, 

To find the length of a seconds pendulum^ i.e. of a pendulum 
which makes a swing from rest to rest in one second. 

[N.B. , Its time of complete oscillation = 2 sees.] 
Let I be its length, then by Article 163, 

y 9 
.-. I = — _ feet. 

IT 

The length therefore depends on the value of g^ the 
acceleration of gravity. 

Taking ^r = 32 and tt = ^ 

I = 38*88 inches. 

166. To find the change in the number of oscillations, 
or vihrationSy in a given time due to a change of length of 
pendulum. 

Let a pendulum of length I make n beats in t seconds 
and a pendulum of length l + a make n — x beats in t seconds. 

In the first case, time of a beat 

= i = ^Ji. (Art. 163.) 

n \ g 

In the second case, time of a beat 



""ti-a'^^V g 
n—x _ / I 



•••' = » ['V.-fal-L^-^^j)"]- 
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Cor. If a be small compared with Z, 

a?=nl — fl — ^+...j [Binomial Theorem] 

= -^ approximately. 

167. To find the change in the number of oscillations 
in a given time due to a change in the value of g. 

Let a pendulum of length I make n beats in time t, with 
acceleration </, and let it make n-\-x beats in time <, with 
acceleration g + g'* 

In the first case, the time of one beat 

^l^'^Vg' (Art. 163.) 

In the second case, the time of one beat 



^zh.'^'^jA^' (^163.) 



. n + x /g_±^ 

The value of g does not vary much on the earth's surface, 
hence in that case g' is small, and powers of — may be 
omitted. 

.....„[(i+^)'_i] 

= nl + ^ — — 1 approximately 

[Binomial Theorem] 
~ 9 approximately. 
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168. Variation in the value of g. 

Every particle attracts every other particle with a force 
which varies directly as the product of the masses, and in- 
versely as the square of the distance between them, 

Newton discovered this law, which holds throughout the 
universe. From this it can be proved (the proof does not 
come within the range of Elementary Dynamics) that the 
attraction of a sphere on any mass outside it is the same 
as if the whole mass of the sphere were collected at its 
centre, i.e. as if the sphere were a particle. 

Hence the attraction of the earth on any particle outside it 
varies inversely as the square of the distance from the centre. 

Therefore if g be the value of gravity at the earth's 
surface, gi the value of gravity at height h from the earth's 
surface, and r the radius of the earth, 

g (r-^-hf 

Similarly it can be proved that 

The attraction on a particle inside the earth varies directly 
as its distance from the centre. 

Therefore it g^ be the value of gravity at a depth d below 
the surface of the earth, 

g2^ r-d 
9 r ' 

169. To find the change in the number of oscillations or 
beats, in a given time, due to ascending to a height h above the 
surface of the earth. 

Let r be the radius of the eartL 

Let a pendulum of length I make n beats in time t, with 
acceleration g, at the surface of the earth, and n — x beats in 
time t, with acceleration g — g , at height A from the earth. 

In the first case, the time of one beat 



^i = ^Ji. (Art. 163.) 



n y g 
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In the second case, the time of one beat 



t j l 

n-x ^y g—g" 

" n "V g~' 
= _^ (Art. 168) 



- a? 1 

i.e. 1 = 



r 



-{ 



1 + ^^"' 



= 1 approximately (Binomial Theorem), 



for h is small compared with r. 

_nh 
r 

i.e. the decrease in the number of beats = — . 

r 



170. To find the change in the number of oscillations or 
beatSy in a given timBy diie to descending to a depth d below 
the surface of the earth. 

Let r be the radius of the earth. 

Let a pendulum of length I make n beats in time t, with 
acceleration g, at the surface of the earth, and n — x beats in 
time t, with acceleration g — g\ at the depth d. 



In the first case, the time of one beat 

t 11 

= - = TT A /-. 

n M g 
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lu the second case, the time of one beat 



t I I 

n—x \ g ■- g 

n — X 



n 



=x/^-/ 



= /y/^^(Art.l68). 



.-. 1 



r 



n \ rj 



= 1 — ^ approx. (Binomial Theorem) 



2r 

for d IS small compared with r, 

__nd 

i.e. the decrease in the number of beats 

_nd 
"2r' 
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EXAMPLES. XVIIL 
[ir=y. Radius of earth=4000 milea] 

1. A particle moves with simple harmonic motion, starting from 
a point 5 ft. from the centre of its path: find its maximum velocity 
when 11 sees, is its periodic time. 

2. A particle moving with simple harmonic motion has an aoceleia- 
tion of 4 ft. -sec. units at a distance of 1 foot from the centre of its path: 
find its amplitude when its velocity at a distance of 3 ft. from its centre 
is 4 ft. per second. 

3. A particle moving with simple harmonic motion has a velocity of 
4 ft. per sec. when at a distance of 1 ft. from its centre, and a velocity 
of 3 ft. per sec. when at a distance 2 ft. : prove that its periodic time is 

2n-\/21 , 

— = — seconds. 

4. A j^article moving with simple harmonic motion starts at a 
X^oint 7 ft. from the centre of its path and has a maximum velocity of 
11 ft. per sec. : find its periodic time. 

5. Find the length of a pendulum whose beat is 5 secondSi 

6. Find the beat of a pendulum 800 ft. long. 

7. How many oscillations will a pendulum 8 feet long make in a 
day? 

8. How many beats will a pendulum 17 '44 centimetres long make 
in 352 sees.? (^=981.) 

9. A clock with a seconds ])cndulum loses 8 sees, a day : find 
approximately the required alteration in its length. 

10. A pendulum 3 ft. long is observed to make 700 oscillations in 
671 sees. ; find approximately the value of ^r. 

11. A seconds pendulum is lengthened by 2 inches : find how many 
seconds it then loses in an hoiu*. 
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12. A pendulum which beats seconds where g=S2 is taken to a 
place where ^=32*2 : find the number of seconds it gains in 4 hours. 

13. A pendulum beats seconds at sea-level : find approximately the 
height above sea-level of the summit of a mountain where the same 
pendulum beats 3599 times in an hour. 

14. A pendulum which beats seconds at the surface of the earth is 
taken down a mine half a mile deep: how many oscillations does it 
then lose in a day ? 

15. A simple pendulum performs 21 complete vibrations in 44 sees. ; 
on shortening its length by 47*6875 centimetres, it performs 21 com- 
plete vibrations in 33 sees. : from this determine the value of gravity in 
cm. -sec. units. 

16. A clock is regulated by a pendulum which would beat true 
seconds at the pole, but such that the clock would lose 9 sees, in the 
hour if at the equator. In the latter situation the clock will however 
keep correct time if the pendulum be shortened by -^^^ of an inch. 
Find the values of gravity at the pole and at the equator.^ 

17. A pendulum whose length is I makes m oscillations in one day ; 
its length is diminished by a small quantity and it is found to make 
m + 7i oscillations in a day : shew that the diminution of its length is 

equal to — nearly. 

18. A seconds pendulimi is lengthened 05 inch : find the number 
of seconds it will lose in 24 hours. 

19. A pendulum of length I has one end of the string fastened to a 
peg on a smooth plane inclined to the horizon at angle a. With the 
string and the weight on the plane its time of oscillation is 2 sees. 

Find a, having given that a pendulum of length — ^ oscillates in one 
second when suspended vertically. 

20. A clock which at the surface of the earth at a certain place 
gains 10" a day, loses 10" a day when taken down a mine; compare the 
force of gravity at the surface and at the bottom of the mine. 

21. A seconds pendulum loses 20 beats per day when taken to the 
top of a mountain. Find the height of the mountain. 

22. If a seconds pendulum loses 2 seconds per day, find approxi- 
mately what alteration should be made in its length. 

23. A seconds pendulum at sea-level gains n sees, per day : to what 
height must it be elevated in order to keep true time? 

24. A seconds pendulum is lengthened by heat by the 100*^^ part 
of itself; how many seconds does it lose in a day ? 



236 DYNAMICS. 

25. If a pendulum make 40,000 vibrations in 6 hours at the level 
of the sea, how many vibrations will it make in the same time at a 
height of 10,560ft aoove the sea-level? 

26. Shew that the number of vibrations made in a day by a 
pendulum of given length varies, with a variation in the latitude, as 
the square root of the length of the seconds pendulum at the place of 
observation. 
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CHAPTER XIX. 



MOTION OF CENTRE OF GRAVITY. 



171. To find the velocity of the centre of gravity of any 
number of heavy particles of given masses moving uniformly 
in a plane. 

Let the position and motion of the balls be referred 
to two rectangular axes Ox, Oy in 
the plane of motion. 

Let 7^, m2>«-» l>e the masses of 
the particles; (a?,, yi), (a^g, y^), ... the 
co-ordinates of their positions at the 
instant under consideration; {x, y) 
the co-ordinates of their C. G. at the 
instant under consideration ; {xi, yi), (a?/, yg'), ... and (x\ yf) 
the corresponding co-ordinates after an interval ^li Wi, w,, ... 
the velocities of the particles parallel to the axis of x\ 
Viy Va* ••• the velocities of the particles parallel to the axis 
of 2/ ; u,v the velocities of their c. G. parallel to the axea 




Then from the figure we see that 

/pj' — a?i = PM = uit. 



(s = ut) 



Similarly 



Xt^ "" X^ — U^f 



Xn "~ ^n — ^fif* 
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Also from Statics we know that 
rriiXi 4- m^^ + ... + 'mnpOn 



X = 



and a? = , 

mi + ma4- ... +m» * 

i.e. wc = , 

mi + 7/i2+ ... 4- win 

. j7 ^^1 +^t^ + ... + mn^n 2(mw) ^„^^^^^ 

. . M = ; = ^/— \- suppose. 

mi + 7?i<,+ ... 4-?Wn 2L,{m) ^^ 

Similarly 

_ __ m{Vi + m^jVa + . . . 4- ^n^n _ 2 {mv) 
mi4-7w^4- ... 4-mn 2(m) ' 

Whence u and v being known, the resultant velocity of 
the c. G. of the system is known, viz. '^v? 4- v\ 

Also if this resultant makes angle with the axis of a?, 

M Z (77lil) 

Thus we see that the velocity of the C. O. of 
a system of co-planar particles in any given direction 
in their plane is equal to the sum of the momenta of 
the particles in that direction divided by the sum 
of the masses. 

172. To find the acceleration of the centre of gravity of a 
system of heavy particles moving in a plane with given v/niform 
accelerations. 

Let mi, m2 ... mn be the masses of the particles. 

Take two rectangular axes Ox, Oy in the plane of motion. 

Let 2*1, Vi be the velocities of mi parallel to the axes at 
the instant under consideration ; 
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oti, /8i the accelerations of r^ parallel to the axes; 

w, V the velocities of their c. G. parallel to the axes at 
the instant under consideration, and tti\ v/, u\ v the corre- 
sponding velocities after an interval t 

Also let a, /3 be the accelerations of their c. G. parallel to 
the axes. 



Then we have 
Similarly 



W = Ma + 02^, 



Un = Wn 4- ant 

Also, by the preceding article, 

miUri 4- m^U2 + . . . + ninUn 



u = 



mi + '/Ala + . . . 4- W2n 

and 

_, mi?^' + m^U2 + . . . + rrinUn 

u = . 

^1 + 7^2+ • • • + ^n 

T/ii 4- m, 4- . . . 4- rrin 

_, miai^4-m2a2^ 4- ... 4- mnOn* 
I.e. at = , 

wij 4- Wis 4- . . . +inn 

_ _ Wiai 4- in^a^ + . . . 4- mnan __ S (ma) 
mi 4- wia 4- . . . -h mn S (m) 

Similarly 

5 __ 7?i])8i H- rri^^i 4- ... 4- rrin^n _ ^(mfi) 
7?ii 4- ma 4- . . . 4- m„ 2 (m) 

Whence a and /3 being known, the resultant acceleration, 

viz. ^a^ 4- y8* is also known ; and if it makes an angle with 
the axis of x 



tan ^ = 1 = 1^). 
a S (ma) 
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173. When two smooth balls impinge upon one another 
the motion of their centre of gravity is unaltered by the 
impact. 

Let mi, mj be the masses of the balls. 

First, when the impact is direct. 

Let Ui, u^he their velocities before impact, t^, v^ their 
velocities after impact, u, v the velocities of their centre of 
gravity before and after impact respectively. 

No momentum is lost by the impact, 

. * . miVi + mjVa = miUi + m^u.^. 

Hence 5 = ^"' + "^^'' 

_ m^v^-^-m^xi^ 
mi 4- ma 

= u, which proves the proposition. 
Secondly^ when the impact is oblique. 




Let t^, t«2 be the velocities of the balls before impact, 
making angles ai, a^ with the line of impact; Vi, v^ their 
velocities after impact, making angles 0i, 0^ with the line of 
impact. 

Let u be the velocity of their c. G. before impact, making 
angle a with the line of impact. 
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Let V be the velocity of their c. G. after impact, making 
angle d with the line of impact. 

- • /I miVi sin ^1 + ma^a sin ^2 

V sm u = 

Wj + rwa 

_ rriiUi sin Ui + mgt^ sin Oj 

(since the motion at right angles to the line of impact 
is unafifected by the impact) 

= u sin a. 
A ic^ ST «^o a ^^1 cos gi + m^ v^ cos 0^ 

Also V COS u = • 

mi + ma 

__ mj^i COS «! + W^-Ma COS Otj 

mi + rriq 
(since no momentum is lost in the line of impact) 

= u cos a, 
.*, vsin^ = tlsina 
and V cos d = u cos a ; 

whence = a 

and v = M, which proves the proposition. 

174. Example. A bally hanging freely, draws an equal hall up 
an inclined pla7ie of elevation 6, by means of a light string passing over 
the top of the plane. Find the acceleration of their centre of gravity. 

Let/ be the acceleration of each ball, a the horizontal acceleration 
of their c. G., /3 the vertical acceleration 
of their c. G., downwards. 

Then 

^^(m-^^n^ (Art. 61) 

1— sin^ ,. 

= ^2— •5' W, 

where m is the mass of each ball. 

B. D. 16 
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Also 



^mf cos fcoB0 



o= 



2m 2 

(the hanging body has no horizontal acceleration), and 

_ mf- m/ sin ^ _ / (1 - sin 6) 
^"^ 2m " 2 ' 

therefore their resultant acceleration 



[Art 172] 



[Art 172] 



/ /2cos-^^-h/-^(l-Bin^^ 



M 



-Ui 



,oos«(9+(l-8mfl)«=-^\'2(l-8mfl) 
^OO^Zpff) V 2(i_BinO) =gf (1 -sin <»)! fiom (1) 

0V2/ . e\^ 

Also the angle it makes with the horizon 



=tan~* 



'( 



e . 6 

cosg-sin^ 



)' 



cos^Q - ani^A 



=tan-i 



cos 2 -sing 
cos -+ sin 5 



tan-i 



l-tan| 
l+tan| 



ir 6 
4"2- 



EXAMPLES. XIX. 

1. Two masses m^ and m^ are connected by a light siring over a 
smooth fixed pulley ; imd the acceleration of their centre of gravity. 

2. Two masses move with uniform velocities along two strai^t 
lines inclined at a given angle; shew that their centre of gravity 
describes a straight line with uniform velocity. 
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3. Find the velocity of the centre of gravity of two masses of 4 lbs. 
and 5 lbs., moving in parallel lines with velocities of 9 and 18 ft. per sea 
respectively, 

(1) when they move in the same direction; 

(2) when they move in opposite directions. 

4. Two perfectly elastic balls are dropped from two points not in 
the same vertical line, and strike against a perfectly elastic horizontal 
plane: shew that their centre of gravity will never re-ascend to its 
original height, unless the initial heights of the balls be in the ratio of 
two square numbers. 

5. A mass m^, lying on a smooth horizontal table, is connected by a 
light inextensible string with another mass mg hanging freely over the 
edge of the table. Determine the motion of their centre of mass. 

6. Three equal balls are projected at the same instant from the 
same point with the same velocity, 1600 ft. per sec, and at elevations 
30", 45", 60" respectively; find the height of the centre of gravity of 
the balls above the horizontal plane through the point of projection 
after 12 seconds. 

7. Three equal particles are placed at the angles of the triangle 
A BG, and move respectively from A io By B to Gy and Gio A, the three 
motions being accomplished simultaneously with uniform velocity and 
in the same time ; prove that their centre of gravity remains at rest. 

8. Two masses, 3m and m, move on two planes each inclined to the 
horizon at an angle of 45", and are connected by a fine string which 
passes over their common vertex. Find the acceleration of their 
centre of gravity. What is its locus? 

9. A body weighing 2 lbs. is projected with a velocity of 20 ft. per 
second at an angle of 60" to the horizon ; another weighing 3 lbs. is at 
the same time projected from the same point at an angle of 30° with a 
velocity of 40 ft. per second. Find to two places of decimals the 
height to which their centre of gravity mounts, and the distance at 
which it meets the horizontal plane through the point of projection. 

10. A weight P hanging vertically just supports a weight H in 
that system of pulleys in which there is only one string. Shew that, if 
the masses of the pulleys be neglected, and if P and W be interchanged, 
then their common centre of gravity will descend with an acceleration 
equal to 

{W-Pfg 

if2_ wp-\-p^' 

1 1. Two equal particles start simultaneously from A, one sliding 
down a plane AB, and the other falling freely down the height AG; 
prove that if GB be drawn perpendicular to A By their centre of gravity 
describes the line from A to the middle point of GD with uniform 
acceleration. 

16—2 
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12. Two bodies are projected together from a point with different 
velocities and elevations. Shew that their centre of gravity moves as if 
it were a heavy particle projected from the same point. 

13. Two weights are connected by a string passing over the 
common vertex of two smooth inclined planes on which uie weights 
rest and balance each other ; shew that if the weights are set in motion 
(the string remaining stretched) the centre of gravity of the two weights 
will move in a horizontal straight line. 

14. Two equal particles start simultaneously from the origin and 

describe the straight lines a?+y=0, x—*!y = with uniform vdocities 

9w, \0u respectively, the motion of each particle being to the right of 

the axis of y. Shew that the centre of gravity of the x>articles moves 

VJu 
with imiform velocity —^ , and find the equation of its path. 
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CHAPTER XX. 

UNITS. 

175. The three fundamental units are the units of 
length, time, and mass ; and all physical quantities can be 
expressed in terms of these three. Hence all units, other 
than the fundamental, are called derived units. 

Thus the ordinary unit of velocity, i.e. a velocity of one 
foot per second, is a derived unit. 

The measure of any quantity multiplied by the 
unit employed is always the same. 

When we speak of 4 yards, we mean that 4 is the measure 
when a yard is the unit. Also 4 yards =12 feet, hence 
12 is the measure of the same length when one foot is 
the unit. Thus 

4 yards = 12 feet = 144 inches. 

In the same way if a, 6, c be the measures of a quantity 
when [A], [£], [C] are the units respectively, 

a[A] = b[B] = o[0]. 

The same idea is often thus expressed : — 

The measure of a quantity varies inversely as the 
unit employed. 

176. Unit of area. Let a, Z, b denote the measures of 
the area, length, and breadth respectively of a rectangle 
when [A] and [L] are respectively the units of area and 
length. 



Now 






a = lxb. 






But 


act 


1 


' ^"riV ^^^^^rriJ 




since the i 
employed. 


measure 


of a 


quantity varies inversely as 
1 1 


the unit 






« 


• [^]"[i]»' 






Le. 






[A] o= [L]'. 







Hence the unit of area varies as the square of the unit of 
length. 

Unit of volume. Similarly if [G] denote the unit of 
volume, and d the depth of a rectangular parallelepiped ; 

c = lxh X d. 

1111 

But COC-— , Zocpy^, ^*^rTi» ^*^rri> (Art. 175.) 
L^J L-^J L-^J L-^J 

1 1 

oc 



• • 



[(7] [ir 

i.e. [C] cc [Zp. 

Hence the unit of volwme varies as the cube of the unit of 
length. 

177. Unit of velocity. Let s be the measure of the 
space described in time ^ by a body moving with uniform 
velocity v, when [X], [T], [F] denote the units of length, 
time, and velocity respectively. 

Then s—vt 

But since the measure of a quantity varies inversely 
as the unit employed, 

1 1.1 

^"[i]' ^"fn' *"[!]' 
1 11 
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.-. [F]c=[i][r]- 

Hence the unit of velocity varies directly as ike unit 
of length and inversely as the unit of time. 

Also the unit of velocity is of one dimension in length, and 
minus one dimension in time. 

178. Unit of acceleration. Let a body, moving with 
acceleration /, describe a space s from rest in time t, when 
\F] [L] [T] are respectively the units of acceleration, length, 
and time. 

Then s = J/<?. 

But since the measure of a quantity varies inversely 
as the unit employed, 

1.1,1 



[L]' -^ [F]' ' m' 



1 1 



ie. [L] «= [F] [IJ, 

or [F] « [L] m-. 

Hence the unit of acceleration varies direcUy as ihe tmiK of 
length, and inversely as the square of the unit oftim/s. 

Also we see that the unit of a>ccderation is of one dimension 
in length and minus two dimensions in time. 

179. Unit of force. With the same notation as that 
employed in the previous articles, if j) be the measure of a 
force when [P] is the unit of force, 

p^mf 

But the measure of a quantity varies inversely as the 
unit employed, 
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therefore, as before, [P] « [M] [F] 

cc [M] [L] [T]-^. (Art. 178.) 

Hence the unit of force varies directly as the tmits of 
mass and length, and inversely as the square of the unit 
of time. 

Also the unit of force is of one dimension in mass, one 
dimension in length, and minus two dimensions in time. 

180. Unit of momentum. Momentum is measured 
by the product mv, hence if [K] denote the unit of momentum, 
as in the previous articles, 

[Z]cx[if][F] 

cc [i/] [i] [T]-!. j(Art. 177.) 

Hence the unit of momentum varies directly as the units of 
mass and length, and inversely as the unit oftime» 

Unit of impulse. Impulse is measured by change of 
momentum, and therefore the unit of impulse must involve 
the same fundamental units as that of momentum. There- 
fore the unit of impulse 

« [M] [L] [T]-». 

Thus both the units of momentum and impulse are of one 
dimension in m/iss, one dimension in length, and minus one 
dimension in time, 

181. Unit of work. If w be the measure of the work 
done by force p in moving its point of application through 
space s, where [TF] is the unit of work, 

w=ps. 

But the measure of any quantity varies inversely as the 
unit employed, 

1 1 J 1 



■ • 



.111 



• a 



m \pr\Ly 
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oc [M] [L]' [Ty^ (Art. 179.) 

Therefore the unit of work varies directly as the unit 
of mass, and the square of the unit of length, and inversely as 
the square of the unit of time. 

Also the unit of work is of one dimension in mass, two 
dimensions in length, and minus two dimensions in time. 

182 Unit of kinetic energy. Let E be the measure 
of the kinetic energy of a body of mass m, moving with 
velocity v ; then with the usual notation, since 

E=i^mv^, 

we have as in the previous articles 

« [M] [Z]» [T]-^. (Art. 177.) 

Thus the unit of kinetic energy is the same as that of 
work. 

183. Unit of rate of work or power. 

Let h be the power at which work w is done in time t, 
then 

ht^w, 

and therefore as in preceding articles 

oc [M] [LY [T]-\ (Art 181.) 
Unit of angular Telocity. 

With the usual notation 

v = ra), 
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and therefore, as before, 

i.e. [«]«[nm-' 

cc [TyK (Art. 177.) 

184. Ex. i. If 240 lbs. be the unit of mass, one mile the 
unit of length J one minute the unit of time; find the wait 
of force. 

Let [P'] be the required unit of force. 

With the usual notation 

[P] - [if ] [L] [TJ- ^^^ 

Now let [P], [M\ [L\ [T] denote the ordinary ft-sec.- 
poundal units, and express all the units in the above 
equation in ft.-secs., lbs., poundals respectively. 

We then have 

\F] = (240) (5280) (60)-» poundals 
= 352 poundals 
= 11 lbs. wt. 

N.B. In examples like the above we must remember 
that the ratios must all be ratios of like quantities ; thus we 
have taken [P'J and [P] both in poundals, [ilT] and \M\ 
both in pounds, and so on. 

Also since [P], [M\ [Z], [7] stand for the ordinary 
British units, when [if] is unity viz. 1 lb. and [Z] is unity 
viz. 1 foot, and [T] is unity viz. one second, then [P] is also 
unity viz. 1 poundal. 

Ex. ii. Find the measure of an acceleration of f ftrsa^ 
units when m yards and n minutes are the units of length 
and tvme. 
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Let f be the measure required ; then with the usual 
notation 



"V3to/V60»J ^^ 



3600»» 1200n' 



.-./'= 



3?7t in 

1200 n«/ 



m 



N.B. In (i) we must express [Z] and [Z^ in terms of 
the same unit, viz. one foot; also [jT] and [T'] must be 
expressed in terms of the same unit, viz. one second. 

Ex. iii. If tfie acceleraHon of a falling body be the unit 
of acceleration, and the velocity a/iqwired by it in b eecs. 
be the vmt of velocity ; find the units of length and time. 

A body moving with acceleration g acquires a velocity 

5g ft. per sec. in 6 sees., (v == w +ft) 

therefore 5g = 160 ft. per sec. is the unit of velocity. 

Let [Z'], [F'l [T'llV] denote the new units of length, 
force, time, and velocity expressed in ft.-poundals, seconds, 
and ft. per sec. respectively, and [Z], [F], [T], [F] the 
ordinary ft.-sec-poundal unita 

Then iDJlMl. 

therefore in this case 

[X'] - (32) [r? (1). 

Also [^1 ■ [n cn ■ 

[i]~'[F][r] • 

therefore here [Z'] = 160[2"] (2). 
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Therefore dividing (1) and (2) 

[T'] = 5 seconds • 

therefore from (1) [L^] = 32 (5)' = 800 feet. 

Ex. iv. The acceleration dve to gravity is represented by 
80, the unit of time is 5 sees,; find the unit of length. 

With the same notation, and expressing all units in 
ft.-secs., lbs., pound als as before, 

[L'] _ [r] [T J 
[L] - [F] [Ty ' 

Also 

80 [F] = 32 [ft.-sec. units], 

.-. 80^^=32, 
i.e. [i'l ^ ??^ = 10 feet. 



EXAMPLES. XX. 

1. If the unit of time be half a minute, and the unit of length 
half a mile, find the unit of velocity. 

2. If the unit of velocity be a velocity of 40 miles an hour, and the 
unit of time be 5 minutes, find the imit of length. 

3. Find the imit of length when the acceleration of gravity iB 
represented by the number 16, and the imit of time is 3 secondB. 

4. A particle describes 2 miles uniformly in 11 minutes; if 4 be 
the measure of its velocity, and 8 ft. the imit of length, find the unit of 
tima 

5. If the unit of time be one minute, and the unit of velooit/ a 
velocity of 4 miles per hour, find the unit of length. 
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6. If 4 yds. be the unit of length, and 4 sees, the unit of time, find 
the unit of acceleration. 

7. If/ denote an acceleration when ft, and sees, are the units, 
what will be its measure when m ft. and n sees, are the imits ? 

8. The acceleration of gravity is represented by 4, the unit of time 
is 2 sees. ; what is the unit of length ? 

9. The acceleration of gravity is represented by 3200, 4 ft. is the 
unit of length ; find the unit of time. 

10. The measure of a force is 12 when ffc., sees., pounds are the units 
of length, time, and mass respectively; find its measure when miles, 
minutes and ounces are the units. 

11. If an acceleration be represented by 10, when feet and seconds 
are taken as units, what must be the unit of time in order that the 
same acceleration may be represented by 67^ when a yard is the unit 
of length? 

12. A body, moving imiformly, passes over a mile in 15 minutes; 
if 64 be the measure of the velocity, and 2 minutes the unit of time, 
find the unit of length. 

13. What is the measure of the acceleration due to gravity when a 
foot and half a second are units of length and time? 

14. A velocity of one foot per second is changed uniformly in one 
minute to a velocity of one mile an hour. Express numerically the 
rate of change when a yard and a minute are the units of space and 
time. 

15. If the weight of 4 lbs. be the unit of force, an acceleration of 
16 ft. -sec. units the unit of acceleration, find the unit of mass. 

16. The unit of force is the weight of 1 lb., the unit of mass is the 
mass of 4 lbs., and the unit of velocity a velocity of 8 ft. per sec. ; find 
the units of time and length. 

17. If the acceleration due to gravity be taken as the unit of ac- 
celeration, and the velocity generated in half a minute be the unit of 
velocity, find the unit of length. 

18. What is the measure of the acceleration due to gravity when a 
mile and 11 seconds are the units of length and time? 

19. If the unit of energy be 1000 ft. -pounds, and 20 lbs. the unit of 
mass, find the unit of velocity. 

20. In a certain system of absolute units the acceleration of 
gravity is denoted by 4, the momentum of a 100 lbs. shot moving at 
1 :^00 ft. per sec. by 2, and its kinetic energy by 6 ; find the units of 
time, length and mass. 
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21. If/i) /s be the measures of an acceleration when m+naeca. 
and m— nsecs. are the respective units of time, and aft. and bit, 
the respective units of length, shew that the measure becomes 

-(V/ia+V/a^)^ when 2m sees, is the unit of time, and eft. the unit 
c 

•of length. 

22. If the acceleration of gravity be denoted by 2400, a yard being 
the imit of length, find the unit of time. 

23. The measures of an acceleration and a velocity when referred 
to (a +6) ft, (m+n) sees., and (a—b) ft, (m— w) sees, respectively are 
in the inverse ratio of their measures when referred to (a— o)ft, 
(m—n) sees., and (a+b) ft., {m+n) sees. ; their measures when referred 

to a ft., m sees, and b ft, n sees, are as 771a : nb ; shew that — o=l — r. 

tnr Or 

24 If the unit of time be 4 minutes and the unit of length 3 yards, 
find the measure of g. 

25. If a second be the unit of time, the acceleration due to gravity 
(981 in o.Q.s. units) the unit of acceleration, and a kilogramme tne unit 
of mass, find the unit of energy in ergs. 
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CHAPTER XXI. 



INITIAL ACTIONS, TENSION, MOTION, ETC. 



185. We shall here consider such problems as the 
following : — 

Suppose a system of particles at rest, or in motion, but 
under certain constraining forces. Let one of the con- 
straining forces be suddenly removed ; it is then required to 
find the instantaneous change produced, either, in any of the 
other constraining forces, or in the motion of any of the 
particles 

186. A particle of mass m is attached by two separate 
inelastic strings of equal length to two points in the same 
horizontal line. Find the instantaneous change in the tension 
of one string when the other is suddenly cut. Find also the 
initial acceleration of the particle when the string is cut 

Let A,Bhe the two fixed points to which the strings are 
attached and let AB = 2a. Let the 
particle hang in equilibrium at the 
point C, and let I be the length of each 
string, so that AG=BG=l; also let 
ZACB = 2a, Since there is equi- 
librium we have, resolving vertically, 

2T cos a = mg, 

2 cos a ' 



• • 



Let T' be the tension of the string 
A C, immediately after BG is cut. 

The string AG remains constant in 
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length, therefore the particle begins to move at right 
angles to AG; i.e. there is no motion in the direction AG. 

Therefore resolving in that direction, 

T' = mg cos a. 

Hence the instantaneous change of tension required 

mff 



=^T^ — T= mg cos a — 



2 cos a 



= ^^_(2cos»a-l) 
2 cos a ^ 

mg cos 2a , 'JJ^ — d^ 

= -^ where cos a = ? — • 

2 cos a L 

Thus we see that if a > 45°, the tension is suddenly 
diminished by cutting BG (cos 2a being then negative) ; 
whereas if a < 45° the tension is suddenly increased. 

Again the resultant force in the direction of motion, Le. 
at right angles to AG, immediately after the string is cut is 
mg sin a ; therefore the initial acceleration of the particle 
is then g sin a at right angles to AG, 

187. Two equal particles connected by a string are re- 
volving in a circle on a smooth horizontal table with equal 
speeds, the string being always a diameter of the circle. If 
one of the particles be suddenly pinned to the table, fmd 
the instantaneous change in the tension of the string. 

Let m be the mass of each particle, r the radius of 

the circle each describes ; v their 

Bi 2 Ia velocity, T^ the tension of the 

T string when they both revolve, 
Ta the tension immediately after 
one of them is suddenly pinned to the table. Let tne one 
particle be at A when the other is stopped at B, then the 
velocity of the particle at A, being at that instant in a 
direction at right angles to AB, will be the same immediately 
after B is stopped as before, viz. v. 
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Before the particle at B was pinned, the particle at A 
was describing a circle of radius r, 



.-. T,= 



mv^ 



Immediately after the particle at fi is pinned, the other 
particle proceeds to describe a circle of radius 2r, 



• T — 



mv 



A 



2r • 



Therefore the instantaneous change in the tension. 

mi^ mv^ 



= T,-T,= 



r 

mv^ 



2r 



2r ' 



188. A string AB has one end A attached to a fixed 
pointy a mass m attached to the other end B, and an eqaal 
mass attached to its middle point C, The string is held 
so that AG makes an angle a with the vertical and BG is 
horizontal, and the mass at B is then suddenly released ; find 
the instantaneous changes in the tensions of the two portions of 
the string. 

Let Pi be the tension of AG, P^ that of BG before the 
particle at B is released. Con- - 
sider the equilibrium of the 
point 0. 

Resolving vertically 

P, cos OL = mq, . *. Pi = — ^ (i). 

* ^ cos a ^ ^ 

Resolving at right angles 
to AG 

Pa cos a = mg sin a, .'. Pa = mg tan o (ii). 

Again, let T^ and T^ be the tensions oi AG and BG 
respectively immediately after the particle at £ is released. 
Consider the particle at G, 




B.D. 



17 
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AC ia constant in length, therefore at the instcmt the 
resultant force on the particle in the direction AO ia zero. 
Therefore resolving in that direction, 

Ti — y, sin a = 7ngr cos a (iii). 

Also the resultant force perpendicular to AG 

= mg sin a— T^ cos a, 

therefore the acceleration of the particle at C perpendicular 
to AG 

__ mg sin a — JPa cos a 
~ ^ m ' 

and the component of this acceleration in the direction BG 

fmq sin a — To cos a\ ,. . 

= [- — :;;, j^"^* <^^)- 

Next consider the particle at B, 

At the beginning of its motion, the resultant force in 
direction BG=T^, therefore the acceleration in that direction 



a 

m 



But BG is of invariable length, 

Ta fmg sin a — 1\ cos a\ . ,. ^ 

.-. — = -^ = cos a from (iv), 

whence 

rp _ mg sin a cos a 

^~ ~i + cos* a * 
and from (iii), 

Ti = T2 sin a + ry*^ cos a 

mgr cos a , . « - . v 

= ,-; — 5- (sm«a + 1 + cos'a) 

1 + cos' a ' 

^ 2mg cos a ^ 
"^ 1 4- cos' a ' 
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therefore the instantaneous change in the tension oi AG 

^ ^ cosa l + cos»a ^^ 

mg sin' a 
" cos a (1 + cos* tf) ' 

and the instantaneous change in the tension of BG 

,-, ^ mg sin a mg sin a cos a « ...v 

=^P^-T^ = -^ \-^ from (ii) 

cos a 1 + cos'a 

_ mg sin a 

"" cos a (1 + cos' a) * 

EXAMPLES. XXL 

The harder examples are marked itnth an asterisk *. 

1. A mass of 30 ozs. is supported by two strings, each 5 ft. long, 
attached to two points 6 ft. apart in a horizontal line. One string is 
cut : find the instantaneous change in the tension of the other string. 

2. A heavy uniform string rests on a smooth horizontal table with 
one end fastened to the table and one half its length hanging over the 
edge of the table ; prove that when the string is suddenly set free the 
vertical pressure on the table will be instantaneously diminished by one 
quarter of the weight of the string. 

*3. Three equal smooth spheres are placed in contact on a smooth 
horizontal plane, and are connected where they touch. A fourth equal 
sphere is placed so as to be supported by the other threa If the 
connections between the lower spheres be simultaneously broken, find 
the instantaneous change of pressure between the upper ball and each 
of the lower ones. 

4. A particle of mass 5 lbs. is attached to a string passing over a 
smooth pulley and fastened at the other end to a body of mass 4 lbs. 
lying on a table, the line joining the particle on the table to the pulley 
making an angle of 30* with the horizon. If the string be at first 
slack, and become stretched after the 5 lbs. mass has faJlen through 
one foot, find the impulsive tension of the string, and the acceleration 
of the falling particle immediately after the string is stretched. 

5. Three particles of equal masses are attached at equal intervals 
to a string of negligible mass. The middle particle is held at a point 
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^ of a smooth horizontal plane, and the other two describe the same 
circle about it in the same sense with the same uniform speed, so that 
the line joining them subtends an angle a at the point A, Prove that 
if the middle particle be let go, the tension of either part of tiie string 
is suddenly diminished in the ratio 1 : 2+ cos a. 

*6. A string ABC has one end A fastened to a fixed pointL and 
equal masses (m) attached at B and (7. It is held so that AB is 
inclined at 60" to the horizon, and BC at an angle 30* below the 
horizon: find the instantaneous change in the tensions of the two 
portions of the string when the particle at C is suddenly released. 

7. Two unequal particles are connected by a light inextensible 

string, which is stretched taut. The particles are moving with the 

same velocity v perpendicular to the string when it strikes a small 

smooth fixed obstacle. Prove that immediately after the impact the 

tyhv 
tension in the string is — : where m, a are the harmonic means 

between the masses of the particles and between the distances of the 
particles from the obstacle. 

*8. A light string fixed at one end has two particles attached to it, 
mi at its middle point, and m^ at its free end ; m^ is held in the same 
horizontal line as the fixed end, the two segments of the string making 
an angle a with the horizon. Prove that, if wij is let go, the initisS 
tension of the string at the fixed end is 

m,{mi+m^ )Sfsma i^eda<-. 

mi+mg sin2 2o ' 4 

What happens if a>2? 

9. A particle is whirled round in a vertical plane, bem^ attached 
to a fixed point by a fine string. If when the particle has just speed 
enough to carry it round in a complete circle its speed at the lowest 
point is doubled, find how the tension of the string in that position is 
altered. 

*10. Two particles of masses m^ and m- are attached by a fine 
inextensible string and move in a smooth horizontal plane with the 
same velocity v perpendicularly to the string. The string suddenly 
strikes against a smooth fixed post of small radius at distances ^| and 
/, from nil ^^^ ^2* Prove that the initial acceleration of the point of 
the string initially touching the post is 
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11. Two particles of masses m, 2m respectively, are fastened to the 
ends of a stnng of length 2ay and move at rieht angles to the string 
with velocity t; on a smooth horizontal table, the string being straight. 
If the string at its middle point strikes a fixed vertical peg on the table, 
find its tension immediately after the impact. 

12. A loaded cannon is suspended from a fixed horizontal beam and 
rests with its aids horizontal and perpendicidar to the beam, the 
supporting ropes being equally inclined to the vertical If v be the 

initial velocity of the ball, whose mass is -th that of the cannon, and 

h the depth of the cannon below the beam, show that when it is fired 
off the tension of each rope wiU be changed in the ratio 

f^+n^gh : n(n+l)gh, 

*13. Two equal particles, mass m, are connected b^ eq^ual taut 
strings, length I, to another particle, mass If. This particle is struck 
by a blow / in a line bisectinjg the angle 2a between the strings. Show 
that the initial angular velocity of either string is 

7 sin a 



l{M+2mcoa*ay 



CHAPTER XXIL 



MOTION OF A PARTICLE MOVING UNDER A 
VARIABLE ACCELERATION. 

189. To find the area of a parabola. 

Let AB be a parabola whose equation ia^ = 4nm. 

It is required to find the area of the portion AGB. 

Divide the abscissa AG into a number of small parts and 
draw ordinatea to meet the curve in P, Q .... Also draw 
parallels to AG to meet the axis of y in K, L, etc, thus 
dividing the areas AGB, ADS into a number of small 
strips. 




Let (j», y) be the co-ordinates of P, (ie + Ah), y + Ay) 
of Q, near to P. 

Area PM PN. NM _ yAx 
Area Pi PK.KL xi^y' 



MOTION OF A. PABTIOLK. 

Now y* = .ton; 

and (y + Ay)' = 4a(af+Aa!); 

. ■ , subtracting, % Ay + Ay* = 4aAa:, 







2j, + Aj,.4<.^. 




.-. when the 


strip 


PM is very riarrow 

Ac ^ 
Ay 2a* 


2y-4. 


area PM 
■ ' area FL 


.1- 

2ax 


2ajr 




.-. adding up all the strips in each of the 






area ^CB 2 





Ay' 



I ACB. 



.'. Componendo 



area AD£ 1' 
area ACB 2 
rect. ^t?fii>"'3' 
or area ^GB = }. J(7. Ca 



190. (Siveft the acceleration-time curve for the motion 
of a particle, to determine ita velocity ai time £. 
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Let PQ be the given curve. 

Divide the time t into any number of intervals each 
equal to A^, represented by OAi, A1A2, A^Ai ... and draw 
the ordinates A^a^ A^a^,,., 

Considering any interval A^A^, 

the acceleration at its beginning is represented by J-jOj, 

„ „ „ end „ „ „ A^a^. 

.'. the velocity generated in that interval lies between 

ulatts X A^, and A^a4, x At (v — u^ft) 

i.e. this velocity is represented by an area which lies between 
the areas of the rectangles A^Oq and A2a4, 

Similarly for each interval ; 

.*. the total change of velocity in time t is represented 
by an area between the sum of the smaller and the sum of 
the larger rectangles. 

But when we make the number of intervals indefinitely 
large, the area of each set of rectangles approaches and 
ultimately coincides with the area bounded by POy ON, NQ 
and the curve PQ. 

.'. the change of velocity in time t is represented by the 
area PONQ. 

Thus if V is the velocity at time t, and u the initial 
velocity, 

v — ti = area PONQ. 

191. If u is the initial velocity of a particle and its 
acceleration = kt when k is constant, to prove that the velocity 
at time t = u + ^kt\ 

Draw the straight line OP, the graph of/ = kt. 

Then if ON = t, and PN is the ordinate at N, 

A OPN represents the change of velocity in time t. 



i.e. 



MOTION OP A PARTICLE. 



.'. if V is the velocity of the particle at time t, 

v-u^ AONP 
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192. Given the velocity-time curve of a particle to de- 
termine the space described in a given time t. 

If PQ is the given curve, by the method of Art. 190 it 
may be proved that area PONQ represents the space 
required. 

The actual proof is left as an exercise for the student. 
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193. The acceleration f of a particle at time t is given 
by the equation f^k^, when k is constant: to find the 
velocity ai time t, u being the initial velocity. 




The ^aph of /= kt^ is a parabola OP, whose am is the 
acceleration-axis, and whose vertex is at the origin. 

.*. the change of velocity in time t(OM) is represented 
by the area OMP. 

.'. i; — w = area OifP 



-^iPM,OM 
= ^kt^ X t 
.•. V = M + ii*^. 



(Art. 190) 



EXAMPLES XXIL 

1. The acceleration / of a particle at time t is given by the equation 
f=3t. Find its velocity at time < if it starts from rest. 

2. A particle starts with a velocity of 3 ft. per see. and moves 
mider an acceleration which is 4t at time t rind its velocity at 
time t 

3. A particle has a velocity bt at time t. Find the space described 
in time t, 

4. The velocity (in ft. per sec.) of a particle at time t is. given by 
the equation v=Z-{-4t, Find the space described in 6 seconda 

5. At time t the velocity (in ft. per sec.) of a particle is 6<* : find 
the space described in 3 sees., and the acceleration of the particla 
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6. The velocity, v, of a particle at time t is given by the equation 
t? = 4 + 6^2 . fii^d the space described in time t. Also find its 
acceleration. 

7. If 2^+9^2 ig the velocity of a particle at time tj find its 
acceleration and the space described in time t 

8. The co-ordinates (a?, y) of a moving particle at time t, referred 
to rectangular axes are given by the equations sc=6t^y y=8^^. Find 
the magnitude and direction of its velocity at time t, and prove that 
it is subject to a constant acceleration in a fixed direction. Find this 
acceleration. 

9. The co-ordinates (a?, y) of a moving particle at time ^, referred 
to rectangular axes are given by the equations x=3t+St% v=4:t-\'^'^. 
Prove that it is subject to a constant acceleration in a fixed direction, 
and find its velocity at time t. 
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1. A string passes over a fixed smooth pulley. To one end of it is 
attached a mass m, and to the other a smooth weightless pulley round 
which passes a string carrying at its ends masses which tc^ether make 
up M^ the one being double of the other. Prove that if the system be 
in a vertical plane the acceleration of the string over the fixed pullej^ is 
what it would be if masses 8J/' and 9m were attached to its extremiues, 
all other weights being removed. 

2. A wedge of mass M^ and angle a, can move freely on a smooth 
horizontal plane ; a smooth sphere of mass m strikes it in a direction 
perpendicular to its inclined face and rebounds. Prove that the ratio 
of the velocities of the sphere just before and just after impact is 

— ^ ;— 5— , where e is the coefficient of restitution. 

em — m sm* a 

3. A string of length I is attached to a particle of mass m which 
slides on a rough horizontal plane, the other end of the string being 
attached to a fixed point in the plane. Initially the string is just 
tight and the particle is projected at right angles to the strmg with 
velocity u. Find the whole space described by the particle before 
coming to rest, and prove that the tension of the string when the 

particle has described a space « is equal to -j (tt^— 2/bi^«), where /i is the 

coefficient of friction. 

4. When a body projected horizontally reaches that point of its 
path where the horizontal and vertical components of its velocity are 
equal, prove that it has then descended through a vertical distance 
equal to that in which a body falling freely would acquire the velocity 
of projection. 

5. A perfectly elastic ball is projected from a focus of an ellipee 
in any direction within the plane of the figure; shew that it will 
return, after two reflexions at the curve, to the same focus. 

6. A shot fired from the ground, at an elevation of 45% hits a 
mark half a mile off measur^ horizontally^ and 140 ft. from the 
ground : find the velocity of projection. 

7. AB S& the vertical diameter of a circla A perfectly elastic 
particle, after sliding down the smooth chord ^(7 and being reflected 
by the plane 5(7, is allowed to move freely in space as a projectila 
Shew that the body will strike the circle at the opposite extremity of 
the diameter CD, 
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8. If V be the velocity of projection, tN, V2 the velocities of a 
projectile when at heights h^, h^ respectively above the horizontal plane 

1} —" V Jin 

of projection, prove that -^ ~ = r* . 

9. A given point lies in the same vertical plane with a circle, of 
radius a, at a greater height than any point of the circle ; t■^^,t2 are the 
least and greatest times of descent down straight lines from the given 

point to any point of the circle : prove that r^- t^^ « _ g y ^ being 

the distance from the given point to the centre of the circle. 

10. A particle slides from rest down a smooth plane inclined at 30° 
to the horizon. Find the position of that length of 80 feet which is 
passed over by the particle in one second. 

11. Two scale-pans, each of 5oz. mass, are connected by a light 
inextensible string, which passes over a smooth fixed pulley. If a mass 
of 2 oz. be placed in one pan, and a mass of 4 oz. in the other, find the 
pressures of the masses on the scale-pans. 

12. Three equal spheres whose coefficient of restitution is J are 
ranged at rest in a straight line. The first sphere is then projected in 
the same straight Line with velocity u, so as to impinge directly on the 
second. Find the final velocities of the three spheres after the last 
collision has taken place between them. 

13. A particle is projected in vacuo from a point with a velocity 
whose horizontal and vertical components are 64 ft. per sec. and 80 ft. 
per sec. (upwards) respectively. Draw a careful figure exhibiting the 
positions of the particle after 1, 2, 3, 4 and 6 seconds respectively, and 
state the coordinates of the particle at these instants referred to 
vertical and horizontal components through 0. Find also the co- 
ordinates of the focus of the parabola described. 

14. A stone is thrown from the top of a tower with a velocity of g ft. 
per sec. in a direction making an angle a with a line drawn vertically 
upwards through the point of projection; prove that at the end of 
2 sees, the line joining the stone to the point of projection will make 
an angle ^(^r-f a) with the vertical line. 

15. A ball moving with a velocity of 1000 ft. per sec. has its 
velocity reduced by 400 ft. after penetrating one inch into a plank. 
Find how far it will penetrate into the plank before being stopped, 
assuming the resistance of the plank to be uniform. 

16. A bullet is fired with a velocity of 1000 feet per second. Find 
the height (approximately) to which the bullet ascends when the 
horizontal range is one-tenth the greatest possible range. 

17. A balloon when at a height of 3249 ft. from the ground begins 

to fall with a imiform acceleration ^, When the balloon is at a 

lb 
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height of 1224 ft. from the ground, ballast to the amount of one-tenth 
the whole mass of the balloon is thrown downwards with a velocity, 
relative to the balloon, of 20 ft. per second. Find the time the ballast 
will take to reach the groimd. 

18. A stone is thrown from a height of 6 feet so as just to pass 
horizontally over a wall which is 29 yai^s high and 72 yards distant. 
Find the velocity and direction of projection. 

19. If Q be the point in the path of a projectile where the tangent 
is at right angles to the tangent at the starting point P, the line 
through Q parallel to the tangent at P will meet the vertical through 

P at a distance zr — r-5- below P, where u is the velocity, and o the 

angle of projection. 

20. A particle is projected with velocity v at an inclination a to 
the horizontal, and. at the instant it is moving horizontally, enters a 
smooth semicircular tube in the same vertical plane as the path 
described and having its diameter vertical and of length 2r. Find 
the condition that it should, on emerging at the other end of the tube, 
return to the point of projection. 

21. Heavy particles slide down chords of a vertical circle from rest 
at the highest point : prove that the locus of the vertices of tiiie para- 
bolic paths they describe after leaving the chords is an ellipse whose 
axes are in the ratio of 2 to 1. 

22. A particle slides down a rough inclined plane AB ; shew that 
if P be the focus of the parabolic path described after leaving the plane, 
the angle AFB 

IT 

= ^+the angle of limiting friction. 

23. The edges of a groove cut in a smooth horizontal table are two 
concentric circles whose radii are 70h and V3J inches. A sphere of 
4 lbs. mass whose diameter is 5 incmes moves in this groove witii 
uniform velocity. Find the greatest number of revolutions it mav 
make per minute without leaving the inner edge, and if it make half 
this number, find the reactions at the points where it rests upon the 
edges. 

24. A particle of mass m is projected from the centre of an im- 
perfectly elastic ring of unit mass lying at rest upon a smooth 
horizontal table. Find m, so that from the third to the fourth impact 
the particle may be at rest. 

25. A mass M hangs by a string over a pulley, a boy takes hold of 
the other end and chmbs up a height h in t sees, without disturbing 
the mass. Investigate his motion and &ad his weight. 
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26. A body is projected along a rough horizontal plane with a 
given velocity. If at each point P of its path a vertical PH be 
drawn, such that its velocity at P is that due to a fall through the 
height PH^ find the locus of H, Hence deduce a simple geometrical 
construction for determining the point at which it will stop. 

27. A body is projected from ^ in a given direction AB. If, when 
the projectile is at P, § be the point of AB vertically above P, and M 
be the bisection of -4§, prove that the direction of its motion is MP, 

28. A particle is placed upon a rough horizontal plate (/i= J) at a 
distance of 9 inches from a vertical axis about whicn the plate can 
turn: find the greatest number of revolutions per minute the plate 
can make without causing the particle to move upon it. 

29. Within a smooth circular tube fixed in a vertical plane are 
two particles of masses P, Q connected by a string whose leng^th is equal 
to half that of the tube. Find the acceleration of each particle in the 
direction of motion, and the tension of the string supposed tight, when 
the line joining the particles makes an angle 6 with the horizon. 

30. Two particles, projected with the same velocity from 0, pass 
through the same point P; shew that if a, /3 be the angles of projection 

where t= angle OP makes with the horizon. 

31. In Atwood's machine, two weights of 3 lbs. and 5 lbs. are 
attached to opposite ends of a string which passes over a light smooth 
pulley and a rider weighing 4 lbs. is placed over the smaller weight. 
When the system has moved through 18 inches from rest, the rider is 
detached by coming in contact with a fixed ring. How far will the 
3 lb. weight descend below the ring before coming to rest? 

32. A slip-carriage is detached from a train and brought to rest 
with uniform retardation in 3 minutes, during which time it travels 
1^ miles. With what velocity was the train travelling when the 
caniage was detached? 

33. The weight of the whole train was 130 tons and that of the 
slip-carriage 10 tons. Before the carriage was detached the train was 
just kept going with uniform velocity by the pull of the engine, the 
resistance due to friction being 35 lbs. wt. per ton. Supposing the 
engine to pull the train with the same force after the carriage is 
detached, find the acceleration. 

34. It is observed on board a steamer steaming due North that 
the direction of the smoke is a West of South, and when steaming due 
West the direction is /3 East of North : find what the direction of the 
wind is, and what direction the smoke would take if the steamer 
turned her head due East. 
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35. A uniform rectangular block stands on its base AD on a rough 
floor. It is pulled at (7 by a horizontal force just great enough to b^D 
to turn it round the comer D, If this same force continues to pull it 
horizontally at C till the block has turned through an angle By and Idien 
ceases, prove that the block will have acquired sufficient momentum to 

cause it just to overturn roimd D, provided sin ^«:tan ■= where a is the 

angle BDG. 

36. A heavy slab, of imiform thickness, whose under eurfaoe is 
rough, but the upper smooth, slides down a given inclined plana 
Find the acceleration with which a particle laid on its upper surfiEUse 
will move along the slab. 

37. If the force of attraction, for different distances, varies in- 
versely as the squares of the distances, and for different bodies, 
directly as their masses, prove that if several bodies move round a 
point in concentric circles, the squares of the times of revolution are as 
the cubes of the radii. 

38. Find the greatest range which a projectile with an initial 
velocity of 1600 ft. per sec. can attain on a horizontal plana Shew 
also that for a small difference of elevation not exceeding 10 minutes, 
whether of excess or defect, the range attained will fall short of the 
maximum by less than 1 J feet. 

39. If a be the distance between two moving points at an^ time, 
V their relative velocity, and u, v the resolved parts of F m, and 
perpendicular to, the direction of a, shew that their distance when they 

are nearest to each other is -^ , and that the time of arriving at this 

nearest distance is -j^o . 

40. A hill in the form of a right circular cone rises out of a plain. 
A man wishes to drag a weight slowly from one point of the plain at 
the base of the hill to the diametrically opposite point of the base. 
Prove that the work he will do if he drag the weight round on the 
plain skirting the hill is to the work he will do if he drag the weight 
straight over the top of the hill in the ratio of n- to 2; where the 
coefficient of friction of the weight with the ground is assumed the 
same at all points of the hill and plain, and the weight can rest <m the 
hill without sliding. 

41. A small pulley of mass M is lying on a smooth table ; a ligjit 
string passes round the pulley and has weights of masses m and m' 
attached to its ends, the two portions of the string being perpendicular 
to the edge of the table and passing over it so that the weights hang 
vertically ; prove that the pulley moves with acceleration 

4mm'^ 
M{m-\- m!) ^imm' ' 
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42. Two masses m and 2m are connected hj an inextensible string 
which passes over a fixed smooth pulley ; find their velocity at the end 
of three seconds. Also determine the instantaneous effect, and the 
subsequent change of motion produced, by suddenly attaching at that 
time a mass m to the ascending body. 

43. A ball of elasticity ^ falls from a height of 64 ft. upon a 
horizontal plane; find the height to which it will rise at the first 
rebound, and the time at which the rebounding will cease. 

44. A mass of 1 lb. is suspended by a string 2 ft. long, in a railway 
carriage. Shew that when the train is moving round a curve, whose 
radius is 22 chains, at the rate of 30 miles an hour, the tension of the 
string is increased by about ^ oz., and the horizontal displacement of 
the weight is 1 in. nearly. 

45. The trail of smoke from a steamer on a course due north is 
observed to extend in the direction E.S.E., while that from another, on 
a course due south, with the same uniform speed, is observed to be 
N.N.E. ; determine the speed and direction of the wind. 

46. A ball impinges on another ball of equal mass at rest, and 
after impact the directions of motion of the two balls make equal 
angles {$) with the direction of motion of the first ball before impact : 

prove that tan 6=^, where e is the coefficient of restitution. 

47. A wedge of mass M rests with a rough face in contact with a 
horizontal table, and with another face, which is smooth, inclined at 
an angle a to the table. The angle of friction between the wedge and 
the table is X. A particle of mass m slides down the smooth face. 
Eind the condition that the wedge may move ; and prove that, if it 
move, its acceleration is 

m cos a sin (a —X) — if sin X 

if cos X +m sin a sin (a - X) ^* 

48. Two elastic spherical projectiles, of masses M and m re- 
spectively, impinge directly. The axis of the parabolic path of if is 
shifted through a distance i>, and that of the parabolic path of m 
through a distance d : also the energy lost by if is ^, and that gained 
by w is 6. Prove that 

D_mE 

d" Me' 

49. A string has attached to its extremities masses each equal to 
M, and is then passed over two small pulleys whose centres are in 
a horizontal line, and at a distance 2a apart. A mass 2if is attached 
midway between the pulleys and is then let go; shew that the 
subsequent velocity of the mass 2if 




where </> is the angle between the two parts of the string. 

B. D. 18 
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50. A small billiard ball is at the centre of a reotangalar billiard 
table whose sides are of lengths a and b. Another equal ball is placed 
at such a point of one of the sides a that when projected in a proper 
direction it will strike the other ball and drive it into one of the 
pockets at the corners, whilst it goes itself into the pocket in the 
middle of the opposite side a. Prove that the second oall must be 
placed at a distance from the centre of the side which it touches 
equal to 

(1 + e) ab^ 
2[(l-6)a2+262]' 

where e is the coefficient of restitution. 

51. Two straight railways converge to a level crossing at an 
angle a ; and two trains are moving towards this point with velocities 
Uf Vy respectively. Find when they are nearest to one another, and 
prove that their least distance apart is 

{av ^ hu) sin a 

sju^ + v^ — 2uv cos o 

where a and b are the initial distances of the trains from the level 

crossing. 

52. From a fort, of height ff, a shell is thrown with velocity due 
to a height A. Shew that the greatest range on a horizontal plane 

through the foot of the fort is »jAh{H-{-h\ and that the angle of 
projection corresponding to this range is 



C03~l 



/ 



H+h 



V //+2A" 



53. Two particles of equal mass are connected by an inextensible 
string of length ly and lie at rest on a smooth horizontal table with the 
string straight. A horizontal blow is given to one particle in a direction 
perpendicular to the string. Prove that, when next the string is 
parallel to its initial direction, it lies in a line distant ^nl from, its 
initial position. 

54. Two spheres of equal mass tti, moving towards each other with 
the same velocity u, collide simultaneously with a stationary sphere of 
mass My so placed that at the moment of collision the line joining the 
centres of the moving spheres subtends a right angle at the centre 
of the third. Supposing the latter free to move, prove that it wiU 
start with velocity 

mu (1 + e) 

M-^m ' 
where e is the coefficient of elasticity. 

55. If a gun be sighted for a given range with given muzzle 
velocity and be moveable about its muzzle in a vertical plane ; shew 
that it is accurately sighted for all points lying on a certain parabolic 
arc. 
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66. Two smooth beads of equal weight are threaded on a light 
inextensible string which is fastened to two points at the same level. 
If the beads move synmietrically towards each other in a vertical 
plane, starting from rest in the position in which the terminal portions 
of the string are vertical, shew that each bead describes a parabola. 

57. Two particles of equal mass m are made fast to the ends of a 
light inextensible string passing over two smooth pegs 2a ft. apart 
in the same horizontal line. A mass M {< 2m) is then attached to the 
string midway between the pegs and is allowed to fall ; find how far it 
will descend before coming to rest. 

58. A smooth pulley of mass J/^ is laid on a fixed smooth inclined 
plane of inclination a, over it passes a string to the ends of which are 
attached particles of masses m^, rrio respectively, which are otherwise 
free to move on the plane. The pufiey is connected with a particle of 
mass M2 at the end of a string which passes over a smooth pulley 
at the top of the plane and hangs vertically. Find the space traversed 
in one second by the particle M^* 

59. Two smooth elastic spheres of given masses are moving in 
perpendicular directions and come into collision so that the line 
joining their centres makes an angle of 45° with the direction of 
each of them ; shew that if they move off* in parallel directions after 
impact, their kinetic energy before impact was that of a particle 
whose mass is the arithmetic mean of their masses, and velocity the 
geometric mean of their original velocities, the coefficient of elasticity 
being J. 

60. A railway engine is moving horizontally round a curve. If 
the radii (r^, rg) of the inner and outer rails, which are at the same 
level, and the height (h) of the centre of gravity of the engine, be 
given ; find the greatest velocity that the engine can attain without 
tilting up. 

. 61. If a string having masses m and n attached to its ends pass 
over a fixed weightless pulley, then under a moveable pulley of mass My 
and again over another fixed weightless pulley, shew tnat the ac- 
celeration of M is 

M(m + n)'-47nn 

M{m-\-n)-\-4mn^* 
the portions of string all being vertical 

62. A ball moving uniformly in a straight line with velocity u, 
meets a small inclined plane whose intersection with the horizontal 
plane is perpendicular to the direction of the ball's motion ; shew that 

U 1 -4-6 

after a time - . :j^— sin 2a the ball will again be moving xmiformly 

along the horizontal plane with a velocity u (cos* o — e sin^ a), where e is 
the coefficient of elasticity of both planes and a the inclination of the 
small i>lane. 

18—2 
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63. A particle is projected from a point at a height o above a 

horizontal plane with velocity */gc ; shew that the farthest point on 
the plane that the body can reach is at a distance 2c from the point of 
projection. 

64 A smooth wedge, whose angle is a, has one face in contact 
with a horizontal plane. Find the acceleration with which it must 
be made to move that a heavy particle may be in relative equilibrium 
on its inclined surface. 

65. Two bullets of masses m, m\ which are describing parabolas 
of latera-recta I, I' in the same vertical plane, collide and coalesce. 
Prove that the latus-rectum of their path after impact will be 

L m+m' J ' 

66. A large number of equal particles are fastened at unequal 
intervals to a fine string, and then collected into a heap at the edge of 
a smooth horizontal table with the extreme one just liAnging over the 
edpe ; the intervals are such that the times between successive partides 
being carried over th e edge are equal ; prove that if ^ be the interval 

between the Tith and n+Ith particle and v^^ the velocity just after the 

n+l|th particle is carried over 

67. If a be the penetration of a shot of m lbs. striking a fixed mm 
plate with velocity v, shew that an iron plate of if lbs. and thickness b, 
free to move, will be perforated if 

68. A particle hangs from a fixed point in a wall by a string of 
length a, and is projected horizontally with velocity u. If the string 
come in contact with a nail in the wslQ situated in the horisontal line 
through the point of suspension and at a distance b from it, find the 
least value of u in order that the particle may make a complete 
revolution round the nail, without the string becoming slack. 

69. Two equal and perfectly elastic spherical beads, each of 
radius r, strung upon an inextensible string, are placed on a smooth 
table and are drawn apart to the greatest possible distance a between 
their centres. One of them is then projected directly towards the c^hor 
with a given velocity w. Investigate the motion and determine thmr 
velocities, at any time t after projection. 

70. Two equal balls A, B are lying very nearly in contact on a 
smooth horizontal tabla A third equal ball impinges directly on A^ 
the three centres being in the same straight line; prove that if 
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«>3-2\/2, B*B final velocity will bear to the initial velocity of the 
striking ball the ratio (l+ef : 4 

71. A gun of mass M, with its barrel horizontal, fires a shot of 
mass m. When the gun is fixed the shot strikes a vertical wall in front 
of the gun at a depth h below the barreL Prove that, if the gun be 
free to move on a horizontal plane, the shot wiU strike the wall at 

a depth -^ below the other point of impact. [Assume that the total 

energy wasted in generating heat, etc. is the same in each case.] 

72. A particle is projected from a point in a horizontal plane so as 
to strike a vertical wall at right angles, and after rebounding from the 
wall, and once from the horizontal plane, to pass through the point of 
projection. Prove that the elasticity of the particle is J. 

73. One end of a uniform chain is held above a fixed inelastic 
horizontal plane ; part of the chain hangs vertically and the rest is 
coiled up on the plane : the upper end of the chain is then released, and 
the vertical part falls ; shew that at any time the pressure on the table 
is less than three times the weight of chain lying on the table at that 
time, by twice the weight of chain originally lying there. 

74. Shew that the kinetic energy of two masses is equal to the 
kinetic energy of the sum of two masses moving with the velocity 
of the centre of inertia together with that of each mass moving with its 
velocity relative to the centre of inertia. 

75. A railway train passes from one station to another a miles 
distant, starting with the uniform acceleration /, and when steam is 
shut off and the brake applied, slowing up with the imiform retard- 
ation /'. Find the time taken, / and f being expressed in ft.-sec. 
units. 

76. If two bodies start at the same instant sliding down two lines 
in the same vertical plane sloping towards the same direction, at angles 
a and fi to the horizon, prove that each as seen from the other will 
always appear to be moving parallel to a line inclined to the horizon at 
the angle a+jS. 

77. A circus horse gallops roimd a circle of 30 ft. radius, at a 
speed of 15 miles an hour ; prove that the least value of the coefficient 
of friction between feet and ground, that the horse may not slip, 
neglecting the distance between the feet and centre of gravity, is ^ very 
nearly. 

78. Two masses P and Q (P>Q) are suspended by a light string 
over a pulley of inappreciable mass. After moving for a time t, a mass 
P-Qi9 instantaneously attached to the ascending mass Q. Find the 
whole motion of the system. 

79. Two men, weights W&nd W+w, starting simultaneously from 
the ground, swarm, with uniform vertical accelerations, up the two fi«e 
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lengths of a weightless inextensible rope, which passes oyer a smooth 
pulley, at the height h from the ground. If the hghter of the two men 
reach the pulley in t sees., prove that the heavier cannot get nearer to 
it than 

80. Projectiles are discharged in vacuo from a given point with 
a constant elevation. Find the locus of the vertices of the parabolas 
which they describe. 

81. A shot is fired with a given velocity from the point A up 
an inclined plane, so as to have a maximum range, and strikes the 
plane at the point A'. With what velocity and elevation must it 
be fired back from ^' so as to return to A by the same course ? 

82. A body projected from a point in the circumference of a cirole 
returns to the point it started from after two reflexions from the 
circumference. Supposing the coefficient of elasticity to be ^, find 
the angle between the line along which the body first starts and that 
on which it returns to the starting point. 

83. A rigid square ABDG composed of four smooth wires is fixed 
so that A is vertically above D. Two small equal spherical beads 
(of elasticity e) slide down BD^ CD starting simultaneously from 
B and C, Shew that their velocities of approach and separation at D 
are in the ratio of 1 to e, and that after impact they will separate till 
the distance between them is e^ . BQ^ 

84. Straight lines are drawn in a vertical plane such that the 
time of quickest descent from each line to a given circle in the plane 
is the same for all. Shew that the straight lines touch a fixed circle. 

85. A particle is projected at a given angle with the horizon to 
strike a given inclined plane, not passing through the point of pro- 
jection ; find the time of flight. Shew that it is least (for a eiven 
velocity of projection) when the particle is projected perpendicmarly 
towards the plane. 

86. Three imperfectly elastic equal and similar balls. Ay By (7, 
whose centres are in one straight line, impinge on one another, B and 
C being initially at rest and A in motion. Shew that there must be at 
least three impacts ; and that there will be only three if the co- 
efficient of restitution lies between 3 — 2\/2 and unity. 

87. A particle is projected along the circumference of a smooth 
vertical circle of radius a. It starts from the lowest point with 



V "2 ' 



velocity W -^ ; shew that it leaves the circle when the radius to it 

from the centre makes an augle of 30* with the horizontal and that 
it then describes a parabola which passes through the point of pro- 
jection. 
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88. In an Atwood's machine, to the smaller mass is attached a 
string, which, passing under a smooth pulley fixed on a table vertically 
beneath, is fastened to a third mass on the same table ; the coefficient 
of friction being fiy find the tensions of the strings, if the mass on the 
table begins to move. 

89. A perfectly elastic body is projected at an angle a to the 
horizon, up an inclined plane of angle p. Shew that if 

tan a = cot /3 + 2 tan /S, 

it will return to its original position after one bounca 

90. Three particles of masses m, m, m\ and three light strings 

of lengths —^ connecting them, lie in a vertical smooth circular tube 

of radius a : if the particles be placed in that position of equilibrium 
which is imstable and slightly displaced, find the greatest velocity of 
their motion. 

91. ABC is a right angle. If G begins to move with angular 
velocity /3 about B, BC remaining constant, and B begins to move with 
angular velocity a about A^ AB remaining constant, shew that the 
initial velocity of C about A is 

a cos2 J + /3 sin2 A, 

92. Over a smooth light pulley is passed a string, supporting at one 
end a weight of mass 6 lbs., and at the other a smooth pulley of mass 
1 lb. A string with weights whose masses are 2 lbs. and 3 lbs. is passed 
over the second pulley ; prove that the velocity of the 2 lb. mass at the 



end of two seconds will be 
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93. Two spheres of masses m, m' move in parallel lines at a small 
distance h apart, and the former overtakes the latter when their 
velocities are u, u\ Prove that, neglecting h?^ after collision the former 
sphere has a velocity 

m'A(l+g)(^-^') 

perpendicular to the former line of motion, where c is the sum of their 
radii and e the coefficient of elasticity. 

94. A particle of mass m is attached by a string to a fixed 
point (7, and by another string to a smooth ring of mass m' which 
can freely revolve round and slide along a vertical rod passing through 
(7, both strings being weightless and inextensible. If the lengths of 
the vertical projections of the strings are x and y when the whole 
system is revolving with constant angular velocity o) about the rod, 
prove that 

g '^ X y' 
the ring being so small that its angular momentum may be neglected. 
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95. Two inelostio balls of equal size, but of masses tn, m\ lie in 
contact on a smooth table. That of mass m reoeiyes a blow in a 
direction through its centre making an angle a with the line of 
centres. Shew that the kinetic energy is 

wiwi'+m'* sin* a 
mm'+m^ sin* a 

of what it would have been if the balls had been interchanged, and m' 
had received the blow. 

96. An elastic ball is projected along a straight horizontal tunnel, 
from the level of the floor, so as to strike the roof, then the floor, and 
so on. If the vertical height of the tunnel be A, the vertical velocity 
of the ball be due to a height IT, and the coefficient of elasticity be e, 
shew that the ball will strike the roof of the tunnel n times, where n is 
the integer next greater than 



,, r/Z"(H-e2)_A^-| 1 



97. Two poinU P and Q describe in the same direction two 
co-planar concentric circles (centre 0) with velocities p and ^, the 

radii of the circles being a and b ; \f p:q = is/h : V^ prove that when 
the angular velocity of PQ vanishes, the angle 

98. A particle moving on a smooth horizontal plane strikes a 
rough vertical wall ; shew that if a, a' are the angles the directions of 
motion make with the wall before and after impact respectiveljy then 

e tan a = tan a — /m (1 +«). 

What happens when /i(l+e)>tana? 

99. A string, fixed at one end, passes under a smooth moveable 
pulley of mass 4 lbs., then over a smooth fixed pulley, and has a mass 
of 4 lbs. attached to its free end ; find the acc^eration with which thiw 
mass moves, the different portions of the string being paralleL 

100. A particle is projected in a vertical plane from a given pomt 
in a given direction, so that its path touches a given straight line 
in the same plane. Find, by a geometrical construction, its point of 
contact. 

101. A wedge of mass M can slide on a smooth horizontal plana 
The wedge has a smooth face inclined at an angle a to the horizontal 
Initially the wedge is at rest, and a particle of mass m is projected 
directly up its inclined face. Prove that, if the particle rises to a 
height h above its point of projection, its velocity of projection is 



f^^ if+msin^a r 
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102. In the first system of pulleys, in which a string passing round 
each pulley has one end attached to a fixed beam and the other to the 
pulley next above, there is no * power ' and no * weight.' The w move- 
able pulleys are all of equal weight, they are smooth, and can all be 
treated as particles in calculating their motions. The string is without 

mass. Prove that the acceleration of the lowest pulley is ^, ^^ . 

103. On a string of length ^na are strung (2?i+l) equal particles, 
at equal intervals a. The string is placed symmetrically over a smooth 
fixed pulley, whose radius is small compared with a, and being slightly 
displaced, is allowed to move freely under gravity. Shew that the 
string leaves the pulley with a velocity given by 



^= 



271+1* 



104. Three thin smooth tubes form a triangle ABC in a vertical 
plane, BG being horizontal and A upwards. Particles of masses m^ rru 
start from A and slide down the sides AB, AG under gravity. Fina 
the path of the centre of mass, (?, of the particles, and the acc^eration 
of 0. 

105. A particle of given elasticity is projected in a horizontal 
plane from a given point A, and after reflexion at two given vertical 
planes passes through a given point B\ find, by geometrical con- 
struction, its points of impact on the planes. 

106. If the unit of energy be the ener^ of a pound which has 
fallen through 100 ft. from rest, and the umt of time be the time it 
has taken to fall, while the unit of length is 5 ft., find the unit 
of mass. 

107. A mass attached to one end of a light inextensible string 
which passes over a smooth pulley is descending with uniform velocity; 
to the other end of the string is attached a ring without mass, through 
which passes a second string supporting at its extremities masses m 
and m'. If one of these masses on arriving at the ring become 
entangled in it, shew that it will afterwards move with acceleration 

(m — m'Y g 
m2-f-77i'2+6mm'' 

108. Two equal particles are joined by a light inextensible string 
of length Z, which is stretched out perpendicular to the edge of a 
smooth horizontal table. One particle is gently pushed over the 
edge ; shew that the whole string will next be horizontal at a depth 

(7r2+27r+4)Q below the surface of the table. 

o 

109. Two small rings of masses m and m' {m>m') are capable 
of sliding on a smooth circular wire of radius a, whose vertical 
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diameter is fixed, the rings being connected by a light string of 

length a\/2; prove that, if the wire is made to rotate round the 
vertical diameter with an angular velocity 

\a»Js m — m! J 

the rings can be in relative equilibriiun on opposite sides of the vortical 
diameter, the radius through the ring m being inclined at an angle 60** 
to the vertical Shew also that the tension of the string is 

IT'- 



i-m'J 



110. A spherical ball, whose centre is at A, is projected so as to 
pass through a hoop of diameter equal to that of the oall, the centre 
\B) of the hoop being above the horizontal plane through Ay and the 
plane of the hoop being perpendicular to the vertical plane through AB 
and inclined at an angle a to the horizon. Find the direction of 
projection in terms of a and the coordinates of B, and prove that 
the time before passing through the hoop is that of a particle sliding 
from rest down a line equal and parallel to the projection of AB upon 
the plane of the hoop. 

111. Prove that the work done in slowly extracting a cork of 

length I from the neck of a bottle is ^-^— , if the total normal pressure 

per unit length between the part of the cork unextracted at any 
instant and the bottle be constant and equal to P, and the coefficient 
of friction be /x. 

112. The shape of an open umbrella is a paraboloid of revolution 
(the siu-face generated by the revolution of a parabola about its axis). 
If it be made to revolve about the stick, held vertically, with angular 
velocity <», prove that the latera recta of the paths described by mrops 
of rain flying off it are proportional to the original depths of tibose 
drops below the vertex. 

113. A body projected from the top of a tower at an angle ^ 
with the horizon, after t sees, strikes the ground at a distance a from 
the foot of the tower ; find the velocity of projection, and the height of 
the tower. 

114. Find the velocity and angle of projection of a particle which 
being thrown from the level of the ground just clears a wall 14 ft. high 
at a distance of 40 ft. from the point of projection, and strikes a wall 
parallel to the former and 20 ft. beyond it, at a point 9 ft. above the 
ground, the plane of projection being perpendicular to the walls. 

115. A particle of mass 8 lbs., attached by a string of length 6 ft 
to the vertex of a smooth cone whose axis is vertical and semi-vertical 
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angle 30*, describes a horizontal circle on the surface of the cone with 
uniform velocity 6 ft per sec. ; find the tension of the string and the 
pressure on the surface. 

116. Two lines ORP^ 0§ in a horizontal plane make an angle a 
with one another. An elastic particle is projected in the horizontal 
plane from P, strikes OQ Q.i Q, and returns to B, where PR=n. OR. 
Prove that the angle 0PQ{=6) of projection is given by the equation 

cot ^=tan a+ .. , x . » , 
(l+e)sm2a 

e being the coefficient of elasticity. 

117. Two spheres are approaching one another, their centres 
moving in one and the same straight line ; their masses are 8 ozs. and 
4 ozs., their respective velocities 30 and 50 ft. per sec, and their 
coefficient of elasticity is ^ ; find their velocities after collision. If 
they are in contact for ^ of a second, find, in ounces weight, the 
magnitude of the mean pressure between them. 

118. The centres of two equal billiard balls, of radius a and 
elasticity J, move along the straight lines whose equations are, in 
rectangular coordinates, x — y — a=0 and ^+a=0, in such a manner 
that the line joining them is always parallel to the axis of x, and im- 
pinge at the origin. Find the equations of their lines of motion after 
impact. 

119. A heavy particle attached to a fixed point by a light string 
makes complete revolutions in a vertical plane under the action of 
gravity. If the ratio of its maximum to its minimum velocity be 7 : 4, 
shew that the maximum tension of the s'tring will be to the minimum 
in the ratio of 229 ; 31. 

120. A bullet is fired in the direction towards a second equal 
bullet which is let fall at the same instant. Prove that the two bullets 
will meet and that, if they coalesce, the latus rectum of their joint 
path will be one-quarter of the latus rectiun of the original path of the 
first bullet. 

121. Two bodies of equal mass hang from the ends of a light string 
which passes round a smooth fixed peg, and when at rest are 8 ft. and 
19 ft. above a fixed horizontal plane. A piece of the upper body breaks 
off and strikes the plane at the same moment that the lower body 
does. Find the ratio of the parts into which the upper body is 
divided. 

122. Two billiard balls P, Q of diameter 2 in. stand upon a smooth 
table A BBC, their centres being at distances 6 in. and 6 in. from the 
cushion AC and 4 in. and 6 in. from the cushion AB. Find the 
direction in which P must be struck so that after impinging in 
succession upon AB, AC it may strike Q directljr, taking j^ to be 
the coefficient of elasticity of the indiarubber cushion. 
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123. A man who can throw a stone up a height of 121 ft., jgoes 
down a coal-pit at the rate of 3f miles per hour. When he is 106^^ ft. 
from the top, he throws a stone up the pit-shafL Shew that it will 
pass him in 2|f } sees, after it reaches the top : and find the depth 
of the pit if he nas still 797|^ ft. to descend, when the stone reacnes 
the bottom. 

124. A (mass m) and B (mass mT) are two particles connected 
together by a stretched string of length 2a, lying on a smooth table so 
that il^ is perpendicular to its edge, and A is beginning to fJEill oE 
Prove that in time 

7rH-4 /a m-\-mf 



N 9 



m 
the particles will have fallen the same distance - 

125. In the system of pulleys in which the same string goes round 
all the pulleys, and in which the power is replaced by a we^ht ler, and 
W is the weight, it is observed tnat w ascends 7 ft. when W descends 
1 ft. ; again, it is observed that at a certain instant, W is descending 
with a velocity of 1 ft. per sec, and that after 1 sea more it is 
descending with a velocity of 5 ft. per sec. Find the relation between 
w and W. 

126. A number of bodies are dropped simultaneously from the 
heights m\ n^, etc. feet above a perfectlv elastic horizontal plane, where 
9n, n, etc. are whole numbers. Prove that, if ^ be taken as 32 on t^e 
usual assumption as to units, the whole system will be in its original 

position after successive intervals of -^ seconds, where M is the least 

common multiple of wi, w, etc. 

127. A rectangular prism of triangular base rests with one of its 
faces on the ground, the other faces making angles a and a' with the 
horizon ; and two particles of weights w and vf are placed on these two 
faces, connected together by a fine string passing over the edge of 
the prism so that the string is stretched tightly and lies in a vertical 
plane. The particles begin to slide ; find their acceleration, and the 
force which is necessary to apply to the prism to keep it from moving, 
everything being regarded as quite smooth. 

128. Two elastic spheres of masses m^, m^ impinge obliquely; 
Vj, i?2 a^re their velocities at any time. It being given that m^^-{-m^f 
is the same after impact as before, prove that the velocity of separa- 
tion is equal to that of approach. 

129. A particle is projected from a point at the foot of one of two 
parallel vertical smooth walls so as, after three refle:iions at the walls, 
to return to the point of projection, the third impact being direct ; 
prove that e^-^-e^+e^l, and that the vertical heights of the three 
points of impact above the point of projection are as e^ : 1— «■ : 1. 
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130. A particle is projected up a rough inclined plane with a 
velocity due to falling vertically from a point A above the point of 
projection, and through A a straight line is drawn at an angle X to 
the horizon, X being the angle of friction ; shew that this fine will 
meet the inclined plane at the point where the particle comes to rest. 

131. Three equal billiard balls A^ jB, G are lying on a billiard 
table ; A and B are in contact, and equidistant from &. The ball C, 
projected very nearly in the direction of the point of contact, strikes A 
first and B imrriediately afterwards. Shew that after impact the 
velocities of A and B are in the ratio of 4 to 3- e, e being the co- 
efl&cient of restitution. 

132. Three strings are knotted together at C. One string passes 

round a smooth peg A and supports a weight P at its free extremity ; 

a second passes round a smooth peg B in the same horizontal line as A^ 

and supports a weight Q ; the third hangs verticaUv and supports a 

weight R, Prove that the work done in carrying (/from its position 

6 
of equilibrium to the peg il is 2§ . c sin^ -, where AB=c^ and 6 is the 

angle which BG makes with the horizon in the position of equilibrium. 

133. A gun is fired when it is moving forwards with a velocity of 
6 ft. per sec, and the recoil brings it to rest. The mass of the gun 
and carriage is 100 tons, of the shot 1000 lbs. and the mass of the 
powder may be neglected. Find the velocity with which the shot 
leaves the gun, and the mean pressure on the base of the shot, 
supposing it to take ^^Qo. in moving through the bore. 

The shot strikes a suspended target whose mass is 50 tons ; find 
the velocity with which it begins to move after impact, sup- 
posing (1) the shot to be imbedd^ in it ; (2) that the shot just gets 
through. 

134. Three balls A, B, G, of equal mass and size, und moving with 
the same velocity v in directions inclined at 120' to one a'jLrother, 
impinge so that their centres are at the angles of an equilateiral 
triangle. If the coefficient of restitution between G and A or ^ be e, 
and between A and ^ be ^, shew that A and B separate with a 

velocity — p— v, it being assiuned that compression ends at the same 
instant for all three balls. 

135. Two equal weights of 3 lbs. are hanging close together, 
attached to the ends of a flexible string 6 yds. long, which passes 
over a smooth pulley 4 yds. above an inelastic floor. A weight of 1 lb. 
is attached to the string at a point 1 yd. above one of the equal 
weights, and the system set free. Trace the whole of the subsequent 
motion. 

136. A ball is projected from a point in the floor of a room of 
height A, with velocity v and elevation By in a vertical plane perpen- 
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4. A body is dropped from a balloon moving horiaontallj with a 
velocity of 32 ft. per sec., and reaches the ground in 10 seos. ; find 
the height of the balloon and the velocity of the body on striking 
the ground. 

5. A heavy elastic ball drops from the ceiling of a room and, after 
twice rebounding from the floor, just reaches a point half the height of 
the room. Shew that its coefficient of elasticity is i^^, 

6. An engine is travelling at thirty miles an hour; find the 
angular velocity, at any instant, of the highest point of one of the 
wheels (diameter 6 ft.) round its point of contact with the rails. 

7. Determine the velocity and angle of projection of a projectile, 
so that it may strike a given mark just when it is moving horizontally. 

Paper II. 

1. A 3-ton cage, descending a shaft with a speed of 9 yards a 
second, is brought to rest by a uniform force in the space of 18 ft 
Find the value of the force in tons weight. 

2. Two equal masses (m) connected by a light inextensible string 
hang over a smooth pulley. Another equal mass is now laid u|)on one 
of them: find the pressure between these two masses dunng the 
ensuing motion. 

3. A balloon is 432 yards high and is moving horizontally with 
the wind at 4 miles an hour. Find the path of a body dropped from 
the balloon, (1) relative to the balloon, (2) in fixed space, mieii does 
the body reach the ground? 

4. One particle moves in a straight line with an acceleration /oos a, 
and a second particle in a line perpendicular to the former with an 
acceleration /sin a ; if their initial velocities are u and v respectively, 
find their relative velocity at any time t. 

5. The resolved parts of the velocities at the extremities of any 
chord of the parabola described by a projectile, at right angles to the 
chord, are equaL 

6. A heavy particle slides down a smooth inclined plane on a given 
base a ; find the height of the plane when the time of sliding down it is 



a mmimum. 



Paper IIL 



1. A 12-stone man is in a lift. Find his pressure on the floor 
of the Uft, (1) when it is ascending with a uniform velocity of 8 ft per 
sec., (2) when it is ascending with an acceleration of 8 ft-seo. units. 
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2. A railway carriage runs freely down a smooth incline. Prove 
that if a weight be suspended by a string from the roof, it will 
hang with the string perpendicular to the floor. If the angle of the 
incline be a, and the weight be IF", find the tension of the string. 

3. If a body be projected horizontally with a velocity of 500 yds. 
per second, when will its path bo inclined at an angle of 45* to the 
horizon ? Shew that when the body attains this position it will have 
travelled horizontally twice as far as it has fallen vertically. 

4. Determine the ratio of the masses of two perfectly elastic balls 
so that one, after impinging directly on the other at rest, may lose 

-th of its velocity. 

5. A ship steaming due north with velocity v observes a light 
which appears to continue in the N.W., but always to be drawing 
nearer. Supposing it to proceed from another vessel steaming at the 
same rate, find the direction in which she is really moving, and the 
rate at which the ships are approaching one another. 

6. A man shoots at a bird at a distance a due north of him, flying 
due east with velocity u ; how far ahead of the bird must he aim so 
as to hit it, if t; be the velocity of the shot? 



Paper IV. 

1. A body weighing w lbs. is acted on by a horizontal force which 
would support a body of 3w lbs. at rest. In what time will it acquire 
a velocity of v ft. per second? 

2. A body is suspended by a cord from the roof of a railway 
carriage forming part of a railway train, and it is observed that the 
cord is inclined to the vertical at an angle whose tangent is ^. In 
what time will the train acquire a velocity of sixty miles an hour? 

3. At a given instant a particle is sliding down a rough plane, 
inclined at an angle sin~ij^ to the horizon, with a velocity of 16 ft. 
per second ; if the coefficient of friction be §, how much further will it 
move before coming to rest? 

4. A ball is projected and a second ball also from the same pomt, 
and in the same direction, with a velocity equal to the vertical velocity 
of the first ball. Prove that the path of the second passes through the 
focus of the path of the first. 

5. A ball 5 ozs. in weight falls from a height of 20 ffc. on a fixed 
horizontal plane, and on reoounding reaches a height of ll^fb. ; find 
the coefficient of elasticity, the measure of the impulse, and the distance 
travelled by the ball before it finally comes to rest. 

B. D. 19 
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4. A body is dropped from a balloon moving horizontally with a 
velocity of 32 ft. per sec., and reaches the ground in 10 sees. ; find 
the height of the balloon and the velocity of the body on striking 
the ground. 

5. A heavy elastic ball drops from the ceiling of a room and, after 
twice rebounding from the floor, just reaches a point half the height of 
the room. Shew that its coefficient of elasticity is i^^. 

6. An engine is travelling at thirty miles an hour; find the 
angular velocity, at any instant, of the highest point of one of the 
wheels (diameter 6 ft.) round its point of contact with the rails. 

7. Determine the velocity and angle of projection of a projectile, 
so that it may strike a given mark just when it is moving horizontally. 

Paper II. 

1. A 3-ton cage, descending a shaft with a speed of 9 yards a 
second, is brought to rest by a imiform force in the space of 18 ft 
Find the value of the force in tons weight. 

2. Two equal masses (m) connected by a light inextensible string 
hang over a smooth pulley. Another equal mass is now laid upon one 
of them: find the pressure between these two masses dunng the 
ensuing motion. 

3. A balloon is 432 yards high and is moving horizontally with 
the wind at 4 miles an hour. Find the path of a body dropped from 
the balloon, (1) relative to the balloon, (2) in fixed space. YHieii does 
the body reach the ground? 

4. One particle moves in a straight line with an acceleration /oos a, 
and a second particle in a line perpendicular to the former with an 
acceleration /sin a; if their initial velocities are u and v respectively, 
find their relative velocity at any time t. 

5. The resolved parts of the velocities at the extremities of any 
chord of the parabola described by a projectile, at right angles to the 
chord, are equaL 

6. A heavy particle slides down a smooth inclined plane on a given 
base a ; find the height of the plane when the time of sliding down it is 
a minimum. 

Paper III. 

1. A 12-stone man is in a lift. Find his pressure on the floor 
of the lift, (1) when it is ascending with a uniform velocity of 8 fL per 
sec., (2) when it is ascending with an acceleration of 8 fL-seo. units. 
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2. A railway carriage runs freely down a smooth incline. Prove 
that if a weight be suspended by a string from the roof, it will 
hang with the string perpendicular to the floor. If the angle of the 
incline be a, and the weight be W, find the tension of the string. 

3. If a body be projected horizontally with a velocity of 500 yds. 
per second, when will its path be inclined at an angle of 45* to the 
horizon ? Shew that when the body attains this position it will have 
travelled horizontally twice as far as it has fallen vertically. 

4. Determine the ratio of the masses of two perfectly elastic balls 
so that one, after impinging directly on the other at rest, may lose 

-th of its velocity. 

5. A ship steaming due north with velocity v observes a light 
which appears to continue in the N.W., but always to be drawing 
nearer. Supposing it to proceed from another vessel steaming at the 
same rate, find the direction in which she is really moving, and the 
rate at which the ships are approaching one another. 

6. A man shoots at a bird at a distance a due north of him, flying 
due east with velocity u ; how far ahead of the bird must he aim so 
as to hit it, if v be the velocity of the shot? 



Paper IV. 

1. A body weighing lo lbs. is acted on by a horizontal force which 
would support a body of Sw lbs. at rest. In what time will it acquire 
a velocity of v ft. per second? 

2. A body is suspended by a cord from the roof of a railway 
carriage forming part of a railway train, and it is observed that the 
cord is inclined to the vertical at an angle whose tangent is i\y. In 
what time wiU the train acquire a velocity of sixty miles an hour? 

3. At a given instant a particle is sliding down a rough plane, 
inclined at an angle sin"^^^ to the horizon, with a velocity of 16 ft. 
per second ; if the coefficient of friction be §, how much further will it 
move before coming to rest? 

4. A baU is projected and a second ball also from the same pomt, 
and in the same direction, with a velocity equal to the vertical velocity 
of the first ball. Prove that the path of the second passes through the 
focus of the path of the first. 

5. A ball 5 ozs. in weight falls from a height of 20 ffc. on a fixed 
horizontal plane, and on rebounding reaches a height of lljfb. ; find 
the coefficient of elasticity, the measure of the impulse, and the distance 
travelled by the ball before it finally comes to rest, 

R D. 19 
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6. If the level of the water in docks covering 100 acres be altered 
20 feet by the tide twice every 25 hours, find the hoi'se-power of an 
engine whidi could be driven by the energy, if it could all be made 
use of. 

Paper V. 

1. A J oz. bullet is fired with a muzzle velocity of 2000 ft. per sec. 
from a smooth gun having a barrel which has a length of 3 ft. and an 
internal diamet^ ^ inch. Assuming that the pressure in the barrel 
is constant, find its measure in lbs. wt. per square inch. 

2. ABC is a right-angled triangle in a vertical plane with AB 
horizontal ; if PB be the line of quickest descent from the hypotenuse 
^C7 to the point B, find AP. 

3. AG, BG are two inclined planes of elevation a and j3 respec- 
tively ; a heavy inelastic particle slides down the plane AC from the 
point A ; find how far it ascends the plane GB, when CA=b, 

4. Two ships sail uniformly in the directions AB, AC, with 
velocities w, v, respectively. The former is at il when the latter 
is at G. The angle GAB, which is less than 90", is equal to By and u 
is greater than v. Shew that if AG^a, the least distance of the ships 
apart will be 

au sin 6 

(w«-fv2-2w;cos^)** 

5. A ring, of radius a, rolls upon the concave side of the circum- 
ference of a fixed ring of radius ma, the point of contact having the 
velocity v. Prove that the angular velocity of the moving ring is 

m—\ V 
7/1 a 

If m=2 prove that every point on the moving ring describes a 
diameter of the fixed ring. 

6. A particle (whose coefficient of restitution is e) is projected at 
right angles to a plane inclined at an angle a to the horizon with a 
velocity v. Find the latera recta of the successive paths, and diew 
that, before ceasing to rebound, it will have described along the plane 
a distance 

2v^ sin a 

^cos*a(l-e)** 



Paper VI. 

1. A pulley is fixed at the top of a smooth inclined plane of 
inclination a to the horizon. A string passing over the pulley in a 
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principal plane is attached to a mass M on the inclined plane, and 
the other end supports a mass m hanging freely. Shew that M will 
just reach the pulley if m is detached after it has fallen a distance 

equal to - — tl — — — ? of the original distance of if from the top. 
^ m(l + sma) 

2. A ball is rolled from one corner of a racket court, 64 ft. by 
32 ft. ; it strikes one of the longer walls at its middle point, reboimds, 
and strikes one of the shorter walls also at its middle point; find the 
coefficient of restitution. 

3. If P is a point in a vertical circle, and the times of sliding are 
equal down all those chords of the circle through F which are on the 
side of the vertical through P remote from the centre, prove that the 
chords are all equally rough. 

4. If the units of mass and time be doubled, the unit of length 
being unaltered, prove that the measure of the kinetic energy of a body 
is also doubled. 

5. The time of describing any portion P§ of the parabolic path of 
a projectile is proportional to the difierence of the tangents of the 
angles which the linear tangents at P and Q make with the horizon. 

6. A smooth wedge, whose angle is 46°, weighs 5 lbs. and rests on 
a smooth inclined plane of elevation 45**, so that the upper surface of 
the wedge is horizontal. A weight of 4 lbs. is placed on the upper 
surface of the wedge: find its acceleration, and the pressure of the 
weight on the wedge. Does the weight move relative to the wedge? 

Paper VII. 

1. Two heavy particles begin to slide at the same instant from the 
common vertex of two smooth inclined planes: prove that the line 
joining them moves parallel to itself. 

2. A train of mass 250 tons, including the engine, is drawn up 
an incline of 3 in 500 at the rate of 40 miles an hour by an engine of 
600 horse-power; find the resistance per ton due to friction etc. 

3. If a shot of 5 lbs. is fired horizontally from a gun of 7 cwt. with 
a velocity of 1100 ft. per sec, find the velocity of recoil of the gun ; and 
compare the kinetic energies of the gun and shot. 

4. A particle is projected with a given velocity and strikes a given 
plane through the point of projection horizontally : find the elevation 
of projection. 

5. The hose of a fire engine is inclined at an angle of 45** to the 
vertical and discharges 2 gallons per second. The jet strikes a vertical 
wall at right angles, at a height of 35 ft. above the nozzle ; shew that 
the pressure on the wall is approximately equal to the weight of 
29*5 lbs. if a gallon contains 10 lbs. of water. 

19—2 
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6. An inelastic sphere is in equilibrium supported by two smooth 
inclined planes, each of inclination ala<—j. Prove that, if projected 
up one of the planes with velocity v, it will, after oscillating, finallj 

V 

come to rest in its original position in a time — ;— 5— . 

^ ^sm'a 

Paper VIII. 

1. The length of a smooth inclined plane is 80 ft., and its inclina- 
tion i» 30° ; mark out upon it a part, equal to the height, through which 
a body sliding down the plane will move whilst another bo<^ would 
descend freely through the height. 

2. Two masses of 5 lbs. and 3 lbs. are connected by a light string 
passing over a table, 6^ ft. wide, at right angles to its ed^es, the 
smaller mass starting at a point 4 ft. below the edge. Find the 
distance fallen through by the larger mass in 2 sees., supposing the 
smaller mass to pass on and off the table without loss of velocity. 

3. Two balls A and B, perfectly elastic, are dropped at the same 
instant from two points in the same vertical line, at heights of A^ and 
Aj feet above a horizontal plane: find the point where B^ after 
rebounding from the horizontal plane, will meet A. (/hi>h^') 

4. If the unit of space be 2 ft., what must be the unit of time in 
order that one pound-weight may be the unit of force, and one pound 
the unit of mass ? 

5. Find the time which elapses between the directions of a pro- 
jectile in the ascent and in the descent having the same inclination $ 
to the horizon, u and a being the initial velocity and elevation 
respectively. 

6. Three equal particles move with velocities Uijti^yU^ along three 
lines in one plane equally inclined to one another. Shew H^ the 
velocity of the centre of mass is 

Paper IX. 

1. A mass of 200 lbs. falls from a height of 4 feet and drives an 
inelastic pile half an inch into the ground : find the mean pressure on 
the mass. 

2. A bullet of mass 2 ozs. is fired into a block of wood of 25 lbs. 
mass, free to move in the direction of impact; and the block is 
observed to move off with a velocity of 8 ft. per sec. Find the original 
velocity of the bullet. 

3. A string passing round a smooth fixed pulley is attached at one 
end to a weight, and at the other end to a smooth weightless pulley. 
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A string passes round this weightless pulley, and is attached at one 
end to a weight equal in mass to the first mentioned weight, and at the 
other end to the ground. All the hanging portions of the string are 
vertical. Prove that the first mentioned weight ascends with an 
acceleration equal to one-fifth of that due to gravity. 

4 A particle is projected from a point on an inclined plane of 
elevation 45'', in a direction lying in the same vertical plane as the line 
of greatest slope, and making an angle of 15" with it ; shew that the 
direction of motion when the particle meets the plane again will make 
an angle of 30° with the line of greatest slope. 

5. If two imequal spheres moving with equal velocities (v) 
impinge directly, prove that the resulting loss of kinetic energy is 
(1 — e^) fiv^^ where ft is the harmonic mean between the masses of the 
spheres. 

6. A clock gains 5 seconds a day ; calculate to 5 places of decimals 
by what proportion of its length the pendulum (assimied to be a simple 
one) ought to be lengthened. 

Paper X. 

1. If a body fall through a distance of aft. at two different 
places, and if the time of falling at one place be t sees, less, and the 
velocity acquired vft. per sec. greater than at the other, prove that 

\/ —,- \J — -% fl^d '^99'— Zi when g and ^ are the accelerations 

of gravity at the two places respectively. 

2. A rocket ascending vertically with an initial velocity of 100 ft. 
per sec, explodes when it reaches its highest point, and the interval 
between the sound reaching the place of starting, and a place J mile 
distant, is one second ; find the velocity of sound. 

3. A ball whose elasticity is J falls from a height of 50^ ft. upon 
a horizontal plane, and rebounds continually until its velocity is 
destroyed: find the whole space described. 

4. A ball is fired at an elevation tan~i^ towards a person on the 
same horizontal plane as the gun; if the ball and the sound of the 
discharge reach him at the same instant, find the range, the velocity 
of sound being 1120 ft. per second, 

5. Two small rings, of masses m and m\ are moving on a smooth 
circular wire which is fixed with its plane vertical. They are con- 
nected by a weightless inextensible string. Prove that, as long as the 

, . • X- uj. i X • • 2mmVtanacos^ , « . xi 

string remams tight, its tension is -. , where 2a is the 

7n,-\-7n, 

angle which the string when tight subtends at the centre, and 6 is the 

inclination of the string to the horizon. 
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6. Heavy particles slide down chords of a verticsJ circle from rest 
at the highest point. Find the locus of the foci of the parabolic paths 
they describe after leaving the chords. 



Paper XL 

1. Bodies are let fall down a number of smooth inclined planes 
having a conmion vertex ; prove that the locus of the points at which 
they all have the same given velocity is a horizontal line. If the 
planes are all equally rough, coefficient of friction fiy prove that the 
locus is still a straight line. 

2. Shew that an erg = 737 x 10""^^ foot-pounds approximately ; 
having given 1 metre =3*281 feet, 1 poundal= 13825 dynes, 
and ^=32'2 ft.-sec. units. 

3. At equal intervals a, on a smooth horizontal plane, n equal 
balls are arranged in a straight line. A velocity v is communicated 
to the first in the direction of the second ; shew that the nth will begin 

to move with a velocity v I \ , after a time 

e being the coefficient of restitution. 

4. A perfectly elastic particle is projected with a velocity v in a 
vertical plane through a line of great^t slope of an inclined plane of 
elevation a; if after striking the plane it rebounds vertically, prove 
that it will return to its point of projection on the plane in a tune 

6v 
^(l + 8sin2a)*' 

5. A parabola has its axis vertical, and its vertex at its lowest 
point ; prove that the time of descent of a particle down any smooth 
chord to the lowest point is equal to the time of falling vertically to a 
horizontal line which is at a distance below the vertex equal to the 
latus rectum. 

6. If a body of mass m make n complete Simple Harmonic 
Oscillations per second, shew that its kinetic energy when at the 
centre exceeds its kinetic energy when at distance x from the centre 
by 2?i%%ia^. 
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ANSWERS TO EXAMPLES. 



I. a. (Page 3.) 



1. 68| ft. per sec. 2. 30 miles per hour. 3. 22 ft. per sec. 

22at 



22at. 
4. 5 minutes. 5. 1636|^ ft. per sec. 6. -thtT "• 



10. 14 miles an hour. H, 15 : 22. 12. 13i ft. per sec. 

13. 10 miles. 14. 36 days. 15. 1:12:720. 16. ^. 

17. 14|. 18. ^ of a foot. 

I. h. (Page 6.) 

1, 21 miles, 46 miles, 4 hrs. 48 min. 2. 6 miles per hour. 

3. 8 miles per hour. 4. 29 miles, 32° W. of N. 

5. 13^ miles from the starting point. 6. 10*2 miles per hour. 

7. 9*6 yards per second. 8. 16*7 ft. per sec. 

9, 51'3 ft. per sec. 10. 46 miles per hour. 

II. a. (Pa(Je 11.) 

1. 8 ft. per sec. ; 16 ft. 2» -3ft.-seo. units; 10 ft. 

3. 16V3 = 27'713ft. per sec. approx. 4, 40 ft.-Beo. units. 

5. 16 sees. 6. 10 sees. 

7. In 2 sees. ; 10 cms. from starting point. 8. 40 ft.-seo. units. 

9. 8ft.-sec. units; 6ft. per sec. 10. 120ft. H. 440ft. 

12. ; 126 ft. ; 876 ft. from the starting point in a negative direction. 

13. 6 ft.-sec. units ; 2 ft. per sec. 14. 68 ft. 15. 24 sees. 

17. 8 sees. 22. 208 ft. 23. 7200. 24. 4-4 ft.-sec. units. 

25. 64 ft. 26. 16:3. 27. /becomes 4/. 

28. 4 sees, after the first particle starts; 16 ft. from 0. 
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29. Accelerations ; initial velocity = -^ rr^ r -> 

m — n ^ {m — n) 

30. 7i ft. per sec. in a direction opposite to the acceleration ; 51 J ft per 

sec. in the same direction as the acceleration. 

31. I ft.-sec. units; 20Vl22 (=221 approz.) ft. per see.; 220 ft. per sec. 

32' In 9 sees. ; 63 ft. from the starting point measured in the direction of 
the motion of the ball moving uniformly. 

33. It travels forwards for 2f sees, over a distance of 15|{^ ft. ; velocity of 
departure from ^ = 10^ ft. per sec.; velocity of returxi to ^=19^ ft. 
per sec. in the opposite direction. 

n. 5. (Page 20.) 

1. 8*5 ft. per sec, 22*5 ft. per sec., in 56 sees. 

2. 7*8 ft. per sec. in 50 sees. 

3. 28 ft. per sec. in 35 sees. 4. 2 ft. per sec., 8*5 ft. per seo. 
5. 6*6 ft. per sec, 4*9 ft. per sec. 6. 3*5 ft., 6*9 ft., 4*5 sees. 

7. 15*3 ft., 35 ft. 2-9 sees. 

8. 2 sees. 10 ft. from the start, in a direction opposite to that of initial 

motion. 

9. The acceleration is uniform and equal to -4 ft. -sec. units. Initial 

velocity 22 ft. per seo. It comes to rest in 5jf sees. 

II. c. (Page 24.) 

1, 42, 34, 26 ft. per seo. Betardation of 8 ft.-seo. units. 

2, 8, 10, 16 ft. per sec. Acceleration, 4 ft.-sec. units. 

3, 3, 2, 6 ft. from 0. 21 ft., -004001 ft., 7 ft. per sec, 4-001 ft. per sec, 

4 ft. per sec. 

4, 150 - lOt ft. per sec. 5. a + 2bt, 6. Velocity 6t^, acceleration 12t. 

III. (Page 28.) 

1. In 3 sees. 2. In 8 sees. ; 1024 ft. 3. 1 seo. and 7 sees. ; 112 ft. 

4. 192 ft. 5. 104 ft. per sec. 8. 1600 ft. 9. 32-2 ft.-sec. units. 

10, t = 5 sees. ; 64 ft. per sec. 11, In 8f sees. 

12, 144 ft. ; in f (2 - ^/2) = -88 sees, approx. 13. 192 ft 

14. 576 ft. 15. It has fallen for 7 sees, when it overtakes the other. 

16. In 2 sees, or 8 sees. 17. 266 ft. per sec. ; 1024 ft 18. 116 ft^ 

19. 192 ft. below the point of projection. 21- 160 ft. 
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22. 96 ft. per sec. ; 0. 23. n/p^. 

fh t\ 
24. 70-56 ft. below the point of projection. 25. ( ~; ~ o ) ^^^^' 

2 f 

26. Ill - ^v^ + 2gh sees, from its start. 

if 

27. x = ^2t^ where ^c ft. is the unit of space and t sees, the nnit of time. 

28. 6 sees. 29. ^secs. 30. d^secs. 
31. 6 sees. 32. 316 sees., 101*2 ft. per sec 

IV. (Page 37.) 

1. Acceleration = 2 ft. -sec. units ; space = 16 ft. 

2. Acceleration =^ ft. -sec. units; velocity =11 ft. per sec. 

3. Acceleration = 4 f t.-sec. units ; space = 1000 ft. 

4. 384 poundals = 12 lbs. wt. 5. 16 lbs. 

6. 640 ft. per sec. ; 1280 ft. 7, 4 sees. 8. 48 ft. per sec. ; 720 ft. 

9. 1:16. 10. 31bs. wt. 11. 48ft. 12. Jib. wt. 

13. 45 grammes. 14. 6 sees. 15. 981 grammes. 

jg^ gO^ ft. per sec; ^^Q^^-^^' ft. 17. 10 sees. 18. 6^ miles. 

19. 800 lbs. wt. 20. ^Vf t.-sec. units. 

P- W vP 

21. ^ri^"^^ ft. -sec. units; ^, where I is the length of the chain and the 

assigned point is at a distance y from its lower end. 

V. (Page 46.) 

1. 8 miles an hour, in a direction 30° W. of N. 

12 

2. 26 ft. per sec, at an elevation of tan"^ — (=67° 23'). 

3. 3 miles an hour. 4. 10\/6 ( = 22-36 approx.) miles. 

5. Vl9 (=4-36 approx.) ft. per sec. 

6. 10-9 ft. per sec. at an angle of 20° with the greater velocity. 

7. 31° with the bank. 5*83 miles per hour. 

8. 14-4 ft. 9, 33-17 yds. per minute. 

10. 8 ft. per sec, and 4 ft. per sec. 11. 1*5 miles per hour. 

V \^3 
12. Each component = — — = v . 6-8 approx. 
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13. 50 ft;. 14. 12 miles. 15. Wiv ft. = 6-928 vapprox. 

16. 3>/7( = 7-94) ft. per seo. making an angle sin-^ (-tt-) or 19° 6' with 

the resultant velocity. 

17. sin ( = 5-57) ft. per sec. 

18. V from the fifth angular point to the centre. 

19. 26 ft. 20. 2-2 ft. per sea 

21. Up stream, at an angle of 45® with the bank. 

23. Half an hour. 24. 2>/2u=2-83tt, south-west. 

26. 5 hours 20 minutes. 

VI. (Pagb 66.) 

1. 72 ft. ; 48 ft. per sec. 2. 46°. 3. 60°. 

4. 1716-75 centimetres. 5, 76 sees. 6. 108 yds. 

7. 2(V2-l) = -828secs.approx. 8. ^T^\/^' 17. 46°. 

18. 96ft. per sec; 144ft. 19. l}lbs. wt. 20. 6^ miles. 

21, 11 tons wt. 22. Half a ton wt. in each case. 

23. 64y\ miles per hour. 24. If miles. 25* ti. 

-_ Poos a -ma sin a #*« ^^^.i^ ^^ o/.*^ 

26. . 27. 12 ft. per sec. 28. 36 ft. 

m 

29. 3*43 ft.-seo. units. 30. ^ tons wt. 

31. The particle sliding down BC arrives at C first, and is then 6 inches 

from the other. 

32. 2-7 lbs. wt. 33. 2 lbs. wt. 

34. 4 sees, aft^r the first started, 128 ft. from the top. 

35. 22°. 36. 3ilbs. wt. 
39. 32, 96, 160 ft. 3 sees. 40. 30°. 

Vn. (Page 65.) 

1. 8 ft.-sec. units ; 3J lbs. wt. ; 16 ft. 2. 4| lbs. 

3. 24 ft. per sec. 4. 16| ozs. wt. 5, By 3 lbs. wt. 

6. i sec. 7. - sees. 8. 16 ft. and 48 ft. 

9. IJ sees. 10. IJ lbs. wt. 11, 8 sees. 



ANSWERS TO EXAMPLES. 299 

12. 8 ft.-seo. units ; weight of -j- lbs. 13. 12 lbs. 

14. sin-i ^1^ = 38° 41'. 15. 7 J lbs. wt. 5f lbs. wt. 

16. 128 ft. 17. 4 lbs. wt. 6f lbs. wt. 

18. 5:3. 20. 2 sees. 21. 4 ft. -sec. units ; 1 J lbs. wt. 

22. 16(^3- l)(=ll-713approx.) ft. 23. 14 sees. 24. 3 sees. 

28. Acceleration = 77^; fir =981 om.-sec. units approx. 

31. It nil he ^^6 mass on the inclined and m^ the mass on the horizontal 

plane, acceleration =^5^^ and tension = ^ ^^ , where a is 

wh + w»2 nij + 97I2 

the inclination of the plane. 

32. (^^^^^)g. 33. <7=32ft..sec. units. 34. 80 ft. 

36. Initial velocity =400 cms. per sec. ; ratio of masses =277 : 213 ; accele- 
ration = 128 cm.-seo. units. 

38. 24 lbs. wt. and 3^ lbs. wt. 39. 7^ lbs. wt. and 4f lbs. wt. 



Vni. a. (Page 71.) 

1. 70 lbs. wt. ; 56 lbs. wt. 2. 4ft.-sec. units. 

3. The wt. of m lbs., in a vertical direction. 4. ^ lbs. wt. 

6. Zero. 6. 3 lbs. wt. 7. 196 lbs. wt. 

8. 810 lbs. wt. 10. 15 lbs. wt 11. 2| ozs. wt. 

Ym. 6. (Pagb 74.) 

1. 5Jft. 2. 27 ft. 3. 88^ tons wt 

4. 16 ft. per sec. 5. 25|f tons wt. 

7, — s — = 68 miles an hour nearly. 8. Hq ''•■''®®' ^^^^^- 

10. '48 ft -sec. units. H, /ii=H. 12. -^5-^tano. 

\^-l 
13. 80 ft. per sec. 14. — 5 — flf=7*8 ft.-seo. units approz. 

o 

15. 79poundals = 2if lbs. wt 16. 4 sees. 17. 1:160. 

18. l'r^ .ma-j.oosa _ 3 

I T sina+/A0Osa 
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Bevision Questions. IX. a. (Page 77.) 

13. (1) Zero, (2) no difference. 

14. 3 ft. per sec. in the direction of the greatest velocity. 

15. 3 ft. per sec. bisecting the angle of 120^ 

16. 120, 7200, I, 4. . 17. 180, 10800. 

18. 30, J, rk. W/=44. 19. 1920,116200,116200. 

20. 8, 16, 80, St ft. per sec. 21. 8, 14, 20, 2+6t ft. per sec. 

Bevision Papeb. IX. b. (Page 79.) 

2a 
1. :r^ . 2. 9. 3. 1 sec. 4. 26 lbs. wt. 

loo 

5. log ft.-sec. units, 6^ lbs. wt., 32 ft. per sec. 16 ft. 

6. The body has a retardation of 2 ft.-sec. units, and comes to rest in 

5i sees. 

Bevision Papeb. IX. c. (Paoe 80.) 
1. 1528. 2. 316 sees., 101-2 ft. per sec. 

3. 159-4 lbs. wt., 140*6 lbs. wt. 4. 3 ft.-sec. units, 6 ft. per seo. 

6. sin-i(-9219) = C7°12'. 6. 2P=m/. 

Bevision Paper. IX. d. (Paoe 80.) 

1, S^ ft. per sec. 2. In 4 sees., 160 ft. from B. 

3. 32 ft. 4. 6 miles an hour. 
5. 64 ft. 6. 8tVoz. wt. 

Bevision Paper. IX. e. (Paoe 81.) 
1. 46. 2. 10-6 sees. 3. 22^=22-92 lbs. wt. 

4. (1) It just carries the load. 

(2) It would break. 

(3) It could carry a greater load. 

5. 6-3 ft. per sec, 61 ft. 6. 32-2. 

Miscellaneous Examples. IX. /. (Page 82.) 

1. 30 ft. per sec. 2. 96 ft. 

3. In 1§ sees, after the second is projected, at a height of 168} ft. 

4. ICOOft. 5. 5:13. 6. 60°. 7- 360 ft. 
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on 

8. 3/^ minutes. 9. tt^ ft.-sec. units. 10, Vir sees. 

170 

11. Vfftonswt. 12. 33Hton8wt. 13. 1 + 2^2:3. 

14. m y- + "2 poundals. 15. m=6 ozs. mass. 16. 574 ft. 

17. At an angle of 30° with Bil. 18. 26 ft. 

20. Its increase of velocity is 7 ft. per sec. in each second. 

21, 60 miles an hour ; 10 hours, 25 minutes. 22. 99 ft. 
24. 2^. 25. 10. 27. Wt. of i m lbs. ; wt. of i ni lbs. 
28. (1) f tons wt. ; (2) 20f tons wt. 31. 34|. 

33. If m lbs. be the mass of unit length of the string, and y the distance 

of a point from the descending end, the tension at that point 

= myg ( 1 - y ) poundals. 

34. 21^. 

35. ^ ^i ^6cs. ; 37 ft. from the point where the lower particle started. 

39. a/^ . 40. Time = 91| sees. ; distance = 2688f ft. 

41. With a velocity of 20 ft. per sec; at an angle tan-^ (j) with the 

direction of the ship's motion. 

42. lOK miles. 43. 10581 ft. 44. 120°, 136°, 106°. 
45. ^8-4 ft. per sec. approx. ; 2*06 sees, approx. 46. 3220. 

47. 15 poundals will just prevent the body from sliding down. 

48. 3^/3 miles per hour. 49. 27 poundals ; 13i. 

50. 2| sees. ; 64 ft. per seo. 55. Jldu. 56. 2 : 1. 

60. yft. 

61. 3 sees, after the second body starts, at a height of 240 ft. 

62. 196 ft. 63. 1520 ft. 64. 61bs. wt. 

65. • 66. A horizontal straight line. 

68. Their distance apart at time t = ija^ - 2aut + 2uH^f where a is the 
distance of the station from the junction, and u is the velocity of 
each train. 

170 TT^ i. • i. • X J' J. X MV [\/v* - w* sin^ a - « cos a] , , - 
72. He must aim at a pomt distant — ^^ s s ahead of 

the apparent position of the object, where t; = distance of the man 
from this apparent position, and a=the angle between this distance 
and the line of flight of the object. 
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76. P=266|lbs. wt. 77. 300ft. 78. ^. 

o 

80. f J + n/2p^^ ft. per sec. 81. H : 6400. 

84. Tension of string = -5- . 86. 26-6 ft. 

o 

87, ?!!?^ poundals ; 2M^( "h +»»») + 4m,»^ ^.jJ7j 

X. a. (Page 96.) 

I. 12320 ft. -lbs. 2. 11-4 sees. 3. 6^ h.p. 

4. li H.p. 5. 1 min. 18| sees. 6. 50 minutes. 

7. 2475 ft.-lbs., 16 sees. 8. 40tV=40-73. 9. 41tS:= 41-09. 
10. 0176. 11. 2240. 12. 110,276. 

13. 22-4. 

14. 147840 ft.-lbs. ; 2-24 h. p. 15. 6 ft.-tons. 
16. 26,400 cub. ft. 17. 4^. 18. 2240 ft.-lbs. 
19. 303, 760 ft. -lbs. 20. 6,21. 21. IH- 

22. 21 J. 23. 3 miles, 970 yards. 24. 26t. 

25. 58668 lbs. wt. 27. 660,000 ft.-lbs. ; 80 h.p. 

28. j^fsina+Atcosa+^j. 29- 760^- 

30. 60(2V3- 3) [ = 23-2] ft.-lbs. 31. 296-68. 

32. 7ift. 33. 13^ hours. 

X. 6. (Page 100.) 
1. 27 ft. -lbs. 2. 600 ft. -lbs. 

3, 250ft..lbs. 4. 60,000 ft.-lbs. 

X. c. (Page 106.) 
1. 45,000, 22,500 ft. 2. 2J. 

3. ^(v^-v'^). 4. 1920 tons wt. 5. 12*5 nearly. 

6. 40,960 units of energy. 7, 307,200 units of energy. 

8. 109f . 10. 3-125 lbs. wt. 

II. 65561 ft.-lbs. approz. 12. 44*2approz. 13. If miles. 
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14. 12-4. 15. 25:4. 16. Olf. 

17. 10-85 ft. approx. 18. 32000. 26 lbs. wt. 

19. 140ft.-lbs. lOft.-lbs. 

20. 480 ft.-poundals. Decrease of 480 ft.-poundals. 

21. 4Htonswt. 22. 37||. 23. 28:165. 

24. 1,816,000,000 ft.-lbs. 25. 4/gV- 26. 60,000 ft.-lbs. 

27. 1,108,800 ft.-lbs. 28. 24ft.-poundals. SJlbs. wt, 

29. 168. 30. 40 ft. per sec. 

32. (1) 1250 lbs. wt. (2) 3600 lbs. wt. 33. 2149f ft. tons. 

36. mgh. 37. 37. 38. 102 tons wt. 

39. 5625 lbs. wt. 40. m lbs. wt. 41. Rh. 

XI. a. (Page 116.) 

1. 24 miles an hour, in a direction 30° W. of N. 

2. 6 miles an hour, in a direction due north. 

3. 6^ ( = 13-42) miles an hour, in a direction cos-i ( -7= j ( = 26°34')N. of E. 

4. 60 miles per hour, and 30 miles per hour. 

5. It meets him at an angle tan-^ - ( = 26° 34') with the horizon and with 

a velocity of 44^5 ( = 98-4) ft. per second. 

6. It blows 6 miles an hour, at an angle tan~^ ( - j ( = 63° 8') N. of W. 

7. 4 miles; 36 minutes. 8. 60 miles an hour. 
9. 10 miles an hour from the N.W. 

10. 13i*r *^d 27x\ miles per hour. 

11. 3i;, greatest when at the same point; v, least when at opposite ends of 

a diameter. 

12. The rain comes from behind the man at an angle of 45° with the 

horizon, and with a velocity of 4 ^2 miles per hour. 

13. 65 miles an hour. 14. Their velocities are equal. 
15. Atanangletan-i|( = 36°62') W. ofN. 16. 6 miles. 

17. 6 V2 miles per hour ; S.W. 18. At an angle tan-i 2 ( = 63° 26'). 

f — 

20. At 12.45, when they are — ^^( = 159) miles apart. 
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22. 3|{lbs. wt and Tffl^s. wi 23. SJlbs. 

24. 15^H^*-B^' ui^^s. 25. I* -Q^ poundals. 

o o 

So 

26. 1^=7*4 ft.-sec. units approx., 4j^ lbs. wi 

27. ^Ibs. wt. :r|=6-65 ft.-sec. units approx, 

28. 6f ibs. wt. 2 ft.-sec. units. 

29. (1) V^ lbs. wt. ^~. ' AT downwards. 

(2) I upwards. (3) 2g upwards. 

30. 4-8 oz. wt. 

XI. 6. (Page 120). 

2, 7*5 miles per hour. 3. 8*3 miles per hour, 67° N. of B. 

4. 22° 64' N. of E. 5. 80° E. of S., 9° 13' N. of E. 



1. v 



XI. c. (Page 122.) 



2053 

sees. 



1040 
3. 1} lbs. wt 5, 3-2 feet. 38-4 feet. 7, ^ sin cu 

XI. d, (Page 125.) 

1. 1*17 radians per sec, approz. 2. 5 ft. per sec. 

3. 6 '24 radians per sec, approx. 4. 4; ll^^i°. 

5. 1:12:720. 6. ^^^* 

2irA 

7, 22 radians per sec. ; 44 ft. per sec. 9. • 

TT 1 

10. j^^r&dia.nBperBe(s. H. 10 inches. 12. gj. 

15. 45,^2 (=63*64) miles per hour, at an angle of 46° with the horizon. 

16. 90 miles an hour; 0. 18. 10; 10. 

20. 2' ^' ^^' 22 radians per sec. 

23, -^ radians per hour= T^ radians per sec. 
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XI. e, (Page 128.)' 

1. AC represents its velocity after one second. 

2. Produce BC to D making BD=3BG. AD represents the velocity 

required. 

3. 13 "68 ft. per sec, 4*66 ft.-sec. units. 

4. Accel. 4*8 ft.-sec. units, velocity 18-3 ft. per sec, making 18° with the 

initial direction. 

5. AB=BC=CD and so on, and ABGD is a str. line. 

6. 34-6, 33, 36, 42, 50-4 ft. per sec 
17°, 37°, 56°, 72°, 82° with North. 

8. 15 ft. per sec. bisecting angle BAC. 

9, 8 ft. per sec at right angles to AB. 

XII. (Page 138.) 
1. lilbs. wt. 2. 16 ft. -sec. units. 3. t? tons wt. 

45 
4. ^ lbs. wt. 5. 38t^ times. 6. 30J lbs. wt. 

7. tan-(^). 8. tan-g). 
9. 3 in. approx. 12. 38. 

13. 4 ^10 ( = 12*65) stone at an angle tan"i ^ with the vertioal. 

o 

14. ^^^ (=5-77) lbs. wt. at an angle of 30° with the vertical. 

15. 6 lbs. wt. at an angle cos~^ ( - ) with the vertical. 

16. \/2^- 18. -10125. 19. nhVi^ ' »naV- 

20. At a perpendicular distance - — ^ — from the axis. . 21. ISA* 



22. 8 V3 ( = 13 86) lbs. wt.; J -^300 ( = 3-3) sees. 

23. K7^ oz. wt. 26. twi DiTist be removed. 

224 4 

27. 29/w poundalfl. 30. 1*71 oz. wt^r approx. 

31. rrnr'^ and | mv^. 32. 2 sees. 36. 6i lbs. wt. 

36. 84 tons wt. 37. li lbs. wt. 

fi. D. 20 
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XIII. a. (Pagb 149.) 

1. ^31296 = 176-9 ft. per sec., approx.; 156-26 ft. 2. 156-26 ft. 

3. 192 ft. per sec. 4. 15° or 75®. 5. 96 yds. 

6. 400 yds. 7. 45°. 8. 60"". 9. 448 ft. per seo. 

10. tan-i ^y^ . 14, At an elevation of 60^ 18. 98 yds. 

19. (1) 11 sees, at a ht. of 1936 ft. 

(2) 8^ sees, and 13^ sees, at a ht. of 1815 ft. 

20. Horizontal; 64 a 21. 160 ft. 22. 15*»or76». 
23. 16^ ft. -, 46° with the horizon. 24. 15° or 75^ 

25. 226 ft.; 125 ft. per seo. 26. tan-^ (^^ , ^ ^(4*a + fe') 

27. 40V2(=66-67) ft. per seo. 28. 50 ft. per seo. 

29. 4^ sees. 30. 80 ^3 ( = 138-66) ft. from the foot of the tower. 

31. 128V2(=181)ft. persec. 32. 144 a 

36. 32Ay3r==55*43) ft. from the foot of the tower with a Telodfy of 

32V3 (=55-43) ft. per seo. 

37. With a velocity of 40 ^2 ( = 56-57) ft. per seo. at an elevation of 45°. 

38. At an elevation of 15° or 75°. 

Xm. 6. (Paob 156.) 

9<7 

1. In 3 sees. Sg a horizontally, -^ a vertically from the starting point 
of the first particle. 

3, In 2 J sees. 100 ft. vertically below the middle point of AB» 

4. 44 ft. 

7, 46\ 63°, 72°, 76° with the horizon. 

XIV. (Page 169.) 
1. V3 ( = 1-73) sees.; 48 a 2. ^. 3. ^1 ^. 

4. At time — r~; when the distance from the plane = — = — 7 « 
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5. 633 J ft. 6. 62J ft. ; ^^ (= -88) seCs. 

8. d-Jdn^. 12. ^^. 13. 80«. 

23. -y^L=-6ft 25. tan-ii(=6M3')approx. 

29. A circle whose centre is at the point of projection. 

u 
31. y + ajcot2a=0 where a is the angle of projection; — : — where u is 

the velocity of projection. 
35. 30J ft. ; -06 inch approx. 
37. The angular distance of the required point from the highest point on 

the wheel =oos'~^ [2)* ^^^^^ ** ^^ ^^^ radius of the wheel and u the 

tangential velocity of the point. 

Bbvision Paper. XV. a. (Page 174.) 
1. 15 and 30 miles an hour. 2. 16 ft. 

3. (ml, +^) ft..lbs. 4. ^. 

5. 25 ft. per sec. 

6. Velocities 108, 95, 92 ft. per sec. approx. 
Angles 67°, 74°, 93° with the vertical 

Rkvision Paper. XV. 6. (Page 174.) 

1. 18 inches per hour. 2. 4 ft. 18-63 ft. approx. 

3. 11-674 tons wt. 28,233,000 ft. -lbs. 4. 40 ft. per seo. 

5. -0089 ft.-sec. units, 47281 x lO^^ lbs. wt. 

Revision Paper. XV. c. (Page 176.) 

1. sm-i-8 = 53° 8^ with AB. 2. 3000 ft.-poundalfl. 93J lbs. wt. 

Q 3£ ^mg 
^- 6 ' 6 * 

4. 19 '1 ft. per sec. making angle 125° with its first direction. 
Acceleration 6*4 ft.-sec. units nearly. 

6. Hi lbs. wt. 

20—2 
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Beyibion Papeb. XV. d, (Page 176.) 

2 

1. tan~^ YT=1^° 1^' ^^'^ ^® direction of the train. 

2. 5*8 sees, after the first has started. 

3. 108,000 ft. -lbs. per c. ft., 17280 ft. -lbs. per gallon. 
960,000 ft.-lbs. for a penny. 

4. It has an acceleration of 3*2 ft.-sec. units downwards. 

5. v,0. 

Beyibion Papeb. XV. e, (Page 176.) 

1. At an angle of 142^° with the direction of the struck ship. 

2. 205 ft. 100 and 64 ft. per sec. 

3. 2^ff pence. 4. ,9 : 7. 5. 30 miles an hour. 

Bevibion Papeb. XV. /. (Page 177.) 

4 
1. tan~^ :7Y= 19° 59' with the horizon. 3. 10 lbs, wt., IJ lbs. wt. increase 

4. Velocity = 4t - 3 ft. per sec. 
Acceleration =4 ft.-sec. units. 






5. 55°. 6 

Beyibion Papeb. XV. g, (Page 178.) 

1. 48 ft., 36 ft. 2. 8J lbs. wt. 

2 
5 

6. The particle projected along AT arriYCs first. 



3. 2|. 5. - oz. wt. 4a^=5-66 ft. per sec. 



Beyibion Papeb. XV, h. (Page 179.) 
1. 5 ft. per sec. 3. 33Pr ft.-lbs, of work done. 

11 — kI^ 

4. ——==3*195 ft.-sec. units. 3195 poundal8=32 lbs. wt. approz. 



3 
5, 19*7 lbs. wt. approz. 
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XVL a. (Page 182.) 

1. 100 units of impulse ; 10,000 poundaU. 2. ISlbs. 

3. 360 units of impulse. 

4. -5- units of impulse; — ^ — poondals. 

5. 5 units of impulse. 6. 10 ft per see. 7. S : i. 

8. ^(2 + ^2) units of impulse. 9. 4:1. 10. 3:8. 

11. 14f ft. per see. 12. 4aHi^<»»^rt. 13. U^ ft. 

14. 537,600 units of impulse; 302,400 lbs. wt ; 6 ioefaei. 

15. 2400 ft. per sec 16. lOH ft. per see. ; 5|f |f ft. 

XVL 6. (Page 190.) 

1. Tbey are inelastie. 2. The efleei is a qoestioa of momeiitita. 

3. Hi units of impulse or momfentom. 4;. ^fc, ^ik. 

5. Along the line of impact. 7. « sin « along the plaiie. 

8. 2mu where m is the mass of ibe balL 

9, 2mu cos a where m is the mass of tlie balL 

10. It will moye on in its (»iginal dsieetiotL. 

11. u cos (t - ABC) along BC. 

12. If a right hexagonal cylinder were jkuted ob a ffBO«:4iii UJsMf laA 

a peiiectly elastic ball were rolled from tbe middle fK^tai <if <«i« Side 
so as to strike the middle podnt of flie Best ade, it wo«ld 4tmKiUf 
a regular hexagon. 

13. None. The vertical effect on tlie Telocity of Ak Ml §A tbt tmfttti 

is nil. 

14. He might take off an ariide of dnthtng aad fSbttm h vmj, 

15. 5( ft. per sec. and 6( ft. per 



16. H and 8f ft. per see. reapec^eij ia flbe ^reetiMi <if imAitm «f UmI! 

larger balL 

2 /IT ♦^ 

17. «=5- 2L «. 24. ft 7&. (Jj «. 



3 



XTL c. (Paot 196.) 
1. The first ball mores at riglii aiK^ to tiie liae ^ ym^ti0X ir^i t4<^ 
^, and the other along the line of ttsli3cswta»f(tiM%*V,, 
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4. They will move with velocities '^^-^ — aDd ^ , at angles 

— S /^ 

tan~^-3/y3 and tan~^ -~- with the line of impact. 

5. They will move parallel to one another at an angle of 45° with the line 

of centres, with velocities — ^ and -^ respectively. 

7. e:l. 

8. (1) They will each move after impact with velocity Unjeio* a + e' cos' a, 

at an angle tan-^ ( j with the line of centres. 

(2) a=tan-MN/«). 

9. t; ^ — ft per sec. at an angle tan-^ ( — j=\ with tiie line of impact. 

10. 2musin^ making an angle —^ with the original direction of the 
moving mass. 

XVI. d. (Page 198.) 

1, 5f ft. per sec. 2. 16 ft. per sec. 

3. 5J ft. per sec. 37} units of momentum. 4. 7 ft. per sec. 

5. 16 ft. per sec. 6. 6 inches, 48 units of momentum. 



XVI. e. (Page 203.) 

1, 16 ft. per sec. 3. 2250 ft. per sec. 6. 4 ft. per sec. 

9. The portions are equal. 

10. At a point distant ^th of the circumference from the start. 

12. 600 lbs. wt. 14. 2 ft. per sec. 

20>/4i 

15. The smaller ball will move after impact with a velocity of — - — 

( = 14*23) miles per hour at an angle tan^^ 9 ( = 83'>40^ with the line 

40\/2 
of impact, and the larger will move with a velocity of — ^ — (=6*29) 

miles per hour along the line of impact. 

16. 4 ft. per sec. ; 1^ ft. 

22. A parabola in a vertical plane at right angles to the line of rails and 

having its axis vertical. 

23. 6661 yds. 24. 8 ft. 
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28. Horizontally or at an elevation tan~^ 2. 

37. eu^ sin 2a = gk, 38. k(^-l\. 

41. From a point in either side cushion distant 5 ft. from the top cushion. 

XVI. /. (Page 212.> 
2. 4 ^ ( = 6-93) ft. per sec. 1^ ft. 

5. 274-4 cwt. = 13-72 tons wt. 
7. -jg-(l-«a). 10. 1980 ft. per sec. 

-^(2/w'-wi). 12. 14,400 tons wt. 

'/All 

. He must throw the hall in the direction of his motion with 

{2M+m)v 
M + m 

14. By throwing the ball away in the direction of his motion with 

velocity v. 

15. 606-76. 16. 1350 ft. per sec. 
17. 5ff ft. per sec. in each case. 



1. 


12 ft. 


4. 


4 • 


6. 


168. 


11. 


2mv 
m' • 


13. 


'"'' He 


M+m' ^' 




a velocity 



19. k/ — sees. 






V 



1 I o 

22. Velocity of ball = — » — v upwards. 



Velocity of each pan = — ^r— v. 



XVII. (Page 221.) 
1. 9 lbs. wt.; 16ft. per sec. 2. 36 lbs. wt. 

6. 3 lbs. wt. ; when it is at an angular distance oos~^ ( - ) from the lowest 
point. 

8. It will rise to a point at an angular distance cos-^ [ 7~ ) ^"^^^ 
the lowest point. 
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10. 5 : 23 : 14. H. 16 ft. per sec 

12. When the radius to the point makes an angle with the horizon, 

acceleration along the aro=^cos^; acceleration at right angles to 

the arc = 2^ sin 9 ; Telocity = $j2gr sin B ; pressure on arc = %mg sin 9 
poondals, where m lbs. is the mass of the particle. 

14. 16128 units of momentum ; wt. of 9 cwt. ; wt. of 4^ owt. 

15. sfsi^ si^ ^* where r= radius of wire, and e the angular distanoe the bead 

has moved through from the highest point. 

16. 27- 

17. Angular distance from the highest point =oo8-^ ( ^ J • 

XVIU. (Page 234.) 

1. 2f ft. per sec. 2. ^/i3ft. 4. 4 tecs. 

5. 81 ft. nearly. 6. l^f sees. 7, 54982 nearly. 

8. 840. 9. I^ must be shortened -007 inch. 

10. 32-26. 11. 93 approx. 12. 46 approx. 

13. 6867 ft. nearly. 14, 6*4 approx. 15. 981. 
16 32-12 at the equator; 32-28 at the pole. 18. 66. 

19. \' 20. 8643:8639. 21. 4890 ft. nearly. 

22. It must be shortened by -0018 in. approx. 

23. ??^ft. 24. 432. 25. 39980. 

XIX. (Page 242.) 
1. { ^~'^^f )g- 3. (1) 14 ft. per sec. ; (2) 6 ft. per sec 

5. It moves with an acceleration ."^^ — ^ a, at an angle tan~* ( -3 ) 

with the vertical. 

6. 3200(^/2+^/3) + 896ft. 

^ 1 

8. 4 a/6 ft. -sec. units, at z tan-^ ^ with the horizon; a straight line. 

9. 6 -60 ft. ; 29-32 ft. 14. 23y + 7x = 0, 
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XX. (Page 252.) 

2. H miles. 3. 18 ft. 

5. 352 ft. 6. i ft. -sec. units. 

8. 32 ft. 9. 20 sees. 

11. 4i8ecs. 12. lift. 

14. 9J. 15. 8 lbs. 

17. 5TAr miles. 18. ^. 

20. 30 sees.; 7200 ft. ; 260 lbs. 

24. 204,800. 25. 962,361,000. 

XXI. (Page 259.) 

1, 6^ ozs. wt. 3. l^e pressure is diminished by one-seyenth. 

4. 17} units of impulse; lOJ ft.-sec. units. 

6. mgjs, 2mg, 

9. If the particle be of mass mlbs. the tension will be increased by 
15m^ poundals. 

4wt?2 



1. 


88 ft. per sec. 


4. 


2 sees. 


7. 


m 


10. 


1301^ 


13. 


8. 


16. 


1 sec., 8 ft. 


19. 


40 ft. per sec. 


22. 


16 sees. 



1. 


'6a ' 






XXn. (Page 266.) 


1. 


3«« 
2 • 




2. 


3 + 2«a. 3. ^2'- 


5. 


64 ft.. 


12t. 


6. 


4t + 2t8, 12«. 7. 2 + ] 



4. 90 ft. 



4 

8. 20f, at an angle tan-^ ^ with OX, Acceleration =20. 

4 

9. Acceleration = 10, making an angle tan-^ 5 with OZ. 

Velocity = 5 (l + 2(). 



MISCELLANEOUS EXAMPLES. XXIH. (Page 268.) 

3- S-g' 6. ^5^'(=298-68approx.)ft. 

10. The length begins at a point 162 ft. from the starting point. 

11. 2i ozs. wt. ; 3i ozs. wt. 12. 27' 27' T' 
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13. (160,36). 15. lAmohes. 

16. 15586 ft. or 39 ft. approx. 17. 6 B6O0. 

18. 120 ft. per sec. at an eleTation tan"' ( ^ ) • 

20. v'oos2a=4^r. 

60 

23. — ( = 19 nearly) revolutions; 3^ lbs. wt.; !{ lbs wt. 

24. m=c\ 

25. He ascends with a uniform acceleration -j- and his' weight is 

#^, lbs. wt. 

26. A straight line. 28. 36 approx. 

«/. A 1 *• ^-Q /I X 2Pgpcos^ 

29. Acceleration = p — g^oos^; tension = — ^^ — . 

31. 1 foot. 32. 60 miles an hour. 33. ^ ft.-seo. units. 

34. Wind blows at an angle tan-^ ( r— - — | j towards N. of W.; the smoke 

track would make an angle cot~i l-^ — i-ta. fl )-^* of W. 

36. A*// cos a. 38. ISiftr miles. 

42. (1) 9 f^* P^' S6C.; (2) the bodies move afterwards with a uniform 

velocity of -^ ft. per sec. 

43, 16 ft. ; 6 sees. 

45, The speed of the wind is equal to that of the steamer, and it blows to 

the N.E. 

„ , . ^ 1 1 xt w* sin a cos a 
47. To ensure motion fi must be less than -jr^ . 

64. fiftana. 68. ^iWa-'6h). 

69. The beads exchange velocities at the first collision, and after the string 
tightens move with a common velocity ^ . 
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78. After P-Q is attached, the bodies move with a uniform velocitv 
P-Q , 

80. A. straight line through the point of projection. 

81. Velocity = M tan (-- ^ j where m= velocity of projection; eleyation 




82. tan-i 



85. If a = angle of projection, and j3= elevation of the plane, the time of 

„. , _ 2u sin (g - /3) + ^4^^ sin^ (a - /3) + %hg cos^ $ 
*^ "" 2^cosj8 

_^ _ /2m + m' ^^ 2g 

90. 2a/ -^ ^a. 99. ^. 

104. The locus of (x is a straight line through ^ ; and its acceleration 

_ 9 s/{"h s^" 2fi - 7«2 siJi 20)2 + (wij sin^ B + nu^ sin'^ C)^ 

— ' ■ ~' — ~~ — ■ 

106. 1600 lbs. 110. tan-i ^ ^^ " ^^^" " j . 

113. , ^ ^ ; ^gt^-a tan 0. 114. 60 ft. per sec. ; tan-i ^ • 

t cos <p a 4 

115. 4V3+?( = 7-68)lb8. wt.; 4-^( = 2-7)lbs. wt. 

117. 30 ft. per sec. ; 10 ft. per sec. in opposite directions ; 40 lbs. w t. 

118. 2y = 3(a: + a); i/ = 3(a;-a). 121. 3:8. 
122. At an angle 45° with ^B. 123. 960 ft. 

125. \^w = W, 

mir sin a - «;' sin a' 
. Acceleration = — 7 g ; 

ww' sin (a + a') sin (a - a') 
force =:M;'sm o'-wsmaH 



w + w' 



133. 1344 ft. per sec; 1200 tons wt. 
11|H f*- per sec. ; 12 ft. per sec. 
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135. The descending mass 3 lbs. strikes the plane with the Telocity 8/^, 
leaves it with velocity « a /-^ ft/per sec., rises to height ^ ft. ; again 

32 /3 

strikes the plane with velocity -=- ^ - ft. per sec., and leaves it with 

^ths of this velocity, and so on. 

138. must lie between 15° and 75°. 

139. If the ball be thrown from a point distant h from one wall to strike 

the opposite wall at horizontal distance a, and if u be tiie velocity and 

a the angle of projection, e the coefficient of elasticity, the required 

, . , , • * 1 *2 u * flf(a+6+a«)-2eM*8intt008tt 

height = «M sin at - \gt% where t = ^-^ . 

€M cos hq 



EXAMINA.TION PAPEBS. 
Papeb 1. (Page 287.) 

1. 30 : 11. 2. t sees. 3. 635 lbs. wi. 

4. 1600 ft. ; 32^101 ( = 321-6) ft. per sec. 

6, 14§ radians per sec. 

7. If the mark be at a horizontal distance h, and a vertic al distan ce i, 

from the point of projection, the initial velocity = a/ g — ^r — , and 
the angle of projection =tan~^ ( X ) * 

Paper II. (Paob 288.) 

1. 4J^=4-90tonswt. 2. The wt. of -^ lbs. 

3. In 9 sees. 

4. fju^ + v2 + 2ft (tt cos a + 1; sin o) +Pt\ at an angle tan"* ( ^ ^.f °!!# ) 

with the former. 

6. a. 
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Papbb ni. (Page 288.) 

1, (1) 12 stone wt.; (2) 16 stone wt. 2. WcoBa, 

3. 46Jsecs. 4, 2?i-l:l. 5. East; Vi,/2. 

au 

0. / 

Paper IV. (I*age 289.) 

1. — sees. 2. 27i sees. 3. 17i ft. 
og 

3 35 /- 

5. « = T • Impulse — — V 5 ( = 19*67) units of impulse ; 71 f ft. 

6. 2200 H.p. 

Paper V. (Page 290.) 

1. 9206-65 approx. 2. AP=AB. 

3. bl sin a cosec /3 cos^ (« + /3) . 

g^ 2t^Wa^ 2i^^|E!^(, + 2)^ ^^^^.H2. + 2)^ 

?!!!ii!^(,3 + 2.H2. + 2)«; 
fir 

4V. 1 . * /*u th *u 2vasin2a/e* + e*-i-2\» 
the latus rectum of the n*"* path = 1 ) . 

9 \ «-l / 
Paper VI. (Page 290.) 

2. H • 6. I vertically downwards; 2 lbs. wt. 

Paper VII. (Page 291.) 

2. 906 lbs. wt. per ton. 3. Tyfr ft. per sec.; 6 : 784. 

4. tan~^ (2 tan/3), where /3 is the elevation of the given plane. 

Paper Vin. (Page 292.) 
1. The space begins 6 ft. from the top. 2. 20| ft. 

3. At a height from the plane which = — — -Tct —• 

1 . 2u tan 9 COS a 

4. J sec 4. . 

4 g 



318 DYNAMICS. 

Paper IX. (Paoe 292.) 

1. 19400 lbB.wt. 2, 1608 ft. per second. 
6. By -00012 of its length. 

Paper X. (Paoe 293.) 

2. 1173 ft. per seo. 3. 62i ft. 4. 7840 ft. 

6. If be the centre, and A the highest point of the given drole, the 
locus is a circle on OA as diameter. 
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Elementary Dynamics. By W. M. Baker, M.A. Second 

Edition, revised. 4«. 6d. 



The Student's Dynamics. Comprising Statics and Eanetics. 
By Professor G. M. Minohin, M.A., F.RS. 3s. Qd. 

The Elements of Applied Mathematics, indnding 

Kinetics, Statics, and Hydrostatics. By C. M. Jessop, M.A. 

Third Edition. 4*. 6d. 

Differential Calculus for Beginners. By Alfred Lodge, 

M.A. With an Introduction bv Sir Olivbb Lodgb, D.Sa, F.RS., 
LL.D. Second Edition, revised. 4s, 6d, 

Integral Calculus for Beginners. By Alfred Lodgb, M. A 

4*. 6d, 

The Teaching of Elementary Mathematics, being the 

Eeport of the Committee of the Mathematical Association. 
6d. net. 

*^* Messrs Bell's Complete Mathematical Oatalogttey tnih 
specimen pages^ dhc, mill he sent on ^application, 

LONDON ; GEORGE BELL & SONS 
YORK HOUSE, PORTUGAL STREET, W.O. 
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George Bell y Sons^ 



LATIN AND GREEK 
Bell's Illustrated Classics 

Edited by E. C. Marchant, M.A. 

Edited with Introductions, Notes and Vocabularies. Pott 8vo. With 
numerous illustrations, maps, and plans, is. 6d, each : except the 



Greek Plays, which are 25. each. 

*«* The volumes may also be had without Vocabutariis 



Caesar. Book I. By A. C. Liddill, M.A. 

Book II. By A. C. Liddill, M.A. 

Book III. By F. H. Culson, M.A., and 

G. M. GWYTHER, M.A. 

Book IV. By Rev. A. W. Upcott, M.A. 

— — Book V. By A. Rrynolds, M.A. 

Books IV. and V.,in one volume, w. td. 

Book VI. By J. T. Phillipson, M.A. 

Cicero. Speeches against Catiline. I. and 
II. (i vol.). Bv F. lliRRiN*., M.A. 

Selections. ' By J. F. Charles, B.A. 

- Ue Amicitia. By H. J. L. ). MASsi, M.A. 

De Senectutc. By A. S. Warman, B.A. 

Cornelius NepOS. Epaminondas, Han- 
nibal, Cato. by H. L. Earl, M.A. 

EutropiUS. Books I. and II. (i vol.). By 

J. (.1. dPIN'CBR, B.A. 

Homer: Iliad. Book I. By L. D. Wain- 

WRIOHT, M.A. 

Horace: Odes. Book I. By C. G. Bot- 
TINO, B.A. 

By C. G. BoTTiNO, B.A. 

By U. I^iTER, M.A. 

By H. Lati BR, M.A. 

Ia., cc. i-xix. By W. C. 
Flamsteau Walters, M.A. 
— Hannibal's First Campaign in Italy. 
(Selected from Book XXI.) By F. E. A. 
Trayes, M.A. 



Book II. 

Book III. 

Book IV. 

livy. Book 



Lnciaii: Vera HiitorUu 

K.A. 
Ovid: Metamorphoses. Book L 

WiLLP, M.A. 
Selection from the Metamorphoses. 



By R. B. Yatk«« 

By G. H. 



By J. W. E. Pbarcb, UJi. 



k 



legiac Selections. By F. CoviiaiT 
Smith, B.A. 

Tristia. Book I. By A. E. Rooiu. 

M.A. 

Tristia. Book IIL By H. R. Wooi^ 

rych, M.A. 
Phaedms: A Selectioa. By Rer. R. H. 

Chambbr«, M.A. 

Stories of Oreat Men. By Rer. P. Com- 

WAY Nl A, 

Veri^ : Aeneid. Book I. By Rev. B. H. 
S. EftCOTT, M.A. 

Book II. By L. D. Waimwriqbt, M.A. 

Book III. By L. D. Wainwriout, M.A. 

Book IV. By A. S. Wamian, B Ji. 

Book V. By J. T. Phillipsoh, M.A. 

Book VI. By J. T. Pbillipso», M.A. 

Book VII. By L.D. Wainwriout, M.A. 

Selection from Books VII. to XII. By 

W. G. Coast, B.A. 
Zenophon: Anabasis. Book I. By B. C 
Marchant, M.A. 

Book II. By E. C. Marchant, MJi. 

Book III. By E. C Marchant, M.A. 



GREEK PLAYS {2s. each) 



AeSChsrlllB : Prometheus Vinctus. By C. E. 

Laurence, M.A. 
Euripides: Alcestis. By E. H. Blakbnby, 

M.A. 



Euripides : Bacchae. By G. M. GwYTHn« 
M.A. 

Hecuba. By Rev. A. W. Upcott, MJL 

Medea. By Rev. T. Nicklin, M.A. 



Beirs Illustrated Classics— Intermediate Series 

Edited for higher forms, without Vocabularies. Crown 8vo. With Uln^ 

trations and maps 



Caesar: Seventh Campaign in Gaul, b.c. ja. 

I)e Bello Gallico. Lib. VII. Edited by 

the Rev. W. Cookworthy Compton, M.A. 

2s. bd, net. 
Uyy. Book XXI. Edited by F. E. A. Trayes, 

M.A. 2s. 6'i. net. 
Tacitus: Agricola. Edited by J. W. E. 

PlARCI, M.A. 2S, 



Sophocles: Antigone. Edited by G. H. 

Wells, M.A. Si. td. net. 
Homer : Odyssey. Book I. Edited by E. 

C. Marchant, M.A. %s. 

The Athenians in Bidly. Being poctiou 

of Thucydides, Books VI. and VII. 
Edited by the Rev. W. Cookwobthv 
Compton, M.A. a/. 64/. net. 



Select Educational Catalogue 



Bell's Illustrated Latin Texts 

Edited by E. C. Marchant, M.A. 

The following Volumes of Bell's Illustrated Classics may be had with 
Introductions and Vocabularies, but without Notes. Pott 8vo. is. each. 



Caesar. Book i. 


livy. Book IX., cc, i-xix. 


Book 11. 


Hannibal's First Campaign in Italy. 


Book III. 


(SelecteJ from Book XXI.) 


Book IV. 


Ovid: Metamorphoses. Book I. 


Book V. 


Selection from the Metamorphoses. 


Book VI. 


Elegiac Sehctions. 


€!icerO. Speeches against Catiline. I. and 


- — Tristia. Book I. 


11. (i vol.). 


Tristla. Book III. 


Selections. 


Fhaedrus : A Selection. 


I)e Amicitia. 


Stories of Great Men. 


De Scncctute. 


Vergil : Aeneld. Book I. 


Cornelius KepOS. Epaminondas, Han- 


Book II. 


nibal, Cato. 


Book III. 


KutropiUS. Books I. and II. (i vol.). 


Book IV. 


Horace : Odes. Book I. 


Book V. 


Hook II. 


Book VI. 


Book III. 


Book VII. 


Book IV. 


Selection from Books VII. to XII. 



Public School Series of Classical Author d 

Edited with Introductions and Notes 



Aristoplianes. By F. A. Paley, m.a., 

LL.U. The Peace, aj. 6rf. The Acharnians, 

2s, td. The Frogs, 2s. 6d. 
The Plutus. By M. T. Quinn, M.A. 

31. bd. 
Cicero : Letters of Cicero to Atticus. Book I. 

By A. Prktor, M.A. 2s. 6d. net. 
Demosthenes: De Falsa Legatione. By 

the late R. Shilleto, M.A. ts. 
Livy. Book VI. By E. S. Weymouth, 

M.A., and G. F. Hamilton, B.A. 2s. 6d. 
Plato : Prot-goras. By W. Waytb, M.A. 

4i. td. 



Plato : Apology of Socrates and Crito. By 
W. Waoner, Ph.D. 2s. 6d, 

Phaedo. By W. Wagner, Ph.D. g/. (td. 

Gorgias. By W. H. Thompson, D.D. 

6s. 

Republic. Books I. and II. By G. H. 

Wells, M.A. $s. 

PlautUS. By WiLHBLM Wagner, Ph.D. 
Menaechmei, 4^. 6d, Trinummus, 4s, 6<i. 
Aulularia, 4s. td, 

Terence. By W. Wagner, Ph.D. Is. 6d. 



Grammar School Classics 

Edited with Introductions and Notes 



Catullus, Tibullus, and Propertius. 

Selected Poems. By the Rev. A. H. Wratis- 
LAW and F. N. Sutton, B.A. 2s, 6d, 

Horace. By A. J. Macleane, M.A. $s. 6d. 
Or, Part I., Odes, 3j. ; Part II., Satires 
and Epistles, 2s. 

Juvenal. Sixteen Satires (expurgated). By 
Herman Prior, M.A. 3s. 6d. 

Martial. Select Epigrams. By F. A. Paley, 
M.A., LL.D., and the late W. H. Stone. 
4^. td. 

Ovid: Fasti. By F. A. Paley, M. A., LL.D. 
3J. td. Or Book I. and II., 1/. td.. Books III. 
and IV., u. td.. Books V. and VI., is. td. 



SallUSt: Catilinaandjugurtha. By G. Long, 
M.A., and J. G. Frazbr, M.A. 5/. 64. 
Or separately, 2s. each. 

Virgil: Conington's Edition, abridged. 
Bucolics, Georgics. and Aeneid. Books I.- 
IV., 4s. td. Aeneid. Books V.-XII.,4i. tU, 
Or in 9 separate parts, is. td. each. 

Xenophon : Anabasis. With Life, Itinerary, 
Index, and Three Maps. By J. F. Mac- 
MICHAEL, is, td. Or in 4 separate volumes, 
price 1/. td. each. 

Cyropacdia. By G. M. Goriiam, 

M.A. 3/. td. Books I. and II., is, 6d 
Books V. and VI., is. td. 

— Memorabilia. By P, Frost, M.A. y. 



George Bell y Sons^ 



Cambridge Texts with Notes 

Price 15. 6i. each, with exceptions 



Aeschylus. 6 Vols. Prometheus Vinctus 
— Septein contra Thebas — Agamemnon — 
Persae — Eumenides — Choephoroe. By 
F. A. Palsy, M.A., LL.D. 

Euripides. it Vols. Alcestis— Medea— 
\ lippol) tus — Hecuba — Bacchae — Ion (w.) 
-Orestes — Phoenissae— Troades — Hercules 
Furens — Andromache — Iphigenia in Tauris 
— Supplices. By F. A. Paley, M.A., LL.D. 

Sophocles, i Vols. Oedipus Tyrannus— 
Oedipus Coloneus — Antii;one — Electra — 
Ajax. By F. A. Paliy, M.A., LL.D. 

Zenophon : Hellenica. Book \. a,nd Book IL 
By the Rev. L. D. Dowdall, M.A., 
B.D. a/, each. 



Zenophon: Anabasis. 6 Volt. Mao- 

michael's Edition, revised by J. E. Mel- 

HuisH, M.A. In separate Books. 
Book I.— Books U. and III.— Book IV.— 

Book V.-Book VI.— Book VII. 
Cicero. 3 Vols. DeAmicitia— DeSenectote 

— Epistolae Selectae. By Gborob Lono, 

M.A. 
Ovid. Selections from the Amores, Trirtia, 

Heroides, and Metamorphoses. By A. }, 

Maclean I, M.A. 
Terence. 4^Vols. Andrla— Hautontimom- 

menos — Phormio — Adelphi. By Prof. 

Waonir. 
VlinSil. 1 2 Vols. Abridged from Prof. CoNiNO* 

tun's Edition bv Profestort NBTTLisBir 

and Waonbr and Rev. J. G. Shbpparo. 



Cambridge Texts 



Aeschjrlus. By F. A. Palsy, M.A., LL.D. 2/. 

Caesar De Bello Oallico. By o. Long, 

M A. IS, bd. 

Cicero De Senectute et De Amidtia et 
Epistolae Selectae. By G. Long, M.A. 

If, 6d. 

Ciceronis Orationes in Verrem. By G. 

Long, M.A. »s. bd. 
Euripides. By F. A. Palsy, M.A., LL.D. 

3 vols. is. each. 
BerodOtUS. By J. W. Blakesley, B.D. 

2 vols. »s, 6d. each. 
Boratius. By A. J. Macleans, M.A. 

u, bJ. 
Juvenalls et Fersins. By A. J. Macleans, 

M.A. IS, bd, 
Lucretius. By H. A. J. Munro, M.A. a/. 
OvldiUS. By A. Palmer, M.A., G. M. 

Edwards, M.A., G. A. Davibs, M.A., S. G. 

Owen, M.A., A. E. Housman, M.A., and 

J. P. P08TGATE, M.A., LiTT.D. 3 Vols. 

»s, each. 



Sallusti Oatilina et Jngnrtlia. By 0. 

Long, M.A. ix. 6d, 
Sophocles. By F. A. Palbt, M.A., LL.D. 

2/. bd, 
Terenttus. By W. Waowbh. Ph.D. Sf. 
Thucydides. By J. W. Donaldsom, b.d» 

a vols. 2s, each. 

Vergllins. By J. Conington, M.A. ti. 
ZenophontiB Bxpeditio CyxL By J. P. 

Macuichael, M.A. u. 6d, 

Novum Testamentom Cteaeoe. Edited 

by F. H. ScRivBNBR, M.A. 4/. 6«(. 

Editio Major. Containing the readlngt 

approved by Bp. Westcott and Dr. Hort, 
and those adopted by the rerisers, etc 
Small post 8vo. New Edition, witii emen- 
dations and corrections by Prof. Eb. 
Nest LB. Printed on India paper, limp 
cloth, bt. net ; limp leather, fx. bd. net ; or 
interleaved with writing paper, linn^ 
leather, lox. bd, net. 



Other Editions, Texts, &o. 



AntholOgia T^t-I^jy, a Selection of Choice 
Latin Poetry, with Notes. By Rev. F. St. 
John Thackeray, M.A. i6mo. 4s. bd. 

AntholOgia Oraeca. A Selection from the 
Greek Poets. By Rev. F. St. John 
Thackrray, M.A. i6mo. 4s. 6d, 

Aristophanis Comoediae. Edited by H. A. 
HoLDEN, LL.D. DemySvo. i8x. 

The Plays separately : Acharnenses, ax. ; 
Equites, is.bd.i Nubes, ax.; Vespae, ax.; 
Pax, ax.; Lysistrata, et Thesmopnoriazu- 
•ae,4x. ; ATes,ax.; Ranae,2x. ; Plutus, ax. 



Aristophanes, The ComodiM oC The 

Greek Text, revised, and a Metrical T>ana- 
lation on Opposite Pages, together with 
Introduction and Commentary. By Bbk- 

JAMIN BiCKLBY ROGBRS, M A. 6T<d8. Fcap. 

4to. i<s. each. 

Vol. v., containing The Progi and The 
Ecclesiazusae, is now ready. The plays 
may be had separately, viz., r rog^ lot. m.] 
Ecclesiazusae, 'js, 6d, 

The Thesmophoriazusae Is alao ready, 
price 7x. 6d, lOtfur Vohtrnts in tk§ Pro* 



Select Educational Catalogue 






Other Editions, Texts, &c.— continued 



Corpus Poetarum Latinorum, a se 

Hlii>que dcnuo recogniiorum ct brevi Icc- 
tionum varietate instructoriim, edidit Jo- 
hannes PercivalPostgate, Litt.D. Tom.l. 
quo continrntur Bnnius, Lucretius, Catul- 
lus, Horatius, Vergilius, Tibullus, Proper- 
tius, Ovidius. Large post 4 to. a^j. net. 
Or in Two Parts sewed, 12s. each net. 

Tom II quo continentur Grattius, 
Manilius, Phaedrus, Aetna, Persius, Lucan, 
Valerius Flaccus, Calpurnius Siculus, 
(■olumella, Silius Italicus, Statius, Martial, 
Juvenal, Nemesianus. 2ss. net; or Part 
Til, gs. net; Part IV., qs. net; Part V., 
6 J. net. 

Corpus Poetaxum Latinorum. Edited by 

Walker, i thick vol. 8vo. Cloth, i8s. 

Catullus. Edited by J. P. Postoate, M.A., 
LiTT.U. Fcap. 8vo. 3/. 

Horace. The Latin Text, with Conington's 
Translation on opposite pages. Pocket Edi- 
tion. 4s. net; or in leather, 5^. net. Also 
in 3 vols., limp leather. The Odes, 2s, net; 
Satires and Epistles, 2S. td. net. 

Livy. The first five Books. Prendevillb's 
edition revised bv ]. H. Freese, M.A. 
Books L, II., III., IV., V. IS. td. each. 

Lucan. The Pharsalia. By C. E. Has- 
KiNs, M.A. With an Introduction by 
W. E. Heula.nd, M.A. Demy 8vo. 14s. 



Lucretius. Titi Lncreti Carl de re- 
rum natura libri sex. Ediied with 

Notes, Introduction, and Translation, by 
the late H. A. J. Munro. 3 vols. 8vo. 
Vols. I. and II. Introduction, Text and 
Notes. iSj. Vol. III. Translation, 6s. 

Ovid. The MetamorphoBes. Book XIII. 

With Introduction and Notes by Prof, C. H. 
Keene, M.A. as. 6d. 

— The MetamorphOBes. Book XIV. 

With Introduction and Notes by Prof. 

C. H. Keene, M.A. as. 6d. 

%* Books XIII. and XIV. together. 3J.6ii. 

Pindar. Blvths firom Pindar. Selected 

and edited by H. R. Kino, M.A. With 
Illustrations. Post 8vo. as. 6d. net. 

Plato. The Proem to the Republic of 

Plato. (Book I. and Book II, chaps, i — 10.) 
Edited, with Introduction, Critical Notes, 
and Commentary, by Prof. T. G. Tucker, 
Litt.D. 6/. 

PropertiuB. Bezti Froperti Carmina 

recognovit J. P. Postoate, Litt.D. 4to. 
Ss. net. 
Theocritus. Edited, with Introduction and 
Notes, by R. J. Cholmeley, M.A. Crown 
Svo. 7/. 6d. 

Thucydides. The History of th« Pelo« 

?»onnesian War. With Notes and a 
:ollation of the MSS. Bv the late 
R. Shilleto, M.A. Book I. 8vo. 6s, 6(1* 
Book II. Ss. 6d. 



Latin and Greek Class Books 



Bell's Illustrated Latin Readers. 

Edited by E. C. Marchant, M.A. 

Pott Svo. With brief Notes, Vocabularies, 

and numerous Illustrations, is. each. 

Scalae Primae. A Selection of Simple 

Siories for Translation into English. 
Scalae Mediae. Short Extracts from 

Eutropius and Caesar. 
Scalae Tertiae. Selections in Prose and 
Verse from Phaedrus, Ovid, Nepos and 
Cicero. 



Bell's Illustrated Latin Course, for the 

First Year, in three Parts. By E. C. 
Marchant, M.A.,and J. G. Spencer, B.A. 
With Coloured Plates and numerous other 
lllustr-itions. u. 6^/. each. 

Bell's Concise Latin Course. By E. c. 

Marchant, M.A., and J. G. Spencer, B.A. 

T vol. 2S. 

Latin Primer. By the Rev. A. C. Clapin, 
M.A. IS. 

EclOgSB Latinas; or. First Latin Reading 
Book. With Notes and Vocabulary by the 
late Rev. P. Frost, M.A. is.6d. 

Latin Exercises and Grammar Papers. 

B. T. Collins, M.A. 2s. 61I. 
Unseen Papers in Latin Pro«e and Vtrse. 
By T. Collins, M.A. as. 6d. 



First EzerciseB in Latin Prose Com- 
position. By E. A. Wells, M.A. With 
Vocabulary, is. 

Materials for Latin Prose Composition. 

By the Rev. P. Frost, M.A. as. Key, 
4s. net. 

Passages for Translation into Latin 

Prose. By Professor H. Nettleship, 
M.A. $t. Key, 4/. 6 J. net. 

Easy Translations from Nepos, Caesar, 
Cicero, Livy, &c., for Ketranslation into 
Latin. By T.Collins, M.A. ax. 

Latin Syntax Exercises. By L. D. 

Wainwright.M.A. Five Parts. 8^. each. 
Part I. The " Ut" Book. -Part II. Con- 
ditional Sentences.— Part III. The 
"Cum" Book.— Part IV. The Oratio 
Obliqua Book.— Part V. The "Qui" 
Bojk. 

A Latin Verse Book. By the Rev. p. 

Frost, M.A. as. Key, $s. net. 

Latin Elegiac Verse, Easy Exercises in. 
By the Rev. J. Penrose, ax. Key, is, 6d, 
net. 

Foliorum Bilvula. Part I. Passages for 
Translation into Latin Elegiac and Heroic 
Verse. By H. A. Holden, LL.D. p, 6d, 



George Bell iff Sons' 



Latin and Greek Class Books— continued 



Res Bomanae. beins; brief Aids to the His- 
tory, GeoKraphv, Literature and Antiquities 
of Ancient Rome. By E. P. Coleridge, 
M.A. With 3 map*, ar. 6/. 

Cllmaz Prote. A First Greek Reader. 

With Hints and Vocabulary. By K. C. 
Marchant, M.A. With 30 illustrations. 
IS. 6<i. 

Oreek Verbs. By f. vS.Raird.t.C.d. as.6d. 
Analecta Grseca Minora, with Notes and 

Dictionary. By the Rev. P. Frost, M.A. 
ax. 



Unseen Papers in Greek Prate and Verse. 
By T. Collins, M.A. 3/. 

Notes on Greek Accents. Bj the Rt. Rer. 

A. Barry, D.D. u. 

Res Graeoae. Being Aidt to the study of 
the History, Geography, Archieology, and 
Literature of Ancient Athens. By E. P. 
CoLBRiDoi, M.A. With j Maps, 7 Plans, 
and 17 other illustrations. $s, 

NotaUlia Qnaedam. ». 



Bell's Classical Translations 

Crown 8vo. Paper Covers. 15. each 



fSCliylUS: Agamemnon. Translated by 

Walter Headl.vm, Litt.D. 
The Suppliants. Translated by Walter 

Headlam, Litt.D. 

Choephoroe. Translated by Walter 

Headi am, Litt.D. 

Aristophanes : 'l he Achamians. Trans- 
lated bv W. II. Cc-ixciToN B.A. 

The' Phitus. Translated by M. T. 

QuiNN, M.A. 

Caesar's (iiilUc War. Translated by W. A 
M'D-viTTE. B.A. 3 Vols. (Books L-IV., 
and Books v.- VI I.). 

Cicero: iTiendship and Old Age. Trans- 
lated by G. H. Wells, M.A. 

Orations. Translated bv Prof. C. D. 

YoxGE, M.A. 6 v(>ls. Catiline, Murena, 
Sulla and Archias (in one vol.), Mauilian 
I ;i\v, Sevtins, Mi!o. 

Dexnostheiies on the Crown. Translated 
by C. Ranx Kennedy. 

Euripides. Translated by E. P. Coleridok, 
M.A. 14 vols. Medea — Alcestis— Hera- 
cleidcC — Hippolytus — Supplices — Troades — 
Ion — Andromache — Bacchae — Hecnba — 
Hercules Furens — Photnissse — Orestes — 
Iphipenia in Tauris. 

Homer's Diad. Bo' ks I. and II. Trans- 
lated by K. H. Blakeney, M.A. 

Book XXIV. Translated by E. H. 

Blakknev, M.A. 

Horace. Translated by A. Hamilton 
IJryce, LL.D. 4 vols. Odes, Books I. and 
II.- Odes, Books III. an«l IV., Carmen 
Seculare and Epodcs — Satires — Epi^tles 
and Ars Poetica. 

Livy. Books L, II., III., IV. Translated by 
J. H. Freese, M.A. With Maps. 4 vols. 



livy. Books V. and Vf . Translated by E. S. 
Weymouth, M.A. Lond. With Maps, 
a vols. 

Book IX. Translated by Frakcis 

Storr, M.A. With Map. 

Books XXL, XXIL. XXllI. Trans- 

lated by J. BBKNARn Bakxr, M A. 3 toIs. 

Lucan: The Pharsalia. Book I. Trans- 
lated bv Frederick Conway, M.A. 

Ovid's Fasti. Translated by Hxn'rt T. 
Riley, M.A. 3 vols. Books I. and IL— 
Books III. and IV.—Books V. and VI. 

Tristia. Translated by Hxnry T. 

Riley, M.A. 

Plato : Apology of Socrates and Crito (I voL). 
Phiedo, and Protagoras. Translated by H. 
Cary, M.A. 3 vols. 

PlautOS : Trinummus, AuIuIaria,Menaechini, 
and Captivi. Translated by Henrt T. 
Riley. M.A. 4 vols. 

Sop]lO<des. Translated by E. P. Cotx- 
RIDGE, M.A. 7 vols. Antigone — Philoc* 
tetes— CEdipus Rex — CEdipus Coloneai— 
Filectra — Trachi ni je — Ajax. 

Thucydides. Book VI. Translated by 
E. C. Mar'Hant, M.A, 

Book VII. Translated by E. C. Mar- 
chant, M.A. 

Virgil. Tianslated by A. Hamiltoh Brycx, 
LL.D. 6 vols. Bacolics — Georgics — 
iEneid, 1-3— iEneid, 4-6— AUneid. 7-9— 
A'!.nc\d, 10-12. 

Xenophon's Anabasis. Translated by the 
Kev. J. S. Watson, M.A. With Map, 3 
vols. Books L and IL— Books III., IV.. 
and v.- Books VI. and VII. 

Flellenics. Books I. and II. Trans- 
lated by the Rev. H. Dalx, M.A. 



*,* For other Translations from the Classics, see the Catalogue of Bohn*8 
Libraries, which will be forwarded on application. 
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MATHEMATICS 



Cambridge Mathematical Series 



New School Aritbxnetic. By c. Pindle- 

BURY, M.A., and F. E. Robinson, M.A. 
With or without Answers. 4J. td. In 
Two Parts %s. 6il. each. 
Key to Part II., 8j. 6,1. net. 

New School Examples in a separate 

volnme, ^j. Or in Two Part<«, is. 6d, and is. 
Arithmetic, with 8000 Examples. By C. 
Pendlebury, M.A. With or without 
Answers. 4J. 6(i. In Two Parts, a/, td. 
each. 

Key to Part II., 7/. 6d. net. 

Examples in Arithmetic. Extracted froip 

the above, y. Or in Two Parts, is. 6d. 
and 2s 
Commercial Arithmetic. By C. Pendle- 
bury, M A., and W. S. Beard, F.R.G.S. 
2J. 6d. Part I. separately, is. Part II., is. 6d. 

Arithmetic for Indian Schools. Bv c. 

Pevdlebury, M.A., and T. S. Tait, M.A., 
B.Sc. 3r. 

Examples in Arithmetic. By C. O.Tuckey, 

M.A. Will or wuhout Answers, 3/. 

Elementary Algebra. By w. M. Baker, 

M.A., and A, A. Bourne, M.A. With or 
without Answers. 4s. td. In Two Parts. 
Part I., is. 6(i., or with Answers, 3/. Part 
II., with or without Answers, 2S. bd. 
*»* Teacher's Edition, with the Answers 
printed opposite each set of Examples. 
2 Parts. 5>. net each. 
Key, Joj. net ; or in a Part*, Ss. net each. 

Examples in Algebra. Extracted from 
above. With or without Answers, 31. Or 
in Two Parts. Part I., is. 6d., or with 
Answers, 2s. Part II., with or >^ithout 

.Answers, 2.>, 

Examples in Algebra. By c. O. Tucks y, 

M.A. With or without answers. $s. 

Elementary Algebra for use in Indian 

Schools. Byj.T. Hathornthwaite, M.A. 

2S. 

Choice and Chance. By W. A. Whit- 
worth, M.A. 7J. 6d. 

DCC Exercises, including Hints for 

the Solution of all the Questions in *' Choice 
and Chance." 6/. 

Euclid. Books I.— VI., and part of Book XI. 
By Horace Deiohton, M.A. 4s. 6d., or 
Book I., IS. Hooks I. and II,, is.6d. Books 
l.—m.,2s.6d. Books I.— IV., 3J. Books 
III. and IV., IS. td. Books V.— XJ., %s.td. 
Key 5f. net. 

Introduction to Euclid, including Euclid 
I., 1—26, with Explanations and numerous 
Easy Exercises. By Horace Deiohton, 
M.A., and O. Efci^ge, B.A. 1/. bd. 

Euclid. Exercises on Euclid and in Modern 
Geometry. By J. McDowell, M.A. 6/. 



Elementary Oeometry. Bv W.M.Baker, 

M.A., and A. A. Bourns, M.A. 4/. 6d. Or 
in Parts. Book I., is. Books I. and II., 
u.td. BooksI.-III.,».6d. Books II. and III., 
IS. td. Book IV., u. Books I.-IV., 3^. 
Books II.-IV., 3i. 6d. Books III. and IV., 
I/, td. Book v., IS. td. Books IV. and V., 
2J, Books IV.-VII., 3r. Books V.-VII., 
a/, td. Answers to Examples, td, oet. 
Key, 6/. net. 

Elementary Graphs. ByW. m. Baker, 

M.A., and A. A. Bourni, M.A. 6/2. net. 

Examples in Practical Geometry and 

Mensuration. B) J.W. Marshall, M.A., 

and C O. TucKiY, M.A., 11. td. ■ 

A New Trigonometry for Schools. By u^ 

W. G. Bdrchardt, M.A., and the Rev. 
A. D. Pkrrott, M.A. 4/. 6d. Grin Two 
Parts, a*. 6 /. each. 
Key, I or. net ; or in a Parts, 5x. net each. 

Elementary Trigonometry. By Charles 

PiNnLFBURY, M.A., F.R.A.S. 4/. td. 

Short Course of Elementary Plane Tri- 
gonometry. By Charles Pendlbbury, 
M.A. %i. td. 

Elementary Trigonometry. By j. M. 

Dyer, M.A., and the Rev. R. H. Whit- 
COMBE, M.A. 4s. td. 

Practical Mathematics. By H. A . Stern, 

M.A.. and W. H. Topham. 4^. td. ; or 
Part I., 2s. t.l. ; Part II., 3/. 6./. 

Differential Calculus for Begiimers. 

By A. Lodge, M.A. With Introduction by 
Sir Oliver Lodge. 4s. td. 

Integral Calculus for Beginners. By 

A. Lodge, M.A., 4s. td. 
Conic Sections, treated Geometrically. By . 
W. H. BESANf, Sc.D., F.R.S. 4t.6d. Key,. 
is. n«*t. 

Elementary Conies, being he first 8 chap- 

te-s of t le above. a.f. td. 

Examples in Analytical Conies for 

Beginners. By W. M. Barer, M.A. 
2>. bd. 

Conies, the Elementary Geometry of. 

Bv Rfv C. Taylor. D.D. is. 

Roulettes and Glissettes. By W. H. 

Besavt, Sc.D., F.R.S. 5*. 
Solid Geometiy, An Elementary Treatise 
on. By W. S. Alois, M.A. 6/. 

Analytical Geometry for Beginners. 

By Re*. T.G. Vyvyan, M.A. Pait 1. The 
Straight Line and Circle. 2s. td. 
Geometrical Optics. An Elementary 
Treatise by W. S. Alois, M.A. 4s. 

Elementary Hydrostatics. By w. H. 

BssANT, Sc.D. 4s. td. Solutions, 5/. net. 

The Elements of Applied Mathematics. 

Including Kinetics, Static?, and Hydro* 
statics. By C. M. Jessop, M JV. 4s. id. 
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George Bell ^ Sons* 



Cambridge Mathematical Series— continued 



The Student's D3mamiCS. Comprising 
Statics and Kinetics. By G. M. Minchin, 
M.A., F.R.S. ys.6d. 

Elementary DTnamics. By W. M. 

i5AKER, M.A. New Revised Edition, 4s, 6d. 

Elementary Dsmamice. By w. Garnbtt, 

M.A., D.C.L. 6s, 

Dynamics, A Treatise on. By'W H. 
Bbsant, Sc.D., F.R.S. los, 6d, 



Heat, An Elementary Treatise on. ByW. 

Garnbtt, M.A., D.C.L. 4/. 6d, 
Elementary Pl^rKlOS, Examples and Ei- 

amination E^apers in. By W. Gallatlt, 

M.A. 41. 
Mechanics, A Collection of Problems la 

Elementary. By W. Walton, M.A. 61. 

Uniform Volume 

Geometrical Drawinjff. For Army and 

other Examinations. By R. Harris. 5/. 64, 



Other Mathematical Works 



The Mathematical Gazette. Edited by 

F. S. Macallay, M.A., U.Sc. ; F. W. Hill, 
M.A. ; and W. J. Greenstreet, M.A. 
Published in Jan, March, May, July, Oct. 
and Dec. 8vo. iJ.6d.net. 

The Teaching of Elementary Mathe- 
matics, being the Reportof the Committee 
of the Mathematical Association. 6d, net. 

A New Shilling Arithmetic. By C. 

Pe.vdlebury, M.A., and K. E. RoniNSON, 
M.A. I J. ; or with Answers, i/. 4</. 
A Shilling Arithmetic. By Charles 
Pe.n'dlkbury, M.A., and W. S. Beard, 
F.R.G.S. is. With Answers, If. 4(i. 

Elementary Arithmetic. By the same 

Autliors. ij. 6'/. With or without Answers. 

Graduated Arithmetic, for junior and 

Private Schools. By the same Authors. 
In seven parts, in stilf canvas covers. 
Parts I., II., and III., yi. each ; Parts IV., 
v.. and VI., 4</. each ; Part VII., 6d. 

Answers to Parts I. and II., 4./. net; 
Parts III.-VII., 4//. net each. 

Arithmetic for the Standards (Scheme 

J}). Standard I., sewed, 2<l., cloth, j./. ; 
II., III., IV., and v., sewed, 3rf. each, cloth, 
4/i each; VI. and VII., sewed, 4d. each, 
cloth, 6d. each. Answers to each Stand- 
ard, 4d. net each. 

Test Cards in Arithmetic (Scheme B). 

ByC.PENni.Er-URY,M.A. For Standards II., 
III., IV., v., VI. and VII. is. net each. 



Examination Papers in Arithmetlo. By 

C. PENDLhBURY, M.A. Si. 6d. Kcy, j/. IMt 

Graduated Exerdses in Addition. ^Simple 

and Compound). By W. S. Bkard. if. 

A First Algebra. Bv W. M. Bakbr, M.A., 
and A. A. Bv'Urne, M.A. is, 6d.i or with 

Answers, as. 

Trigonometry, Examination Papen in. 
By G. H. Ward, M.A. v.6d. Key, ji. net. 

Pure MathematioB and Katmal Phil- 
osophy, A Compendium of Facts wid 
Formulae in. By G. R. Smallbt, F.R.A.S. 
Revised by J. McDowell, M.A. ar. 

EuOlid The Elements of. The Enanda- 
tions and Fiorures. By the late J. BRASSt» 
D.D. It. Without the Figures, 64. 

Hydromechanics. By W. H. Exsastt, 

Sc.n., and A. S. RamseYj M.A. Part I., 

Hydrostatics. 6s. 
Hydrodynamics, A Treatise on. By A. B. 
Basset, M.A., F.R.S. Vol. I. lor. 6^ 
Vol. n. i2s. 6d. 

Hydrodynamics and Soond, An Elemen- 
tary Treatise on. By A. B. Basset, M.A., 
F.R.S. 8/. 

Physical Optics, A Treatise on. By A. B. 
Basset, M.A., F.R.S. 16s. 

Elementary Treatise on Cubic and 
Quartic Carves. By A. B. Basset, M.A., 

F R.S. JOS. 6d. 

Analsrtical Geometry. By Rev. T. G. 
VYVYA.V, M.A. 4i. 6(i. 



Book-keeping 



Book-keeping by Double Entry, Theo- 

reticil. Practical, and for Examination 
Purposes. By J. T. Mbdhurst, A.K.C, 
F.S.S. IS. 6d. 
Book-keeping, Examination Papers in. 
Compiled by John T. Medhurst, A.K.C, 
F.S.S. 3^- Key, aj. 6</. net. 



Book-keeping, Graduated Exerdies and 
L-lxami nation Papers in. Compiled by P. 
Murray, F.S.S.S.. F.5;c.S.(Lond.). 2x. 6>i. 

Text-Book of the Principles and Prao- 
tics of Book-keeping and Estate- 

Offlce Work. By Prof. A. W. Tbuuson, 

B.Sc. 5/. 
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ENGLISH 

Special List of Books in EnoUsh Literature for Secondary Schools, en 

application 



GRAMMARS 
By C. P. Mason B.A., F.C.P. 

First Notions of Grammar for Toung 

Learners, is. 
First Steps in English Grammar, for 

Junior Classes, is. 
Outlines of English Grammar, for the 

Use of Junior Classes. 2s. 

English Grammar; including the principles 
of Grammatical Analysis. 3x. 6d. 

A Shorter English Grammar, y. 6,1. 
Practice and Help in the Analysis of 

Sentences, u. 
English Grammar Practice, consisting 

of the Exercises of the Shorter English 
Grammar in a separate form. is. 

Preparatory English Grammar. By 

W. Benson, M.A. 8./. 

Rudiments of English Grammar and 

Analysis. By Ernest Aoams,Ph.D. is. 

Examples for Analysis in Verse and 

Prose. Selected by F. Edwards, ij. 

The Paraphrase of Poetry. By Edmund 

Candler, is. 6,1. 

Essays and Essay-Writing, for Public 

Examinations. By A. W. Ready, b.a. 
$s. 6d. 

Precis and Precis-Writing. By A. w. 

Ready, B.A. 3s. 61I. 

Elements of the English Language- By 

Ernest Adams, Ph.D. Revised by J. F. 
Davis, D.Lit., M.A. 4s. bd. 

History of the English Language. By 

Prof. T. R. Lounsbiiry. sj. 

Introduction to English Literature. 

By Henry S. Pancoast. sc 

Ten Brink's Early English Literature. 

Translated from the German. 3 vols. 
3J. 6 /. each. Vol. 1. (to WicliO- Vol. 11. 
(Wiclif, Chaucer, Earliest Drama. Renais- 
sance). Vol. III. (to the Death of Surrey). 



Handbooks of English Literature. 

Edited by Prof. Hales. 3/. 6d. net each. 

The Age of Chaucer. (1346-1400.) By F. J. 

Snbll. With an Introduction by Pro- 

fessor Hales. 
Tbe Age of Transition (1400-1580). By 

F. J. S.vKLL, M.A. a vols. Vol. I. 

Poetry. Vol. II. Prose and Drama. 

With an Introduction by Professor 

Hales. 

The Age of Shakespeare (1579-1631). By 
Thomas Seccombe and J. W. Allen. 
a vols. Vol. I. Poetry and Prose. 
Vol. II. Drama. 

The Age of Milton. (1633—1660.) By 
the Rev. J. H. B. Masterman, M.A., 
with Introduction, etc., by J. Bass 
MuLLINUER, M.A. 

The Age of Dryden. (1660— ijoo.) By 
R. Garnett, LL.D., C.B. 

The Age of Pope. (1700— 1744.) By 
John Dennis. 

The Age of Johnson. (1744—1798.) By 
Thomas Seccombe. 

The Age of Wordsworth. (1798— 1833.) 
By Prof. C. H. Herforo, Litt.D. 

The Age of Tennyson. (1830 — 1870.) By 
Prof. Hugh Walker. 

Notes on Shakespeare's Plays. With 

Introduction, Summary, Notes (Etymologi- 
cal and Explanatory), Prosody, Grammati* 
cal Peculiarities, etc. By T. Duff Bar- 
nett, B.a. is. each. 

Midsummer Night's Dream. — Julius 
Caesar. — The Tempest. — Macbeth. — 
Henry V. — Hamlet. — Merchant of Venice. 
— King Richard II. — King John. — King 
Richard III. — King Lear.--<!)oriolanus. — 
Twelfth Night.— As You Like It.— Much 
Ado About Nothing. 
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Edited by 



Edited by 

H. HiCKEY. 

Gardiner. 



Bacon's Essays. (Selected.) 

A. E. Roberts, M.A. \s. td. 

Browning, Selections from. 

F. Ryland, M.A. 2J. td. 

Strafford. Edited by F. 

With Introduction by S. R. 
LL.D. 2s. bd. 

Burke's Letters on a Regicide Peace. 

I. and II. Edited by H. G. Keens, M.A., 
CLE. %s. ; sewed, a/. 

Byron's Siege of Corinth. Edited by P. 

Hurdern. is.bd.', sew^d, I/. 



Byron's Childe Harold. Edited by H. 

G. Keene, M.A., CLE. 31. td. Also 
Cantos I. and II., sewed, is. 9^. Cantos 
III. and IV., sewed, is. qd. 

Carlyle's Hero as Man of Letters. 

Edited by Mark Hunter, M.A. 2s, ; 
sewed, is. 6«i. 

— Hero as Divinity. By Mark 

Hunter, M.A. as.; sewed, is. 6d. 

Chaucer's Minor Poems, Selections 

from. Edited by J. B. Bildbrbeck, M.A,, 
2s. bd.; sewed, is. gd. 
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George Bell y Sons^ 



Bell's English Classics— eon/tniMci 



De Qiiiiicey'B Revolt of the Tartan 
and the jBnglish Mail-Coadi. Edited 

by Cecil M. Bakkow, M.A., and Mark 
Hunter, M.A., $s. ; sewed, %s, 
*»* Revolt of the Tartars, separately, u. 6d. 

Opinm Eater. Edited by Mark 

HuNTiR, M.A. 4^. 6d. ; sewed, xs. 6il. 

Goldsmith's Good-Natured Man and 

She Stoops to Conquer. Edited by K. 
Deiohton. Each, is, cloth ; is. 6d. sewed. 
*»* The two plays togethrr, sewed, is. 6iL 

— Traveller and Deserted Village. 

Edited by the Rev. A. E. Woopward, M.A. 
Cloth, 2J., or separately, sewed, lod. each. 

Irvlng's Sketch Book. Edited by R. G. 

OxENHAM, M.A. Scwe<I, is.6d. 

Johnson's Life of Addison. Edited by 

Frf KVLAND, M.A. 3C. 6'/. 

life of Swift. Edited by F. Ryland, 

M.A. IS. 

life of Pope. Edited by F. Ryland, 

M.A. 2s. 6d. 

*»* The Lives of Swift and Pope, together, 
sewed, is. dd. 

Johnson's life of Hilton. Edited by F. 

Rylaxd, M.A. IS. bd. 

Life of Dryden. Edited by F. Ryland, 

M.A. IS. bd. 

%* The Lives of Milton and Dr}'den, 
together, sewed, is. bd. 

- Lives of Prior and Congreve. 

Editi-d bv F. RvLAND, M.A. is. 

Kingsley's Heroes. Edited by A. E. 

Ro HERTS, M.A. Illustrated, is. 
Lamb's Essays. Selected and Edited by 
K. Deightun. 3/. ; sewed, 2j. 



Longfellov, tMeotloiia finom. isotnd- 

Ing Erangellne. Edited by M. T. Quims, 
M.A. %s. tid. i tewed, is. gtU 

S* Evangeline, separately, sewed, 11. 5^. 



ISacanlay'B Lays of Anotaiit 

Edited by PTHordkmi. v. 6f/.; sewd, 

li. Qd. 

— Essay on COIt*. Edited by Ckh 
Barruw, M.A. a/.; sewed, is. 64, 

Ma88inger'aAKewWaytoPay01d]>eM& 

Edited by K. IJkightun. 5/. | sewed, si. 

Hilton's Paradise Lost Books III. and IV. 
Edited by R. G. Oximham, M.A. si. ; sewed. 
It. 6d,, or separately, sewed, loJ. each. 

— Paradise Bei^Lined. Edited by R. 

Dbiohtun. Si. bd,; sewed, li. 9^, 

Pope's Essay on Kaa. Edited by F. 

Ryland. M.A. is, 6d.{ sewed, ii. 

Pope. Selections firom. Containing Esnr 
on Criticism, Rape of the l.ock. Temple 01 
Fame, Windsor Forest. Edited 1^ K. 
Deiohton. is. 6d. ; sewed, i /. gd. 

Scott's Lady of the Lako. Edited ij 

the Re\-. A. E. Woodward, M.A. 31. td. 
The Six Cantos separately, sewed, 8d. nch. 

Sliakespeare'B Julliu Omar. Edited by 

T. Duff Barnktt, B.A. (Lond.). Sf. 

— Merchant of Venioo. Edited by 

T. Duff Barn it r, B.A. (ijond.). as, 

Tempes'ifc Edited byT. Dorr Baritrt, 

B.A. (l.ond.). ar, 

Wordsworth's ExcnralOB. Book I. 

Edited by M. T. Quin.\, M.A. Sewed, l/.)!. 



Readers 



York Readers. A new series of Literary 
Readers, with Coloured and other Illus- 
trations. 

I'rimer I. 3d. 

Primer II. ^d. 

Infant Reader. 6/2. 

Introductorv Reader. 8d, 

Reader, Hook I. 9//. 

Reader, Hook II. io</. 

Header, Hook III. is. 

Reader, Book IV. is. 3'/. 

Reader, Book V. is. bd. 

Books for Young Readers. Illustrated. 

6d. each 

i^sop's Fables 

The Old Hoat-House, etc. 

Tot and the Cat, etc. 

The Cat and the Hen, etc. 

The New- Born Lamb, etc. 

The Two Parrots 

The Lost Piss 

The Story of Three Monkeys 

1 he Storv of a Cat 

)ueen Bee and Busy Bee 

ruH's Crag 
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Bell's Reading BOOkl. Contimioas 
Narrative Readers. Post 8to. Goth* 
Illustrated, is. each 

Great Deeds in English Hlstniy 

Adventurer of a Dmikey 

Grimm's Tales 

Great Englishmen 

Great Irishmen 

Andersen's Tales 

Life of Columbus 

Uncle Tom's Cabin 

Swiss Familv RohinsOB 

Cireat Knglishwomen 

Great Scotsmen 

Edgeworth's Tales 

Gatty's Parables from Natnie 

Scott's Talisman 

Marryat's Children of the New Potest 

Dickens' Oliver Twist 

Dickens' Little Nell 

Masterman Ready 

Marryat's Poor Jack 

Arabian Nights . 

Gulliver's Travels 

Lyrical Poetr>- for Boyt and Giria 
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BOftdors — continued. 



Bill's Reading Books, continued:-' 
Vicar of Wakefield 
Scott's Ivanhoe 

Lamb's Talcs from Shakespeare 
Robinson Crusoe 
Tales of the Coast 
SettU-rs in Canada 
Southey's Life of Nelson 
Sir Roger de Coverley 
Scott's Woodstock 

Bell's Geographical Readers. By M. j. 

Barrington-Ward, M.A. 

The Child's Geography Illustrated. 
Stiff paper cover, bd. 

The Map and the Compass. (Standard 
I.) Illustrated, lod. 

The Round World. (Standard II.) Illus- 
trated, ij. 

About England. (Standard III.) With 
Illustrations and Coloured Map. u. 4(2. 

Bell's Animal Life Readers. A Series of 

Reading Books for the Standards, designed 
to inculcate the humane treatment of 



animals. Illustrated by Harrison Wbir 
and others. 

%* Full Prospectus on application. 

Abbey History Readers. Revised bv the 

Rt. Rev. F. A. Gasqubt, D.D. Fully Illus- 
trated : 
Early English History (to the Norman 

Conquest), is. 
Stories from English History, 1066-148J. 

IS. 3d. 
The Tudor Period. (1485-1603). is, jrf. 
The Stuart Period. (1603-1714). is, 6d. 
The Hanoverian Period. (1714-1837). 
IS, 6d. 

Bell's History Readers. With numerous 

illustrations. 
Early English History (to 1c66). ts. 
Stories from English History, 1066-1485. 

IJ. 3 /. 
The Tudor Period (i485-i'=03). is. 3/. 
The Stuart Period (1003-1714). is. bd. 
The Hanoverian Period (17 14-1837). is.bd. 



MODERN LANGUAGES 
French and German Class Books 



Beirs French Course. B> R. P. Athkrton, 

M.A. Illustrated, a Parts, is. bd. each. 
Key to the Exercises, Part I., bd. net; 
Part II., IJ. net 
Bell's First French Reader. By R. P. 

Atherton, M.A. Illustrated, u. 

Case's French Course 
First French Book. is. 
Second French Book. is. bd. 
Key to First and Second French Books. 

3J. bd. net. 

French Fables for Beginners, is. bd. 
Histoires Amusantes et Instructiyes. 25. 
Practical Guide to Modem French 

Conversation, is. bd. 
French Poetry for the Toung. With 

Notes. IJ. bd. 

Materials for French Prose Com- 
position. 3'. Kev, bs. net. 

Prosateurs Contemporains. 3s. bd. 

Le Petit Compagnon; a French Talk- 
Book for Little Children, u. bd. 

By the Rev. A. C. Clapin 
French Grammar for Public Schools. 

%s. bd. Key, 3J. bd. net 

French Primer, is. 



Primer of French Philology. I^ 
English Passages for Translation into 

rrench. aj. 6^/. Key, 4J. net. 

A German Grammar for PaUic Schools. 

3J. 6 /. 

Grerman Primer, u. 

By Professor A. Barr^re 

Precis of Comparative French Grammar 

and Idioms. 3^. bd. 
Recite Militaires. With Introductions 

and Notes. 3J. 

Materials for (German Prose Com- 
position. By Dr. C. A. BucHHEiM. ^.bd. 
A Key to Pts. I. and II., 3^. net. Pts. III. 
and IV., 4J. net. 

First Book of German Prose. Bein^ 

Parts I. and II. uf the above, with 
Vocabulary, is. bd. 

Military and Naval Episodes. Edited 

by Professor Aloys Weiss, Ph.D. 3*. 

History of Grerman Liieratnre. By 

Profe'4'^or Kuno Francri. ioj. net 

Handbook of (German Literature. By 

Mary E. Phillips, LL.A. With Intro- 
duction by Dr. A. Weiss. 3/. bd. 



Gasc's French Dictionaries 

FRENCH-ENGLISH AND ENGUSH-FRENCH DICTIONARY. 8th Edition, reset and 

Enla^Ked. lari.'eH<o. I2s.0ii. 
CONCISE DICTIONARY OF THE FRENCH AND ENGLISH DICTIONARIES. 

Meilium i6mo. ^s.bd. Or in Two Parts, jj. cf»ch. 
AN IMPROVED MODERN POCKET DICTIONARY OF THE FRENCH AND 

ENGLISH LANGUAGES. i6mo. is, bd. 
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George Bell ^ Sons^ 



Foreign Classics 



Cliarles XIL par Voltaire. By L. Dirit. 

IS. bd. 

<}emian Ballads ftom Uhland, Goethe, 
and Schiller. By c. L. bulefeld. 

IS. td. 

Aventures de TelOmaque, par Fdnelon. 

Hy C. |. I'ELILLB. aj. tu. 

Select Fables of La Fontaine. By F. E. 

A. Gakc. is. 6il. 

Ficciola, by X. B. Saintine. By Dr. 

UUBLC. 1/. 6d, 



Lamartine'a Le TUUear da PIsrw Ib 

Saint-Point By J. UoKkllb, b.-^L. uM 

Goethe's Hermaan nnd DoirotliML bi 

E. Bbll, M.A., and E. WdbrcL. u.bi. 

Schiller's WallensteiiL By Dr. Bocbbbui. 

Si: Or the La|;er anu PI wwlmnliil, «. w. 

wallenstein's Tdd, ». td. 
Schiller's Maid of OrtoaiUL By Dr. W. 

Wai.ner. IX. bd, 

Schiller's Maria Stnaxt. ByW.KAnm, 

IS, 6d. 



Gombert's French Drama 

Re-edited, with Notes, by F. £. A. Gasc. Sewed, 6d, each 



Moliere. I-e Misanthrope. — L'Avare. — 
Le Bourgeois Gentilhomme. — Le Tartuffe. 
— Le Malade Imaginaire. — Les Femmes 
Savantcs. — Les Fourr eries de Scapin. — 
Les Pr^cieuses Ridicules. — L'Ecole des 
Femmes. — L'Ecole des Maris. — Le M^decin 
Malgrd Lui. 



Bacine. La Th^baVde. — Aadromaqne.— Ln 
iUaideurs. — Iphig^nie. — BritanDicni. — 
PWdrc. — Esther. — ^Athalie. 



Comeille. 

Polyeucte. 



Le Cid.'Horace. — Qniia.— 



Modern French Authors 

Edited, with Introduction and Notes, by James BoTblla, B-is-L. 



Balzac. Ursule M ire net. 
Bai.zac. y. 



'Claretie. Pierrille. By Jules CtARiTiB 
With 37 Illustrations, a/, td. 



By Ho.NORB DE Daudet. La Belle Nivernalse. ByAtPBOKU 

Dal'det. With Six IHustratioDS. %t. 

Grevllle. Le Moulin Frappier. By Hxnit 
Grbville. 3/. 

Hugo. Bug Jargal. y. 



Modern German Authors 



Auerbach. Auf Wache. Novelle von 

JJerthdld Auerijach. Dcr Gefrorene Kuss. 

Novelle von Otto Koquette. Edited by 

A. A. Macdoxkll, M.A., Ph.D. 2s. 
Schwarzwalder Dorfgeschichten. A 

Selection, lidited bv ]. V. Daviks. D.Liit., 

M.A., an J i'rof. A. W^eiss, Ph.D. 3*. 
Bechstein. Neues Deutchcs M'archenbuch. 

Von Lbowio Bechstein. A Selection. 

Edited by P. Shaw Jeffrey, M.A. is. bd. 
Benedix. Doktor Wcspe. Lustspiel in iunf 

Aufziigen von Julius Koderich Beneuix. 

Edited by Prdfesfor F. Lange, Ph.D. 

2S. td. 
Ebers. EineFrage. Idyll von Georo Erers. 

Edited by F. Storr, B.A. 2s. 
Freytag. Die JoumaPsten. Lustspiel von 

(JusTAv Freytao. Edited by Professor F. 

Lanoe, Ph.D. 2j. 6rf. 
Soil und Haben. Roman von Gustav 

Freytag. Edited by W. Hanby Crump, 

M.A. 2s. 6*1. 

German Epic Tales in Prose. I. Die 

Nibclungcn, \on A. F. C. Vilmar. II. 
Walther und MiUlegund, von Albert 
RiCHTER. Edited by Kakl Xeuhaus, Ph.D. 
2i. 6</. 



! Gutzkow. Zopf und Schwert. Lnstf pid 
von Karl Gutzkuw. Edited by Frofeaaor 
I F. Lanoe, Ph.D. 2t,6d, 

' Host's Fabeln fttr Kinder. Iiinstrated bv 

I O. Speckter. Edited by ProfesBor H. 
! Lange, Ph.D. is. 6d, 

j Heyse. Hans Lange. Schanspiel von Paul 
I H EVSE. Edited by A. A. Macdonbll, M.A. 
Ph.D. ax. 

Hofflnann. Meistcr Martin, der KOfner. 
Er/ahlung von E. T. A. HOFrai ann. Edited 
by F. Lange, Ph.D. is. bd, 

Hofflnann. Schiller's Tugendjahre. Eine 
erzahhtng von Franz HoFruANN. Edited 
by Hanby Crump, M.A. xi. 6/i. 

Moser. Der Bibliothekar. Luitsplel von 
G. VON MusBR. Edited by F. Lanob, Ph.D. 

2S. 

Scheffel. Ekkehard. Erz&hlnngdes xehnten 
lahrhunderts. von Victor von SCHWriu 
Abridged edition, by Hirmaw HAGHt 
Ph.D. 3/. 

Wildenbruch. Ein Opfer des Benifli nnd 
Mein Onkel aus Pommem. Humoretkeo 
von Ernst von* Wildskbruch. Edited by 
R. C. PsRRT, M.A. ai. 



Select Educational Catalogue 
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Bell's Modem Translations 

A Series of Translations from Modern Languages, with Memoirs, 

Introductions, etc. Crown 8vo. is. each 



Dante. Infemo. Translated by the Rev. 

H. F. Gary, M.A. 
Purpatorio. Translated by the Rev. 

H. F. Gary, M.A. 
Paradise. Translated by the Rev. 

H. F. Gary, M.A. 
Goethe. Kgmont. Translated by Anna 

JiWANWlCK. 

Iphigeniain Tauris. Translated by Ann a 

SWANVVICK. 

Goetz von Berlichlngen. Translated by 

S r Walter Scott. 
Hermann and Dorothea. Translated by 

K. A. BowRixG, G.B. 
Hauff. The Garavan. Translated by S. 

Mendel. 
The Inn in the Spessart. Translated by 

S. Mendel. 
Lessing. Laokoon. Translated by E. C. 



Beasley. 
— Nathan the Wise. 
R. Dillon Boylan. 



Translated by 



Lessing. Minna von Barnhelm. Translated 
by Ernest Bell, M.A. 

Molibre. Translated by C. Hbron Wall. 
8 vols. The Misanthrope. — The Doctor in 
Spite of Himself. — Tartuffe. — The Miser. — 
The Shopkeeper turned Gentleman. — The 
Affected Ladies. — The Learned Women.— 
The Impostures of Scapin. 

Racine. Translated by R. Bruck Boswell, 
M.A. % vols. Athalie.— Esther.— Iphi- 
genia. — Andromache. — Britannicus. 

Schiller. William Tell. Translated by 
Sir Theodore Martin, K.C.B., LL.D. 
Henv edition, entirely revised, 

The Maid of Orleans. Translated by 

Anna Swanwick. 

Mary Stuart. Translated by J. Mbllish. 

Wallenstein's Gamp and the Piccolo- 
mini. Translated by J. Ghurchill and 
S. T. Coleridge. 

The Death of Wallenstein. Translated 

by S. T. Coleridge. 



*,* For other Translations from Modern Languages, see the Catalogue of 
Bohn's Libraries, which will be forwarded on application. 



SCIENCE AND TECHNOLOGY 



Bell's Science Series 

Edited by Percy Groom, M.A., and G. M. Minchin, M.A., F.R.S. 



Elementary Botany. By Percy Groom, 
M.A., D.Sc, F.L.S. With 875 Illustrations. 
3J. 6rf. 

An Introduction to the Study of the 
Comparative Anatomy of Animals. 

by G. G. Bourne, M.A., U.Sc. With 
numerous Illustrations, a Vols. 4s. 6d, each. 

Vol. I. Animal Organization. The Pro- 
tozoa and Gcelenterata. 

Vol. II. The Ccelomata. 



The Student's Dynamics: comprising 

Statics and Kinetics. By Professor 
G. M. Minchin, M.A., F.R.S. 3/. 6d, 

Elementary Inorganic Cliemistry. By 

Professor James Walker, D.Sc. j/.6<I. 

Injurious and Useftil Insects. An Intro- 

auction to the Study of Economic Ento* 
mology. By Professor L. C. Miall, F.R.S. 
With 100 illustrations. 3/. 6d. 



Chemistry, Botany, and Zoology 

See also Bell's Science Series 



An Introduction to Chemistry. ByD.S. 

Macnair, Ph.D., B.Sc. a/. 

Chemical Laboratories for Schools. 

Hints to teachers as to the method of plan- 
ning and titling up a school laboratory and 
of conducting a school course in Chemistry. 
By D. S. Macnair. 6d, 



The Botanist's Pocket-Book. By w. R, 

Hay ward. 4s. 6d, 

A Manual of Zoology. By Richard Hbrt« 
WIG. Translated by Prof. J. S. Kings lb y» 
Illustrated. 12s. 6d, net. 
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George Bell y Sous' 



Technological Handbooks 

Edited by Sir H. Trubman Wood 

Specially adapted for candidates in the examinations of the City Guilds 

Institute. Illustrated 



Woollen and Worsted Cloth HanufHus- 

tore. By Prof. Roberts Ukau MONT, is.bd. 

Soap Blanafactare. By w. Lawrexcb 

(lAi)n, F.I.C., F.(^S. f,s. 

Flnmbing : it Principles and Practice. 

By S. Stevens Hellyer. </. 
Gas Manufacture. By J. Hornby, F.I.C. 



!»'• 



H. 



Silk-Dyein«p and Finishing. By G. 

Hi'RST, F.C.S. *JS. 6d. 

Printing. A Practical Treatise. By C. T. 
Jacobi. 7i. 6d. 



Cotton Spinning: Its DttrtflmmuBtt 
Principles, andTFractioe. By k. Mau- 
de m. 6Jr. bd. 

Cotton Weaviiig: Its Der^opmiolk 

Principles, andPraCtiCS. By R. Mam- 
den. \os. M. 

.Coach Building. By Johx PHiLirtov, 

M.Inst.M.E. or. 
BooKbinding. By J. W. ZAXRMsDtnir. $1. 

The Principles of Wool CknnUng. By 

Howard Prikstuak. (kr. 



Music 



Music, A Complete Text-Book o£ By I Musia A Concise History ot Ry Rcf . 

Prof. H. C. Banister, fj. j H. G. Bonavia Hukt, Mus. Due $t,6d. 



MENTAL AND MORAL SCIENCE 



Psychology: An Introductory Manual for 
University Students. By F. Ryland, M.A. 
With lists of books for Students, and 
Examination Papers set at London 
Uniiersity. 4s, 6U. 

Ethics : An Introductory Manual for the use 

of University Students. By F. Ryland, 

M.A. 3/. 6(/. 
IiOgiC An Introductory Manual for the use 

of University Students. By F. Ryland, 

M.A. 4J. 6d. 

The Principles of Logic By Prof. H. A. 

AiKiNs, Ph.D. bs. 6d. 

Handbook of the History of Phil- 
osophy. By E. Belfort Baz. £/. 



■HlEitory of MOdsm FhilosQidijr. B7 R. 

Falckbnbbro. Trant. by Pkuf. A. C 
Armrtrono. i6i. 

Bacon's Novum Orgaanm and AdYUOt- 
ment of Learning, iidited bf j . Detit. 

M.A. W. 

Hegel's Lectures on the FhUoscvAv ol 

mstory. Trangiated by J. Sibrxb, M.A. 

Small post 8ra. $s. 

Kant's Oritiqne of Pure Baason. Tksns- 

lated by J. M. D. Msikluohn. $s. 

Kant's Prolegomena and KetawTiieal 

Foundations of SctonOO. Txanslatedby 
E Belfort Bax. is. 

Locke's Philosophical Works. Edited by 

J.A.St. John, a TOla. 3/. M. each. 



Modern Philosophers 

Edited by Professor E. Hershey Snbath 



Descartes. The Philosophy of Des- 
cartes. Selected and Translated by Prof. 
II. A. P. Torrey. 6/. net. 

Hume. The Philosophy of Hume. 

Sleeted, with an Introduction, by Prof. 
Herbert A. Aikins. ^s. net. 



Locke. The Philosophy of Lodceu By 

Pnif. ToHN E. KrssBLi.. 4*. net. 

Reld. The Philosophy of Bold. By E. 

Hershey Snbath, ru.D. 6t. net. 

Spinoza. The Philosojaiy of Splnon. 

Translated from ttie Latin, and edited with 
Notes by Prof. G. S. Fulliicton. 6s, net. 



